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PREFACE 


An  attempt  has  been  made  in  the  present  volume  to  pro- 
duce a  text-book  which  covers  in  a  general  way  the  main 
{^und  included  in  the  title  without  going  into  too  great  detail 
in  any  one  particular  branch. 

It  is  hoped  that  the  work  will  be  found  useful  to  engineers 
and  students  and  has  been  designed  to  cover  the  Syllabus  for 
the  Grade  II.  (A.C.)  Paper  of  the  City  and  Guilds  Examination. 
It  may  also  be  used  as  a  preparation  for  the  B.Sc.  Examina- 
tions in  Electrical  Engineering,  but  will,  of  course,  have  to  be 
supplemented  by  more  specialised  treatises. 

The  author  has  endeavoured  to  combine  theory  with  practice, 
since  a  certain  amount  of  the  former  is  necessary  to  under- 
stand properly  the  application  to  practical  work.  In  this  con- 
nection a  plea  is  made  for  a  higher  standard  of  mathematical 
attainment  than  is  commonly  met  with  at  present,  as  without 
this  the  proper  study  of  Alternating  Currents  is  rendered  very 
difficult  In  a  number  of  cases  proofs  by  means  of  the  Calculus 
have  been  included  on  account  of  their  relative  simplicity,  but 
these  have  been  relegated,  usually,  to  footnotes,  so  that  the 
uninitiated  reader  may  pass  them  by  if  necessary.  The  notation 
used  is,  in  the  main,  that  recommended  by  the  International 
Electrotechnical  Commission,  and  the  vectors  have  been  made  to 
rotate  throughout  in  an  anti-clockwise  direction. 

The  great  majority  of  the  illustrations  have  been  specially 
prepared   for  this  book,  and  the  author  takes   this  opportunity 
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of  thanking  'Messrs.  Bruce  Peebles  &  Co.,  Ltd.,  The  Cambridge 
Scientifip  Instrument  Company,  Ltd.,  Everett  Edgcumbe  &  Co., 
Ltd.,  R.  W.  Paul,  H.  Tinsley  &  Co.,  the  Electrician,  and  the 
Institution  of  Electrical  Engineers  for  their  kindness  in  supply- 
ing the  blocks  from  which  the  remaining  illustrations  have 
been  taken. 

The  author's  thanks  are  also  due  to  the  Institution  of  Electrical 
Engineers  for  permission  to  reproduce  on  p.  112  portions  of  a 
paper  by  him,  entitled  "A  Practical  Method  of  Harmonic  Analysis," 
which  has  been  accepted  for  publication. 

Philip  Kemp. 
Polytechnic,  Reoskt  Street, 
LoNDoy,  W.l. 

Jwne,  1918. 
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ALTERNATING    CURRENT  . 
ELECTRICAL    ENGINEERING 

CHAPTER  I 

GENSRAL  CX)NSII>£BATIOKS  OF  ALTEBKATmG  E.M.F.  AND  CUBBENT 

Prodaellon  of  Btoetromottvo  Foree. — ^When  an  electrical  con- 
ductor cuts  a  magnetic  field  there  is  an  E.M.F.  induced  in  the 
fomier,  the  magnitude  of  which  is  proportional  to  the  rate  of 
cutting  lines  of  force.  Since  both  the  paths  of  the  electric  current 
and  the  magnetic  flux  are  closed  loops,  this  is  equivalent  to  saying 
that  when  the  number  of  linkages  is  changed  an  E.M.F.  is  induced 
in  the  electric  circuit,  a  linkage  meaning  one  line  of  force  linked 
with  one  turn.  In  a  number  of  problems  it  will  be  more  convenient 
to  speak  of  a  change  of  linkages  rather  than  the  cutting  of  a  number 
of  lines  of  force,  since  the  latter  may  be  linked  with  more  than  one 


(b) 

Fro.  1.— Linkages. 

turn.  Thus  ten  linkages  may  be  produced  by  ten  lines  of  force 
linked  with  one  turn  as  in  Fig.  1  (a),  or  by  five  lines  of  force  linked 
with  two  turns  as  in  Eig.  1  (S),  or  by  one  line  of  force  linked  with 
ten  turns  as  in  Eig.  1  (c),  or  by  any  such  combination. 

The  idea  of  linkages  certainly  gives  a  truer  idea  than  that  of 
lines  of  force  cut  by  a  conductor,  since,  in  the  latter  case,  one  has 
to  be  careful  to  remember  the  return  circuit  both  of  the  electric 
current  and  the  magnetic  flux.  Notwithstanding  this  disadvantage, 
it  will  still  be  found  expedient  to  consider  a  large  number  of  problems 
from  the  point  of  view  of  cutting  lines  of  force,  but  the  student  should 
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make  himself  familiar  with  both  conceptions.  In  the  case  where 
an  electrical  conductor  not  forming  part  of  a  complete  circuit 
moves  across  a  magnetic  field,  it  wUl  have  an  E.M.F.  induced  in 
it,  but  no  current  will  flow,  and  no  work  will  be  done  on  the  con- 
ductor, which  will  consequently  exert  no  reaction  on  the  magnetic 
field,  if  the  circuit  be  closed,  current  will  flow  which  will  endeavour 
to  set  up  its  own  magnetic  field,  producing  a  reaction  upon  the  main 
field.  This  effect  is  seen  in  the  distortion  of  the  magnetic  fiux 
in  continuous  current  dynamos  and  motors,  and  is  particularly 
important  in  alternating  current  work. 

Law  of  a  Simple  Altomatiiig  B.1LF.— When  a  conductor  rotates 
with  a  constant  angular  velocity  in  a  uniform  magnetic  field,  as 
indicated  in  Fig.  2,  it  cuts  the  lines  of  force  at  varying  rates  depending 

upon  the  instantaneous  direction  of 
motion.  The  induced  E.M.F.  will 
therefore  be  of  a  varying  character 
as  well.  When  the  conductor  is 
passing  the  centre  of  the  pole,  it  is 
moving  momentarily  at  right  angles 
to  the  field  and  is  cutting  the  lines 
of  force  at  its  maximum  rate*;  its 
maximum  E.M.F.  therefore  occurs  at 
this  point.  When  the  conductor  has  advanced  90°  from  this  point, 
it  icr,  for  a  moment,  moving  parallel  to  the  field,  and  has  no  E.M.F. 
induced  in  it.  To  obtain  the  value  of  the  induced  E.M.F.  at  any 
point  throughout  the  complete  revolution,  it  is  necessary  to  deter- 
mine that  component  of  the  velocity  which  is  at  right  angles  to 
the  magnetic  field.  A  knowledge  of  the  direction  in  which  the 
magnetic  field  is  being  cut  is  also  necessary,  as  this  determines  the 
direction  of  the  induced  E.M.F.    If  the  conductor  is  rotating  with 
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Fig.  2.— O«neratlon  of  Altoraatlng 
B.M.F. 


'Fio.  8. — Oraphieal  Construction  of  Sine  Wave. 


a  constant  peripheral  velocity  of  t;  cm.  per  second,  represented  in 
Fig.  2  by  ABy  then  AC  will  represent  the  useful  component  and  will 
be  equal  to  t;  sin  ^,  0  being  the  angle  moved  throu^  taking  the 


I  GENERAL  CONSIDERATIONS  3 

vertical  line  as  the  starting  point.  Let  {  equal  the  length  of  the 
conductor  in  cm.  and  B  the  density  of  the  magnetic  field  in  lines 
per  square  cm.^  then  the  E.M.F.  induced  in  the  conductor  at  any 
instant  is  equal  to  Blv  sin  ^  x  10"^  volts.  The  only  quantity  which 
varies  throi^out  the  revolution  is  sin  d,  and  therefore  the  induced 
E.M.F.  will  obey  a  simple  sine  law  as  represented  in  Fig.  3.  This 
diagiam  also  shows  a  simple  graphical  method  of  constructing  a 
sine  wave.  A  circle  is  constructed  as  shown,  and  radiating  lines 
are  drawn  every  30^.  From  the  points  a,  6,  c,  d,  etc.,  horizontal 
lines  are  drawn  until  they  intersect  the  ordinates  erected  at  0^,  30°, 
60^,  90°,  etc.    The  intersections  give  points  on  the  required  curve. 

Law  of  a  Simple  Altemating  Current — If  the  ends  of  the  above 
active  conductor  are  connected  to  the  ends  of  a  simple  resistance,  a 
current  will  flow  the  value  of  which  at  any  instant  i&  equal  to  the 
resultant  E.M.F.  divided  by  the  resistance.  If  the  resistance  is 
constant  and  no  other  E.M.F.  acts  upon  the  circuit,  the  current  will 
be  exactly  proportional  to  the  E.M.F.  and  will  follow  the  same  law. 

Attematliig  Magnetic  Field. — ^Whenever  a  current  flows  in  a 
circuit,  it  always  sets  up  a  magnetic  field  linking  with  the  electric 
circuit.  The  magnitude  of  this  field  is  proportional  to  the  strength 
of  the  current,  assuming  no  iron  to  be  present,  for  when  the  current 
is  zero  the  field  which  it  sets  up  is  zero,  and  when  the  current  reaches 
its  maYJTnum  value  the  field  does  likewise.  Thus  an  alternating  field 
is  produced  by  an  alternating  current,  both  following  the  same 
law,  and  the  number  of  linkages  of  lines  with  turns  is  continually 
changing.  But  a  line  of  force  is  imagined  to  grow  from  point  size 
by  g^Etdually  swelling,  and  thus  getting  larger.  It  certainly,  does 
not  grow  after  the  fashion  of  a  broken  threckd,  gradually  encircling 
the  conductor  by  moving  end  on,  for  a  line  of  force  is  always  a 
closed  loop.  Bearing  this  fact  in  mind,  it  is  easy  to  realise  that 
daring  the  production  of  a  line  of  force  it  must  cut  the  conductor 
which  produces  it  at  some  time  during  its  generation.  The  result 
of  this  action  is  to  generate  an  E.M.F.  in  the  conductor.  This  can 
be  summarised  by  saying  that  when  the  current  changes  the  field 
also  changes,  and  thus  the  conductor  is  cut  by  its  own  lines  of 
force,  resulting  in  a  self-induced  E.M.F.  proportional  to  the  change 
ot  linkages  per  second.  The  direction  of  this  self-induced  E.M.F. 
will  be  such  as  to  oppose  the  change.  This  effect  can  be  seen  in  a 
C.C.  circuit,  particularly  in  the  shunt  field  circuit  of  a  dynamo 
or  motor  where,  when  the  E.M.F.  is  first  applied,  the  induced 
voltage  opposes  the  rise  of  the  ciunrent,  thus  retarding  its  growth  ; 
similarly,  when  the  circuit  is  opened,  the  induced  voltage  tries  to 
keep  the  current  flowing  and  produces  a  vicious  spark  at  the  opening 
contacts  of  the  switch. 

If  the  magnetic  circuit  consists  of  non-magnetic  materials, 
the  field  which  is  set  up  is  proportional  to  the  current  and  obeys 
the  same  law,  whether  this  be  a  simple  sine  law  or  not ;  and  if  the 
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lesistaiice  of  the  oironit  is  constant,  the  resultant  E.M.F.  producing 
the  current  will  also  obey  the  same  law.  But  the  resultant  E.M.F. 
is  obtained  from  a  combination  of  the  applied  voltage  and  the 
self-induced  back  voltage  due  to  the  conductor  cutting  its  own 
magnetic  field.  There  is,  however,  no  guarantee  that  this  latter 
voltage  will  obey  the  same  law  as  the  current,  and  consequently  it 
cannot  be  said  that  the  applied  voltage  will  follow  the  same  law  as 
the  current.  The  presence  of  iron  in  the  magnetic  circuit  exerts 
a  further  disturbing  influence.  As  a  matter  of  fact,  there  is  very 
often  a  considerable  difference  in  practice  in  the  laws  followed  by 
the  current  and  the  applied  voltage.  It  should,  however,  be  borne 
in  mind  that  the  resultant  E.M.F.  acting  upon  the  circuit,  the 
current  which  it  produces  when  the  resistance  is  constant  and  the 
magnetic  field  wluch  is  set  up  when  no  iron  is  present,  all  obey  the 
same  law,  whatever  it  may  be. 

Frequeney. — For  a  particular  circuit,  the  instfuitaneous  value 
of  the  current,  or  the  voltage,  may  be  plotted  against  time  as  a 
base.    This  curve  may  be  an  ideal  sine  wave,  or  it  may  take  some 


Fig.  4.— Non-sinaaofdal  Wave  Form. 


such  form  as  is  indicated  in  Fig.  4.  It  is  said  to  be  periodic,  i.e. 
it  keeps  on  repeating  itself  over  and  over  again.  The  whole 
series  of  events  included  from  a  given  point  to  the  next  similar 
point  in  the  same  direction  is  called  a  period  or  a  cycle.  For  example, 
the  series  of  events  which  occurs  between  A  and  C  or  between 
B  and  D  is  a  complete  cycle,  whilst  the  time  taken  to  accomplish 
this  is  called  the  periodic  time.  The  number  of  complete  cycles 
per  second  is  called  the  frequency  or  periodicity.  The  frequencies 
most  commonly  used  in  this  country  at  the  present  time  are  60  and 
26  cycles  per  second.  The  frequency  of  both  current  and  voltage 
is,  of  course,  the  same.  The  wave  form,  as  it  is  called,  may  vary 
considerably  from  the  ideal  sine  wave,  and  in  old-fashioned  alter- 
nating current  machinery  it  often  was  very  far  indeed  from  the 
desired  shape,  but  in  modem  machinery,  owing  to  the  advance  in 
methods  of  design,  a  good  approximation  to  the  ideal  sine  wave  is 
usually  achieved,  although  it  may  not  be  exactly  correct  in  a 
mathematical  sense.  With  the  ordinary  forms  of  alternating  current 
dynamos  both  halves  of  the  wave  must  be  identical,  i.e.  any  two 
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points  situated  180^  apart  must  have  the  same  value.  The  reason 
for  this  is  that  as  many  lines  of  force  enter  the  south  pole  as  issue 
from  the  north  pole  (see  Fig.  2),  and  the  two  halves  of  each  turn 
of  the  armature  winding  are  situated  a  pole  pitch  apart.  With  a 
tmiform  conductor  velocity,  therefore,  the  half-wave  is  repeated 
exactly  in  alternate  directions. 

Non-stamsoldal  Wave  Fonn.— In  order  that  the  wave  form  shall 
be  sinusoidal,  i.e.  follow  a  sine  law,  it  is  necessary  that  the  con- 
ductor should  cut  the  magnetic  field  at  a  rate  proportional  to 
son  0,  the  speed  being  constant.  Now 
consider  the  elementary  alternating  cur- 
rent dynamo  shown  in  Fig.  5,  where 
there  is  one  turn  mounted  on  an  iron 
core  in  the  field  of  an  electromagnet 
excited  by  means  of  a  continuous 
current.  The  magnejkio  field  in  this 
case  may  be  considered  to  be  radial 
across  the  air  gap,  and  as  the  con- 
ductor rotates  with  constant  speed  it  cuts  the  lines  of  force  at 
a  constant  rate  whilst  under  the  influence  of  the  pole.  Throughout 
the  remainder  of  the  revolution  the  conductors  are  not  in  the 
magnetic  field  at  all,  thus  generating  no  voltage  during  these 
periods.  A  rectangular  wave  form  of  E.M.F.  would  be  obtained 
as  shown  in  Fig.  6.     In  between  this  and  the  original  sine  wave 


Tig.  5. — Conducton  Botattng  in 
Unifonn  Field. 
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Fig.  6. — ^Bectaogular  Wave  Form. 

obtained  from  the  arrangement  shown  in  Fig.  2  there  are  an  infinite 
number  of  possibilities,  and  it  is  from  these  that  the  wave  forms 
obtained  in  practice  are  built  up. 

In  the  majority  of  problems  it  will  be  necessary  to  make  the 
calculations  on  the  assumption  that  the  quantities  concerned 
follow  a  sine  law,  since  the  mathematics  would  otherwise  be  compli- 
cated to  an  undesired  extent.  Nevertheless,  it  must  not  be  for- 
gotten that  the  actual  wave  forms  dealt  with  nearly  always  depart, 
to  a  more  or  less  extent,  from  the  ideal  wave  form.  Unfortunately, 
a  number  of  writers  insist  too  much,  in  the  author's  opinion,  on 
the  sinusoidal  wave  form  and  neglect  to  instil  into  the  minds  of  the 
readers  the  fact  that  it  is  only^an  approximation  made  for  the 
purpose  of  simplifying  the  calculations. 


CHAPTER  II 

MAXIMUM,  B.M.8.,  AND  AVERAGE  VALUES 

Variation  of  an  Alternating  Current — ^In  dealing  with  alternat- 
ing currents,  it  is  at  once  necessary  to  fix  upon  a  unit  of  current 
wHch  must  obviously  have  some  differences  from  the  ampere  as 
used  in  continuous  current  work.  The  curreut  is  varying  at  a  very 
rapid  rate,  and  although  its  value  at  any  one  instant  can  be  compared 
with  the  continuous  current  ampere,  yet  it  is  not  self-evident  what  is 
the  resultant  effect.  Take,  for  example,  a  circuit  the  frequency  of 
which  te  60  cycles  per  second,  the  current  obeying  a  sine  law  and 
rising  up  to  an  instantaneous  maximum  of  10  amperes.  The  current 
rises  from  zero  to  its  maximum  value  in  the  time  taken  to  execute 
one-quarter  of  a  cycle,  that  is  in  ^E^th  second.  Starting  from  an 
instant  when  the  current  ia  zero,  the  value  of  the  current  is  5,  7-07 
and  8-66  amperes  at  times  equal  to  u^th,  x^th  and  t^ J^yth  second 
respectively.  Moreover,  after  x^tt^^  second  has  elapsed,  the  current 
has  reversed  and  is  following  the  same  procedure  in  the  opposite 
direction  for  i^th  second.  If,  then,  a  moving  coil  ammeter  is 
placed  in  circuit,  with  the  object  of  measuring  the  current,  it  will 
endeavour  to  indicate  all  these  different  values  of  the  current  bom 
instant  to  instant,  including  those  where  the  current  is  flowing  in 
the  opposite  direction.  But,  owing  to  the  mechanical  inertia  of 
the  moving  system  of  the  instrument,  it  cannot  follow-  out  all  the 
rapid  variations  of  the  current,  with  the  result  that  the  pointer 
merely  vibrates  about  the  mean  of  the  positions  that  it  would 
like  to  take  up.  Since,  however,  there  is  as  much  current  flowing 
in  one  direction  as  in  the  other,  it  follows  that  this  mean  position 
is  the  zero  of  the  scale,  independent  of  the  actual  value  of  the 
current.  Thus  an  ordinary  moving  coil  ammeter  is  useless  for  the 
purpose  of  measuring  an  alternating  current,  nor  is  it  desired,  at 
this  present  juncture,  that  the  various  injstantaneous  values  should 
be  recorded. 

Maximum  Value. — Since  it  would  be  extremely  inconvenient  to 
have  to  designate  the  value  of  an  alternating  current  by  stating 
its  various  values  from  instant  to  instant,  apart  from  the  practical 
difficulty  of  carrying  this  out,  it  is  necessary  to  choose  one  repre- 
sentative value  to  specify  the  strength  of  the  current.    The  flrst 
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thai  Boggests  itself  for  this  purpose  is  the  maximum  value,  but  there 
are  obvious  objections  to  thiis  immediately  currents  of  different 
wave  forms  are  considered.  Take,  for  example,  the  two  currents 
of  different  wave  form  indicated  in  Fig.  7.  They  have  the  same 
maximum  value,  but  there  is  obviously  more  current  flowing  in 
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so 
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Fia.  7.--V»lue«  of  (Current)^. 


the  first  case  than  in  the  second,  so  that  it  is  not  desirable  to  represent 
these  two  currents  by  the  same  number.  Therefore,  the  maximum 
value  of  the  current  is  not  a  suitable  measure  of  it  unless  the  wave 
form  is  known,  and  this  latter  condition  puts  it  out  of  court  as  far 
as  practical  purposes  are  concerned. 

Avsnige  Value. — ^The  next  representative  value  that  suggests 
itself  is  the  average  or  mean  value.  Since  both  the  positive  and 
negative^  halves  of  the  wave  are  equal,  the  average  value Jbaken  over 
a  complete  cycle  is  zero,  as  was  previously  seen  when  discussing 
the  action  of  the  moving  cioil  ammeter.  This  will  not  do,  but  it 
would  be  possible  to  consider  the  average  value  taken  over  a  half- 
period,  since  this  would  have  a  quite  definite  numerical  meaning. 
Following  out  this  idea,  suppose  that  the  current  represented  in 
^8*  "^  (^)  ^  passed  through  a  simple  resistance,  the  instantaneous 
value  of  the  power  being  represented  by  iV,  where  i  is  the  instan- 
taneous value  of  the  cmrrent  and  r  is  the  resistance.  This  power 
will  be  varying  at  a  very  rapid  rate,  since,  in  a  circuit  the  frequency 
of  which  is  60,  the  power  rises  from  zero  to  a  maximum  value  in 
7^th  second.  In  the  great  majority  of  cases,  it  will  be  the  average 
value  of  the  power  over  a  given  time  which  is  desired,  and  conse- 
quently the  average  value  of  iV  over  a  complete  cycle  must  be 
detem^ned.  Since  r  is  a  constant,  the  power  at  any  instant  is 
proportional  to  i*.  The  curve  of  i^  is  shown  in  Fig.  7  (b),  having 
been  obtained  by  squaring  all  the  ordinates  of  the  cmrrent  curve. 
The  average  power  is  equal  to  (average  value  of  i^)  x  r,  and  on 
measuring  the  average  value  of  i*  from  the  curve  this  is  found  to 

*  Hie  term  ''negative"  u  used  merely  to  indicate  the  fact  that  the  cnrrent  is 
flowing  in  the  opposite  direction,  and  has  no  absolute  meaning. 


8  ALTERNATma  CURRENTS  ch. 

be  50,  whilst  the  average  value  of  i  is  found  to  be  6-30.  Thus  if 
r  be  1  ohm,  the  true  value  of  the  average  power  is  60  watts,  whilst 
the  value  of  the  expression 

(average  value  of  current)*  x  r  =  6'30*  X  1  =  28«1.^ 

From  this  it  follows  that  if  the  average  value  of  the  current, 
taken  over  a  half  period,  is  to  be  the  representative  value  chosen, 
then  the  power  in  watts  must  be  represented  by  an  expression  of  the 
type 

watts  =  Jb  X  /V, 

where  k  is  some  constcknt.  Moreover,  if  different  wave  forms  be 
considered,  it  will  be  found  that  the  value  of  k  changes,  Ik)  that 
again  it  is  necessary  to  know  the  wave  form  in  order  to  determine 
the  power  in  the  circuit,  rendering  the  average  value  of  the  current 
also  impracticable  as  a  representative  value. 

Root-Mean-Squan  Value. — ^From  the  above  it  is  seen  that  the 
value  of  the  current  desired  is  such  that  the  power  expended  in  a 
simple  resistance  shall  be  given  by  the  expression  Pr  independent 
of  wave  form.  This  means  that  the  average  value  of  the  squares 
of  the  various  instantaneous  values  of  the  current  is  to  be  multi- 
plied by  the  resistance. 

In  C.C.  work  the  watts  are  given  by  the  expression  I  fir  where  /<. 
is  the  continuous  current. 

In  A.G.  work,  the  average  watts  are  to  be  given  by  an  expression 

average  value  of  (i")  x  r, 

where  i  is  the  instantaneous  current.  If  r  be  given  the  same  value 
in  each  case,  then  in  order  that  Hhe  power  ^all  be  the  same  in 
both  cases  it  follows  that 

/g«  =  average  value  of  (t*). 

It  is  now  seen  that  the  representative  value  of  the  alternating 
current,  which  has  the  same  effect  as  a  continuous  current  in  pro- 
ducing power  in  a  circuit,  is  given  by  the  expression 

V(average  value  of  t*), 

and  when  this  expression  has  a  certain  value  it  means  that  the 
current  has  the  same  power  effect,  or  heating  effect,  as  a  con- 
tinuous current  of  the  same  value,  whilst  the  watts  are  given  by  the 
expression  /V  without  the  introduction  of  any  constant,  /  being 
the 

V(average  value  of  t*). 

The  foregoing  argument  has  made  no  assumptions  as  to  wave 
form  and,  indeed,  is  true  for  all  periodic  wave  forms,  so  that  it  is 

»  The  student  is  warned  to  distinguUh  carefully  between  the  (average  value  of 
current)'  and  the  average  valae  of  (current)*. 
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QOt  necessary  to  know  the  various  instantaneous  values  in  order  to 
estimate  the  resultant  value  of  any  current. 

This  value  of  the  current  is  known  as  the  *' Boot-Mean-Square" 
or  **  R.M.S."  value,  the  name  expressing  its  meaning.  It  is  also 
sometimes  known  as  the  effective  value  and  as  the  virtual  value, 
although  the  first  name  is  by  far  the  most  commonly  used. 

Comnt  indleatod  by  Ammeters. — At  first  sight  the  above  chosen 
representative  value  appears  somewhat  complex,  but  it  is  only  an 
appearance.  This  is  seen  when  the  action  of  various  ammeters  is 
coDsidered  (see  page  132  e<  eeq.).  Take,  for  example,  the  hot  wire 
ammeter ;  the  heating  at  any  instant  is  proportional  to  the  square 
of  the  onrrent,  and  it  is  to  the  average  value  of  this  quantity  that 
the  indications  of  the  instrument  are  proportional.  When  such 
an  ammeter  is  connected  in  an  alternating  current  circuit  it  would 
r^;i8ter  an  amount  proportional  to  the  mean  square  of  the  current 
and  the  square  root  of  the  deflection  would  be  proportional  to  the 
B.M.S.  current.  Consequently  the  hot  wire  ammeter  indicates  that 
value  of  the  current  which  it  is  desired  to  know.  In  the  actual 
instrument  the  scale  is  not  exactly  a  square  scale,  being  somewhat 
modified  by  the  construction  and  control,  but  this  does  not  affect 
the  fact  that  it  is  the  mean  square  of  the  current  to  which  the 
deflection  is  proportional. 

Similarly,  when  considering  a  moving  iron  ammeter,  it  is  again 
seen  that  the  torque  at  any  moment  is  proportional  to  the  square 
of  the  instantaneous  current.  The  current  induces  a  certain  pole 
strength  in  the  moving  iron  which  is  proportional  to  the  current 
provided  the  iron  is  not  saturated,  whilst  the  solenoid  itself  can  be 
rejdaced  by  an  equivalent  magnet  having  a  pole  strength  propor- 
tional to  the  current.  The  force  of  attraction  or  repulsion  is 
proportional  to  the  product  of  these  pole  strengths  and,  conse- 
quently,  to  the  square  of  the  current.  Modifying  factors  are  again 
introduced  in  practice,  due  to  the  construction  and  method  of 
oontrol,  but  the  main  fact  still  remains,  viz.,  that  the  instrument 
pointer  wiU  take  up  a  mean  position  indicating  the  average  value 
of  the  square  of  the  current.  Thus  a  moving  iron  ammeter  will 
indicate  the  R.M.S.  current. 

A  dynamometer  type  instrument  also  will  give  indications  which 
are  proportioned  to  the  products  of  the  currents  in  the  moving  coil 
and  in  the  fixed  coil  and  will  register  accordingly  the  R.M.S.  current. 

Thus  it  is  seen  that,  instead  of  the  R.M.S.  value  of  the  current 
being  a  somewhat  obscure  quantity,  it  is  actually  the  value  recorded 
by  the  ordinary  typoB  of  ammeters. 

Rsprasentallve  Value  of  Voltage. — ^The  question  of  settling  a 
unit  of  E.M.F.  can  now  be  dealt  with  in  the  same  way  as  for  current. 
Imagine  an  alternating  voltage  applied  to  a  simple,  resistance. 

The  instantaneous  value  of  the  power  will  be  -,  where  e  is  the 
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instantaneous  value  of  the  voltage  and  r  is  the  resistance.    The 
average  value  of  the  power  will  be  the  average  value  of  -.    Suppose 

that  a  continuous  pressure  of  Ee  be  applied  to  a  similar  resistance 

E* 
of  r  ohms.    In  this  case  the  power  will  be  -^,  and  it  is  desired  that 

the  power  in  both  cases  shall  be  the  same.    From  this  it  follows  that 

jgg*  _  average  value  of  e* 


or  that  Ec  =  V(average  value  of  €*).     . 

Thus  it  is  seen  that  the  R.M.S.  value  of  the  voltage  (  =  ^)  is 
also  the  representative  value  which  will  enable  the  expression 

,  '       (R.M.S.  volts)*      E^ 

average  watts  =  — =r — r-r =  — 

°  Resistance  r 

to  remain  true  without  the  addition  of  any  multiplying  constant. 
No  assumption  with  regard  to  wave  form  has  been  made,  and  conse- 
quently the  above  expression  holds  good  for  any  periodic  wave  form. 

Voltage  indieated  by  Voltmeters. — ^With  regard  to  the  indica- 
tions given  by  various  voltmeters,  it  should  be  remembered  that  in 
all  electromagnetic  instruments  it  is  the  current  which  produces  the 
deflection,  and  since  the  instruments  previously  discussed  indicate 
the  R.M.S.  current'they  will  also  indicate  the  R.M.S.  voltage.  There 
is  one  particular  tjrpe  of  voltmeter  which  does  not  come  in  the 
above  classification,  and  this  is  the  electrostatic  voltmeter  (see 
page  138),  but  it  will  be  shown  later  that  this  instrument  also 
indicates  the  R.M.S.  voltage. 

Ohm's  Law  for  Alternating  Current  Circuit. — ^It  has  been  shown 

E^ 
that  the  average  power  is  given  by  both  Pr  and  — ,  and  therefore 
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r 

/• 

/ 
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Thus  Ohm's  Law  holds  good  for  an  alternating  current  circuit  where 
the  R.M.S.  values  of  the  ciurent  and  voltage  are  employed.  It 
obviously  holder  good  when  the  maximum  values  are  considered 
and  also  in  the  case  of  the  average  values,  because  if  the  circuit 
consists  of  a  simple  resistance  the  current  will  be  directly  propor- 
tional to  the  voltage  at  any  instant  and  the  two  wave  forms  will 
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be  similar.  The  ratio  of  the  average  value  to  the  maximum  will 
be  the  same,  therefore,  for  both  current  and  voltage,  and  since 
Ohm's  Law  holds  good  for  maximum  values  it  also  holds  good  for 
average  values  when  the  current  and  voltage  wave  forms  are  similar. 

Relationship  between  Maximum,  Average,  R.M.S.  and  Instantaneouft 
Values. — ^In  the  succeeding  pages,  whenever  the  term  "  current  "  or 
'^  voltage  "  is  used  without  any  further  qualification,  it  is  the 
B.M.S.  value  which  is  meant,  other  values  being  defined  specifically 
when  they  are  used. 

It  is  desirable  to  know  the  mathematical  relationship  that 
exists  between  the  maximum,  average,  R.M.S.  and  instantaneous 
values  of  the  current  and  voltage ;  but  it  is  only  necessary  to 
consider  one  of  them,  since  what  applies  to  the  current  also  applies 
to  the  voltage. 

In  the  case  of  a  current  obe3dng  a  sine  law,  the  instantaneous 
value  of  the  current  is  given  by  the  expression 

»  =  /«sin^, 

where  %  is  the  instantaneous  value  of  the  current,  /^  the  maximum 
value  and  0  the  angle  passed  through  from  the  commencement 
when  the  current  was  zero  and  beginning  to  rise  in  the  positive  ^ 
direction. 

The  average  value,  taken  over  half  a  period,  is 

Im  X  average  value  of  sin  0 

IT 

=  0637/^.1 

2 
The  value  -  =  0'637  can  be  verified  by  drawing  a  sine  wave  and 
w 

measuring  the  average  height  graphically. 

To  determine  the  R.M.S.  value  of  a  sine  wave,  it  is  necessary 

to  draw  the  curve  of  sin*  0  and  measure  the  average  height  graphi-' 


>  The  average  height  of  a  sine  wave  is  given  by  the  area  divided  by  the  base 
and  is  equal  to 

1    fir 

-  f     sin  9  d9 


w  J  0 
=  -     —  COS  0 

»L  Jo 

=  -      (—  COS  w)  —  (  —  COB  0) 
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cally.    The  square  root  of  this  quantity  is  the  B.M.S.  value  and  is 
equal  to 

1 
~y^  X  maximum  value 

=  0*707  X  maximum  value.^ 
Form  Factor.— It  has  been  shown  that 


2 


IT 


Iat>  =  -J^m    or    I^—^I, 


'■at 


and  /  =  _/^or/^=\/2/. 

Therefore  V2/  =  |/«, 

and  -fr-  =  s— 7-  =  I'll- 

•      lav       2V2 

The  ratio  — ' — ^— ^ i —  is  called  the  Farm  Factor  and  is  equal 

average  value 

to  1*11  in  the  case  of  a  sine  wave.    The  student  will  find  it  a  useful 

exercise  to  draw  some  particular  wave  ^orm  and  determine  its  form 

factor.     As  an  example,  this  will  be  done  for  the  wave  shown  in 

Fig.  8.     In  order  to  find  the  average  value,  divide  the  base  into, 

say,  twelve  sections  and  take  the  ordinate  in  the  middle  of  each 

section.    A  fruitful  source  of  error  is  to  take  the  ordinates  at  0,  1,  2, 

etc.,  dividing  by  13.     Another  source  of  error  is  to  take  the  ordinates 

at  1,  2,  3,  etc.,  whereas  they  should  be  taken  at  0*6,  1*6,  2*5,  etc. 

The  form  factor  can  now  be  worked  out  in  the  form  of  a  table  as 

follows  : — 

^  The  R.M.8.  value  can  be  determined  in  a  simple  manner  by  means  of  the 
calculus,  thus : — 

Average  value  of  sin*  «  =  s-  /      sin* Bd9 


and  R.M.S.  value  =  v/^  /^  sin^ede 


/I    p. 


=  4^  «  0-707. 
V2 
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No.  of  Ordinftto. 


1 
2 

3 

4 
5 
6 

Sum  total 
Ayerage  .. 
R.M.8.     .. 


y«lae  of  Ordinate. 


Sauve  of  Ordinate. 


1 
2 

2 
2 
2 

1 

10 
1-67 


18 

3 

n/3=:1-73 


Form  factor  = 


R.M.S.       1-73 


'  =  T-^  =  1-04. 


ayerage       1'67 


As  a  general  role,  the  wave  may  be  assumed  to  be  flatter  than  a 
sine  ware  if  the  form  factor  is  less  than  1*11  and  more  x)eaked  if 
this  ratio  is  greater  than  l-ll. 


0   I     i    3     i     3 


3    ^    7     6     9    JO    U    flZ 


Fio.  8.— Kxample  of  Wave  Form. 


Crest  Vietor.— The  use  of  the  term  "  Crest  Factor  "  has  been 
introduced  by  Prof.  Kapp  to  indicate  the  ratio 

Maximum  value 
R.M.S.  value    ' 

which  in  the  case  of  a  sine  wave  has  the  value  V2  =  1*414.  This 
ratio  is  mostly  used  in  connection  with  voltage  waves,  where  it 
gives  an  indioraStn  of  the  amount  by  which  the  insulation  is  strained. 
For  a  given  B!3if.S.  voltage,  the  greater  the  crest  value  the  greater 
the  strain  on  the  insulation. 

Polar  Cnrfv. — ^When  the  curves  of  E.M.F.  and  current  depart 
from  the  simple  sine  law,  it  becomes  a  tedious  matter  to  measure 
all  the  ordinates,  square  them,  take  the  mean,  and  determine  the 
square  root  in  order  to  obtain  the  B.M.S.  value.    A  simpler  method, 


14 


ALTERNATING  CURRENTS 


OH. 


involving  the  use  of  a  polar  diagram,  has  been  devised  by  Prof. 
Fleming.  A  polar  curve  is  a  graphical  method  of  representing  a 
function,  only,  instead  of  using  two  co-ordinates  mutually  at  right 
angles  for  axes,  a  line  called  a  radius  vector  is  made  to  rotate  round 
a  fixed  point.  The  angle  through  which  the  radius  vector  has 
moved,  measured  from  some  starting  point,  corresponds  to  the 
horizontal  axis  of  the  ordinary  graph,  whilst  the  length  of  the 
radius  vector  corresponds  to  the  vertical  axis.  A  curve  is  then  traced 
out  through  the  x>oints  obtained  in  this  manner.  The  curve  is 
really  the  locus  of  the  radius  vector. 

This  method  of  graphical  representation  lends  itself  to  the 

study  of  periodic  curves,  for  one  revolution  of  the  radius  vector 

can  be  made  to  correspond  to  one  complete  period.    The  polar 

curve  for  a  sine  wave  is  a  complete  circle 

a  as  shown  in  Kg.  9.    OP  is   the   radius 

^^p        vector,  having  moved  through  an  angle  0 

from  the  commencement.    But  if  the  curve 

OPQ  is  a  true  circle  and  OQ  its  vertical 

diameter,  the  angle  OQP  will  also  be  equal 

to  0,  and  hence 


OP^ 
OQ 


=  sin^. 


FiQ.  9.— Polar  Curve  of  Sine 
Wave. 


Since  OQ  is  constant,  OP  is  proportional  to 
sin  0,  OQ  representing  the  maximum  value. 
Therefore,  the  polar  curve  for  a  sine  wave  is  a  circle.  At 
first  sight  it  might  appear  that  a  second  circle  below  the  hori- 
zontal is  needed  to  represent  the  second  half  of  the  wave,  but 
this  is  not  so.  After  180^  has  been  swept  out,  the  radius  vector 
certainly  falls  below  the  zero  b'ne,  but  the  instantaneous  value  is 
now  negative,  and  consequently  the  radius 
vector  must  be  projected  back  to  the  other 
side  of  the  origin.  The  net  result  of  this  is 
that,  for  the  second  half  of  the  period,  the 
curve  repeats  itself.  This  mtust  always  be 
the  case  when  the  two  halves  of  the  wave 
are  equal,  whether  the  simple  sine  law  is 
obeyed  or  not. 

Graphieal  Determination  of  R.1LS.  Value.— 
Having  thus  briefly  explained  the  principles 
of  the  polar  diagram,  they  can  be  applied 
to  the  study  of  non-sinusoidal  waves. 
Fig.  10  shows  the  polar  curve  of  the  wave  represented  in  the 
ordinary  manner  in  Fig.  4.  In  order  to  determine  the  B.M.S. 
value  of  the  wave,  the  area  of  the  polar  curve  is  required.  This 
can  be  measured  by  means  of  a  planimeter,  but  in  cases  where 
such  an  instrument  is  not  available  a  circle  of  the  same  area  as  the 


Fig.  10*— Polar  Curve  of  Non- 
alnnfloldal  Wave. 
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polar  curve  can  be  estimated  by  eye.  Usually  this  will  be  jtusti- 
fiable,  since  most  of  the  waves  met  with  in  practice  do  not  depart 
very  much  from  the  true  sine  law.  The  diameter  of  this  circle 
represents  the  maximum  value  of  the  equivalent  sine  wave,  and  the 

R.M.S.  value  can  be  obtained  by  niultiplying  by  —p  or  0*707. 

V  2 


CHAPTER  ni 

INDUCTANCE,  BEACTANCB  AND  IMPBDANOE 

Baek  E.M.F.  sat  up  due  to  Altenutliig  Oaneiit. — ^When  a  vary- 
ing current  flows  in  a  drouit  it  sets  up  a  varying  field  which 
is  in  phase  with  the  current,  i.e,  goes  through  similar  phases  at 
the  same  instant,  such  as,  for  example,  the  maximum  value.  The 
form  of  the  circuit  can  be  so  arranged  that  the  field  is  negligible 
in  strength  although  it  can  never  be  done  away  with  absolutely. 
If  a  portion  of  a  circuit  be  wound  in  the  form  of  a  coil,  then  the 
lines  set  up  by  each  turn,  due  to  the  passage  of  the  current,  can  be 
made  to  link  with  all  the  other  turns  and  thus  set  up  a  considerable 
number  of  linkages.  This  effect  is  increased  considerably  if  an 
iron  core  is  placed  in  the  coil,  which  is  then  known  as  a  choking 
coil. 

The  alternating  current  causes  the  field  to  alternate  with  it,  and 
consequently  the  linkages  vary  from  instant  to  instant.  This  sets 
up  an  E.M.F.  in  the  coil  the  dLrection  of  which  is  such  as  to  oppose 
the  change,  the  effect  being  somewhat  akin  to  inertia.  If  the  flux 
set  up  is  proportional  to  the  current,  then  the  back  E.M.F.  which 
is  generated  is  proportional  to  the  rate  at  which  the  current  is 
changing  and  is  numerically  equal  to 

linkages  set  up  per  ampere  x  change  of  amperes  per  second      , 
_ volts. 

Induetanee. — ^The  linkages  set  up  per  ampere  is  a  deflnite  quantity 
for  a  given  coil,  and  if  the  core  be  made  of  a  non-magnetic  material 
it  is  strictly  a  constant,  but  if  an  iron  core  be  introduc^  this  quantity 
varies  to  some  extent,  dex)ending  upon  the  saturation  of  the  iron. 
For  example,  if  the  current  be  increased  to  ten  times  its  former 
value,  the  total  linkages  may  only  be  increased  seven  times,  and 
thus  the  linkages  per  ampere  will  only  be  0*7  times  their  former 
value.  In  the  majority  of  elementary  calculations,  however,  this 
quantity  is  assumed  to  be  a  constant  for  a  given  coU  and  is  known 
as  the  indtustance  or  the  co-efficient  of  edf-induetion,  the  former  term 
being  the  one  most  used  at  the  present  time. 

On  the  practical  system  of  units,  the  imit  of  inductance  Is  the 

16 
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Henry ^  which  is  the  inductance  of  a  coil  setting  np  10^  linkages  per 
ampere.  If,  therefore,  the  current  varies  at  the  rate  of  one  ampere 
per  second  in  such  a  coil,  there  will  be  an  E.M.F.  of  one  volt  set  u^. 
The  inductance  of  any  other  coil,  measiued  in  henries,  is 

-.  _  number  of  linkages  set  up  per  ampere 
108 

TAb  an  example,  the  flux  will  be  determined  in  a  choking  coil 
having  100  turns  and  an  inductance  of  0*2  henry,  when  a  current  of 
5  amperes  is  passing. 

Linkages  per  ampere  =  £  x  10^ 
=  0-2  X  10« 


Total  linkages 
Total  flux 


=  6  X  0-2  X  10« 
5  X  0-2  X  10« 
"■  100 

=  10"  lines  or  1  megaline. 


Bale  of  Gbange  of  Ouirent — ^The  next  thing  to  determine  is  the 
rate  of  change  of  the  current  in  the  circuit.    This  will  depend  upon 


^360 


-2O0 


Fifl.  11^— Edation  between  Current  end  Bate  of  Change  of  Ciuient. 
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three  things,  the  maximum  value  of  the  current  (I,^),  the  wave 
form  and  the  frequency  (/).  Fig.  11  represents  the  current  curve 
where  the  wave  form  is  sinusoidal,  llie  rate  of  change  of  the 
current  at  any  instant  is  measured  by  the  slope  of  the  curve  at 
that  particular  point.  At  0*^,  this  is  equal  to  AB  amperes  per  90°. 
Scaling  this  off  the  diagram,  it  is  found  to  be  1*57  X  Im  amperes 
per  90**,  or  6'28  x  /,»  amperes  per  period,  or  314  x  /«  amperes 
per  second,  assuming  a  frequency  of  60. 

At  60,  the  slope  of  the  curve  is  CD  amperes  per  90°.  Scaling 
this  off  the  diagram,  it  is  found  to  be  equal  to  0-785  X  /^  amperes 
per  90*^,  or  157  X  Im  amperes  per  second.  Repeating  this  again  at 
210°,  the  slope  is  found  to  be  4  x  50  x  EF  x  /« (  =  272)  amperes 
per  second,  but  this  time  the  current  is  changing  in  the  reverse 
direction,  so  that  this  statement  means  that  the  current  is  decreasing 
at  the  rate  of  272  amperes  per  second.  Plotting  a  number  of  values 
obtained  in  this  manner,  the  curve  of  change  of  current  in  amperes 
per  second  is  obtained.  On' examination,  this  curve  is  seen  to  be  a 
sine  curve  also,  but  is  90°  ahead  of  the  current  curve.  In  reality 
it  is  a  cosine  curve.  This  establishes  the  fact  that  if  the  current 
varies  according  to  a  sine  law,  the  rate  of  change  of  current  also 
obeys  a  sine  law.  The  maximum  value  of  the  rate  of  change  curve 
occurs  when  the  actual  value  of  the  current  is  zero.  If  a  horizontal 
line  is  drawn  through  the  vertex  of  the  current  curve,  it  is  seen  that 
the  maximum  slope  is  OH  amperes  in  OH  degrees.  On  scaling  off 
the  diagram,  OH  will  be  found  to  be  one  radian  or  57*3°  approxi- 
mately. Therefore,  the  maximum  value  of  the  rate  of  change  of 
current  is  /^  amperes  per  radian,  or  27r/^  amperes  per  period,  since 
there  are  2'rr  radians  in  360°.  Measured  in  amperes  per  second,  this 
is  equal  to  ^irfl^,  where  /  is  the  frequency.^ 

Reaotanee. — ^It  has  been  shown  that  a  voltage  is  set  up  in  an 
alternating  current  circuit  equal  to 

linkages  set  up  per  ampere     ,  ^         '  ,v      ,, 
5 ^^i _£ —  X  (change  of  amperes  per  second)  volts. 

The  minus  sign  denotes  the  fact  that  it  is  a  back  voltage.  The 
maximum  value  of  this  voltage  is  given  by  the  expression 

£m=-ix27r//„,  volts 

^  This  con  be  determined  by  the  calculus  as  follows  : — 
»  —  I«  sin  e 
dt  _  d  {Ifn  sin  B\ 
di'^         di 

_j        d{mne\      d9 
~^"*^       d9      ^dt 


The  maximum  value  of   tr=  2ir/i, 


/,„  cos  B  X  2ir/. 
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and  the  val\ie  at  any  other  instant  by 

c'  =  —  2vfLImQ0B  0  volts 

=  —  2^fLI^  sin  (0  +  90^)  volts. 

This  back  voltage  has  to  be  overcome  by  the  application  of  an  equal 
and  opposite  forward  voltage  having  a  value 

c  =  2^fLI^  sin  (0  +  W)  volts. 

This  voltage  is  seen  to  vary  according  to  a  sine  law  also,  but  it 
ianotin  phase  with  the  current.  When  0  is  0°,  the  current  is  zero  ; 
but  this  voltage  has  its  maximum  value  at  this  instant,  since 
sin  (^  +  90^)  is  equal  to  unity.  This  voltage  is  said  to  lead  the 
cuirent  by  90°,  or  the  current  is  said  to  lag  behind  the  voltage 
by  90**.  The  B.M.S.  value  of  the  applied  voltage  is  obviously 
equal  to  -fi?  =  2w/L/,  where  /  is  the  R.M.S.  value  of  the  current. 

When  the  circuit  contains  nothing  but  redstance,  the  voltage  is 
given  by  the  expression 

If  the  circuit  has  no  resistance,  but  is  linked  with  a  magnetic 
field,  the  applied  voltage  is  given  by  the  expression 

E  =  27r/i  X  /. 

Thus  the  quantity  27rfL  can  be  considered  as  being  in  some 
respects  analogous  to  resistance,  inasmuch  as  the  current  has 
to  be  multiplied  by  it  in  order  to  obtain  the  voltage.  Strictly 
speaking,  it  is  more  in  the  nature  of  an  E.M.F.  than  a  resistance, 
but  owing  to  the  similarity  of  the  equations  E  =  BI  and  E  =  27r/£/, 
it  is  usually  considered  as  a  kind  of  resistance. 

The  quantity  L  is  called  the  IndiucUince  and  is  measured  in 
henries,  whilst  the  quantity  2^/L  is  called  the  I{eactance  ^  and  is 
measured  in  apparent  ohms.  They  are  not  true  ohms,  because 
they  do  not  result  in  the  production  of  heat  in  the  circuit,  but 
have  the  appearance  of  being  ohms  because  they  are  the  ratio  of 
the  volts  to  the  amperes.  If  the  circuit  contains  nothing  but 
reactance,  the  current  is  given  by  the  expression 


2irfL 

and  the  way  in  which  the  current  varies  with  each  of  these  quantities 
is  shown  by  the  curves  in  Fig.  12. 

^  When  a  circuit  possesses  capacity  as  well  as  inductance,  another  term  must 
Ik  dddetl  to  the  expression  for  the  reactance  as  shown  on  page  59. 
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Very  often  the  inductance  is  given  in  miili-heniiefi,  t.e. thousandths 
of  a  henry,  in  order  to  avoid  dealing  with  very  small  numbers.    For 


Fia.  12. — ^Ddpendflneo  of  Cnirent  upon  Voltage,  Freqaenoy  and  Induetanoe. 

example,  if  L  =  10  milli-henries  and  /  =  60  cycles  per  second,  the 
reactance  is  equal  to 

X  =  27rX50XTHTr 
=  3' 14  apparent  ohms. 

Circuit  eontaining  Resistance  and  Reaetanee. — The  previous 
example  has  not  taken  into  consideration  the  effect  of  resistance, 
but  it  must  be  borne  in  mind  that  it  is  theoretically  impossible  to 
have  a  circuit  without  resistance  and  also  without  reactance,  since 
wherever  there  is  a  current  of  electricity  there  must  always  be  a 
magnetic  field  set  up  linking  with  the  circuit.  The  reactance  may 
be  negligible  in  a  large  number  of  cases,  but  in  very  few  circuits 
will  the  effect  of  resistance  be  negligible  in  comparison  with  the 
reactance.  It  is  therefore  necessary  to  study  the  circuit  when  both 
are  present  in  appreciable  proportions. 

Consider  a  circuit  consisting  of  an  ordinary  choking  coil  having 
a  resistance  B  and  an  inductance  L,  In  order  to  force  an  alternating 
current  of  /  amperes  through  this  circuit,  a  voltage  must  be  applied 
in  order  to  overcome  the  resistance  {RI  volte),  and,  in  addition,  a 
further  voltage  {2trfLI  volts)  must  be  applied  in  order  to  overcome 
the  reactance.  The  former  voltage  is  in  phase  with  the  current, 
whilst  the  latter  leads  it  by  90^.  At  any  instant  represented  by 
the  point  P  (Fig.  13)  there  will  be  required  a  voltage  PQ  to  over- 
come the  resistance  and  a  voltage  PB  to  overcome  the  reactance. 
The  total  voltage  required  at  this  instant  is  given  by  PS  =  PQ  +  PB, 
the  current  being  PT.  Repeating  this  for  all  other  points  through- 
out the  cycle,  a  curve  representing  the  resultant  applied  voltage  is 
obtained  as  shown.  The  effect  is  just  as  if  the  reactance  were 
concentrated  at  one  part  of  the  circuit  and  the  resistance  at  another, 
the  two  being  placed  in  series.    The  resultant  voltage  also  follows 
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a  siiie  law,  since  it  is  the  sum  of  two  sine  waves.  The  maximum 
value  is  less  than  the  sum  of  the  msbximum  values  of  the  two  com- 
ponents, but  is  greater  than  either  of  them  taken  sepeorately. 
Another  point  to  notice  is  that  the  resultant  voltage  is  neither 
exactly  in  phase  with  the  current,  nor  does  it  lead  by  90°,  being 


'Resultant  Vbltage 
-2itfLI 


Fw.  13w— Cmreofe  aod  Voltage  Curves  in  a  drcoit  oontainiiig  BesistaAoe  and  Indaotance. 

Bomewhere  in  between  these  two  limiting  values,  the  angle  of  lead 
of  the  voltage  becoming  greater  the  more  tibe  reactance  predominates 
over  the  resistance,  and  approaching  more  and  more  nearly  to  zero 
as  the  resistance  is  increased.  If  the  resistance  and  reactance  were 
equal,  the  current  would  lag  behind  the  voltage  by  45®. 

Phase  Differenee  between  Current  and  Voltage. — The  exact  angle 
of  phase  difference  between  the  current  and  voltage  can  be  deter- 
mined in  general  terms  by  the  application  of  a  little  trigonometry. 
The  total  voltage  required  to  overcome  the  effects  of  resistance  and 
reactance  combined  is  equal  to 

where  X  =  2irfL. 

Multiplying  and  dividing  by  VB?  +  X^  we  get 
Vdtage  required 

=  iVWTXi){-^^^^j-J,.An0  +  ;^^=|/,„co8^). 

R 


Let 


VB*  +  X* 


=  oos  a. 


22  ALTERNATING  CURRENTS  ch. 

Then  B  =  (VS*  +  X*)  cos  a 

and  i2«  =  (i2«  +  Z«)cos«a 

=  (R*  +  Z«)  -  (i2«  +  X^)  sin«  a. 
Therefore  (i2«  +  Z«)  mn*  a  =  X*, 

Z2 


sin^a 


2/,  =. 


X 

and  8ina  =  :^^^^-^,- 

Thus  the  voltage  required 

=  (  \/5hF^)  (/m  sin  ^  cos  a  + /m  cos  ^  sin  a) 

=  {VW+~X^)  X  lmsin{0  +  a). 

Obviously  the  curve  representing  this  quantity  is  a  sine  curve, 
not  in  phase  with  the  current,  but  leading  it  by  an  angle  a  the 
value  of  which  can  be  determined  in  the  following  manner. 

X 

sin  a  =  — . —        - 
VW+X^ 

and  cos  a  =  —, =  • 

V-R*  +  J* 

Therefore      tan  a  = 

cos  a 


X  Vi2*  +  X« 

X 


VW+X^  R 

X 

B 

and  a  =  tan-i-^- 

Thus  a  can  be  calculated  for  every  value  of  X  and  B  and  will  always 
lie  between  the  limits  of  0°  and  90®. 

Instead  of  sa3n[ng  that  the  voltage  leads  the  current,  it  is  more 
usual  to  say  that  the  current  lags  behind  the  voltage,  the  two 
statements  being  synonymous. 

Impedance. — ^The  expression  representing  the  current  in  a  simple 
series  circuit  is 

i  =^  Im  sin  0. 

If  nothing  but  resistance  is  present  the  voltage  is 

e  =  RIn  sin  0. 

If  reactance  only  is  present  the  voltage  is 
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If  both  resistance  and  reactance  are  present  the  voltage  is 


t  =  (V^P+X«)/„»sin(^  +  a). 


The  quantity  ViP  +  X*  is  called  the  Im'peiAnct  and  obviously 
depends  on  both  the  resistance  and  reactance  of  the  circuit,  although 
it  must  be  borne  in  mind  that  it  is  not  the  arithmetic  sum  of  thfs 
two.  The  impedance  is  the  ratio  of  volts  to  amperes  and  will  be 
denoted  by  the  symbol  Z. 


E 


=  Z  =  VW+T^  =  VB^  +  (2irfL)\ 


Fig.  14  shows  the  way  in  which  the  impedance  varies  with  the 
reaist'ance,  frequency  and  inductance  for  a  particular  circuit,  and. 
also  how  the  angle  of  lag  depends  upon  these  quantities. 
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no.  14.^]fiffeet  of  Rflslftanoe,  Frequency  and  Inductance  npon  Impedance. 

VmriaMe  Induetanee. — ^In  a  number  of  cases  the  inductance  of  a 
circuit  will  not  remain  constant,  but  will  depend  to  some  extent 
upon  the  value  of  the  current  flowing.  This  can  easily  be  shown  by 
means  of  a  choking  coil  having  an  iron  core.  At  first,  as  the  current 
is  gradually  increased,  the  flux  will  be  proportional  to  the  current 
and  the  linkages  per  ampere  will  remain  constant.  When  the  iron 
becomes  saturated,  however,  the  flux  increases  at  a  slower  and 
slower  rate  compared  with  the  current  and  the  lin}ca/gt»  ^tr  aitvptre 
become  less,  llius  the  inductance  actually  is  reduced  when  the 
iron  gets  saturated. 

l^e  true  ohmic  resistance  is  also  considerably  greater  with 
alternating  than  with  continuous  currents  in  a  number  of  cases  due 
to  what  is  called  the  skin  effect. 
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Matual  Induetanee. — ^Two  circuits  are  frequently  placed  so  that 
when  a  current  is  passed  through  one  of  them  the  flux  set  up  by 
it  becomes  linked  with  the  other.  This  alternating  flux  induces 
a  voltage  in  the  second  circuit  in  the  same  way  that  a  back  E.M.F. 
is  induced  in  an  ordinary  inductance.  In  the  case  of  the  two 
circuits,  a  voltage  is  induced  in  either  one  when  the  current  changes 
in  the  other  and  the  circuits  are  said  to  possess  MiUnat  Inductance. 
This  quantity  is  comparable  with  inductance,  sometimes  called 
Sdf-Inductance  to  distinguish  it,  and  is  measured  in  the  same  units. 

Two  coils  are  said  to  possess  a  mutual  inductance  of  one  henry 
if  10®  linkages  are  set  up  in  one  coil  due  to  a  current  of  one  ampere 
in  the  other.  If  the  two  coils  have  the  same  number  of  turns,  it  is 
clear  that  the  same  current  in  either  coil  will  set  up  the  same  number 
of  linkages  with  the  other  coil.  If  the  two  coils  have  diflferent 
nutiibers  of  turns,  the  flux  set  up  by  one  ampere  in  the  coil  having 
the  smaller  number  of  turns  will  be  less  than  the  flux  set  up  by  one 
ampere  in  the  other.  But  this  smaller  flux  will  link  with  a  pro- 
portionately larger  number  of  turns  in  the  second  coil,  so  that  the 
linkages  set  up  per  ampere  will  be  the  same,  no  matter  which  is  the 
inducing  coil.  In  considering  the  mutual  inductance  of  a  pair  of 
coils,  it  is  therefore  immaterial  which  coil  is  supplied  with  current 
and  which  has  the  voltage  induced  in  it,  or,  in  other  words,  which  is 
the  primary  and  which  the  secondary. 

In  an  ordinary  inductance  the  induced  voltage  is  90^  out  of 
phase  with  the  current,  so  that  in  a  pure  reactance  the  applied  voltage 
leads  the  current  by  90*^,  but  in  a  circuit  which  possesses  mutual 
inductance  with  respect  to  a  second  circuit,  the  voltage  is  90^ 
out  of  phase  with  the  cturreni  in  ihe  second  drcuU,  In  a  general 
case,  the  latter  may  have  any  phase  whatsoever  with  respect  to  the 
current  in  the  first,  so  that  the  voltage  set  up  by  mutual  induct- 
ance may  have  any  phase,  and  in  certain  cases  it  may  therefore 
tend  to  neutralise  the  effects  of  self -inductance. 

Skin  Effect. — When  an  alternating  current  passes  through  a 
conductor  it  does  not  distribute  itself  uniformly  throughout  the 
cross-section,  but  tends  to  concentrate  itself  in  those  portions  of  the 
conductor  which  are  situated  nearest  the  surface.  This  is  called 
the  shin  effect,  and  in  certain  cases  may  be  of  very  appreciable 
magnitude.  In  order  to  see  the  reason  for  this  effect,  consider  the 
case  of  a  solid  conductor  of  circular  cross-section,  and  imagine  that 
it  is  replaced  by  a  large  number  of  small  conductors  in  parallel, 
the  total  cross-sectional  area  being  unchanged.  This  bundle  of 
small  conductors  must  be  bunched  together  so  that  they  occupy 
the  same  space  as  the  original  conductor,  each  one  carrying  a  small 
fraction  of  the  total  current.  The  lines  of  force  set  up  by  a  surface 
element  of  current  will  link  with  the  whole  conductor,  but  some  of 
the  lines  of  force  set  up  by  an  internal  element  of  current  will  not 
extend  to  the  surface  of  the  conductor.    Thus  the  surface  portions 
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of  the  conductor  will  be  linked  with  less  flux  than  the  more  central 
portions  and  will  have  less  inductance  per  unit  of  cross-sectional 
area.  This  naturally  leads  to  an  unequal  distribution  of  the 
current,  the  density  of  which  gradually  diminishes  as  the  distance 
from  the  surface  of  the  conductor  increases.  However,  the  watts 
lost  in  a  particular  conductor  for  a  given  current  are  always  greater 
for  a  non-uniform  than  for  a  uniform  distribution  of  current.  To 
demonstrate  this,  take  the  case  of  a  conductor  having  a  resistance 
of  R  ohms  and  carrying  a  current  of  /  amperes  and  suppose  that 
this  conductor  be  divided  up  into  n  equal  parallel  filaments.  The 
resistance  of  one  of  these  filaments  is  nJ!  ohms,  and  for  a  uniform 
distribution  of  the  current  the  total  watts  lost  would  be 

n  X  (-  )  wJ?  =  I*R  watts. 

Next,  consider  the  case  of  a  non-uniform  distribution  where  each 
one  of  half  the  filaments  carries  a  current  of  ( ~  -f  IM  amperes, 

whilst  each  of  the  other  half  carries  a  ciirrent  of  ( Vj  amperes. 

The  total  current  is  I  amperes  the  same  as  before,  but  the  total 
watts  dissipated  in  the  non-uniform  case  would  be 

=  I^R  -f  n^r^R  watts. 

Thus  the  watts  lost  in  a  conductor  due  to  ohmic  resistance  depend 
upon  the  distribution  of  the  current  and  are  a  minimum  when  the 
distribution  is  uniform.  If  no  disturbing  factors  entered  into  the 
case  the  current  would  naturally  distribute  itself  imiformly,  but 
when  this  condition  is  destroyed  an  increased  power  is  necessary 
to  drive  the  current  through  a  given  conductor.  But  if  the  watts 
are  still  considered  as  being  equal  to  PR,  then  R  must  be  given  a 
higher  value,  due  to  the  lack  of  constancy  of  the  current  density. 
This  effect  is  dependent  on  the  frequency,  the  effective  resistance 
increasing  as  the  current  goes  up.  It  is  very  marked  in  the  case 
of  iron  and  steel  conductors,  because  a  greater  proportion  of  the 
flux  set  up  actually  confines  itself  to  the  conductor  due  to  its  magnetic 
properties.  This  is  the  reason  why  the  voltage  drop  in  steel  rails  is 
so  much  larger  with  alternating  than  with  continuous  currents. 

Analogy  of  Indnetanee  and  Inertia. — ^A  self-induced  E.M.F.  always 
opposes  any  change  in  the  current  which  produces  it.  It  is  there- 
fore impossible  for  an  instantaneous  change  to  take  place  in  the 
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strength  of  th/e  current,  all  such  ohanges  being  uecefisarily  of  a 
gradual  character.  It  takes  a  definite  time  for  the  current  to  rise 
after  the  application  of  an  E.M.F.,  and  a  definite  time  for  it  to  die 
away  after  the  E.M.F.  has  ceased  to  act.  The  analogy  of  the 
inductance  of  a  circuit  to  the  mechanical  inertia  of  a  body  is  sug- 
gested. A  choking  coil  may  be  likened  to  a  flywheel.  Neglecting 
resistance  on  the  one  hand  andfriction  on  the  other,  it  is  seen  that 
a  certain  amount  of  energy  is  required  to  start  the  current  or  the 
rotation  as  the  case  might  be.  When  the  full  current  is  flowing  or 
when  full  speed  is  attained,  no  further  supply  of  energy  is  required 
to  maintain  the  conditions.  If  a  small  amount  of  resistance  or 
friction  be  present,  a  certain  amount  of  power  must  be  supplied  to 
<5ontinually  overcome  these  losses.  When  the  flywheel  stops,  it 
gives  out  the  whole  of  its  kinetic  energy.  Simflarly,  when  the 
current  in  the  choking  coil  dies  down  to  zero,  it  gives  out  all  the 
energy  which  had  previously  been  supplied  to  it  when  the  current 
was  started.    This  effect  is  studied  in  detail  on  page  40. 

Starting  a  Continuous  Current — Suppose  a  circuit  has  a  resist- 
ance of  B  ohms  and  an  inductance  of  L  henries,  and  that  a 
continuous  E.M.F.  of  E  volts  is  suddenly  applied.    The  current 

will  rise  up  to  a  final  value  equal  to  -= ;  this  will  not  occur  instantly, 

but  will  take  a  quite  definite  time  to  accomplish.  This  time  wfU 
usually  be  a  small  fraction  of  a  second. 

The  applied  E.M.F.  has  to  overcome  the  resistance  and  also 
the  back  E.M.F.  set  up  due  to  the  fact  that  the  current  is  changing 
in  an  inductive  circuit.    The  applied  E.M.F.  can  be  expressed  as 

E^Bi  +  L^i 

where  i  is  the  instantaneous  value  of  the  current. 
Therefore  (E  —  iR)  dt  =^  Ldi 

and  ii  =  _A_df. 

Integrating  both  sides  we  get 

1*  =  !^:^* 

When  «  =  0,     »  =  0. 

*  Students  who  are  unable  to  follow  the  mathematical  reasoning  given  are 
requested  to  memorise  the  result. 
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Therefore  K  =  r^log^E 

and  t  =  _  ^log.(£  _  iR)  +  ^log.^ 

Rt      ,       /     ^     \ 


e* 

E-iR 

(E 

itt 
-iR)ii' 

=  E 

E-iR 
iR 

=  Ee'T' 
=  E(\-e 

Bt 

i  ■■ 

=l<— 

llie  value  of  e  is  approximately  2*718. 

As  an  example,  take  a  circuit  having  a  resistance  of  10  ohms 
and  an  inductance  of  1  henry.  If  the  applied  voltage  is  100,  the 
expression  for  the  current  becomes 

IOC 

=  10(1-6-^. 

At  the  end  of  0-1  second  after  the  E.M.F.  has  been  applied  the  value 
of  the  current  becomes 

i  =  10(1 -2-718-1) 

=  6-32  amperes. 

At  the  end  of  1  second  the  value  of  the  current  becomes 

i  =  10(1- 2-718- 1») 
=  9*999  amperes. 

The  ratio  -=^  is  called  the  time  constant,  and  the  larger  this  ratio 
It 

is,  the  greater  is  the  time  taken  by  the  current  in  rising  to  its  final 

value.      Theoreticallv  it  takes  an  infinite  time  to  rise  to  the  value 

E 
given  by  the  ratio  =,  but  as  far  as  practical  measmrements  are 

concerned  the  final  value  is  attained  very  sooti.  For  instance,  in 
the  example  quoted  above,  the  current  has  risen  to  within  0-01  per 
cent,  of  its  final  value  at  the  end  of  one  second. 
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Stopping  a  Continuous  Current. — The  usual  way  of  stopping  sl 
current  is  by  the  opening  of  a  switch.  What  exactly  goes  on  in  the 
circuit  during  this  operation  is  rather  complicated,  but  considering 
the  problem  from  the  simplest  point  of  view,  it  may  be  considered 
that  an  enormous  resistance  is  very  rapidly  introduced  into  the 
circuit,  this  resistance  being  the  air  gap  between  the  fixed  and  the 
moving  contacts  of  the  opening  switch.  The  result  of  this  is 
to  bring  the  current  rapidly  to  zero,  although  the  presence  of  in- 
ductance in  the  circuit  retards  the  fall  of  the  current  to  some  extent. 
This  effect  is  seen  when  the  field  winding  of  a  dynamo  or  motor  is 
suddenly  open  circuited.  The  spark  which  ensues  is  much  more 
vicious  than  would  be  the  case  if  there  were  no  inductance  in  the 
circuit.  It  must  be  remembered  that  inductance  can  be  present 
in  a  continuous  current  circuit,  just  as  in  an  alternating  one,  since 
inductance  is  due  to  the  linkage  of  magnetic  lines  of  force  with 
ampere-turns.  The  effects  of  inductance,  however,  are  only 
noticeable  when  the  current  is  varying..  Another  way  of  looking 
at  this  question  of  the  broken  field  winding  is  to  consider  the  large 
E.M.F.  which  is  suddenly  introduced  into  the  circuit  at  the  moment 
of  opening  the  switch,  this  E.M.F.  being  due  to  the  rapid  change 
of  linkages  in  the  circuit.  This  large  E.M.F.  will  cause  a  spark  to 
persist  across  the  retreating  switch  contacts  for  a  longer  time 
than  would  be  the  case  if  only  the  normal  E.M.F.  of  the  circuit 
were  acting. 

A  particular  case  of  the  stoppage  of  a  current  is  where  the 
source  of  E.M.F.  is  suddenly  removed  without  opening  the  circuit. 
Problems  of  this  character  arise  in  the  study  of  the  commutation 
of  contin  ous  current  machines,  coils  carrying  current,  but  without 
any  E.M.F.  being  induced  in  them,  being  suddenly  cut  off  from  the 
E.M.F.  of  the  remainder  of  the  circuit  by  the  short  circuiting 
action  of  the  brushes.  Using  the  same  symbols  as  in  the  case 
where  the  starting  of  a  current  was  considered,  the  equation  for 
the  circuit  can  be  written  down 

since  the  applied  E.M.F.  is  zero. 

Developing  this  equation  in  the  same  manner  as  before,  we  get 

R  i 
Integrating  both  sides  as  before  we  get 

Ltdi 

and  <  =  -  jj  log.  »  +  K. 

*  Sec  footnote,  page  2db 
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When  <  =  0,  t  =  /  the  initial  value  of  the  current. 

L 


Therefor© 


and 
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--.^loS.l+K 
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The  shape  of  the  curve  showing  the  relation  between  current 
and  time  is  the  same  as  that  for  starting  a  current,  except  that  the 


Time 

Fio.  15. — Current  at  Starting  and  Stopping. 

carye  appears  the  other  way  up.    Examples  of  these  two  curves  are 
shown  m  Fig.  15. 


CHAPTER  IV 


VECTORS 

Veotor   Representation. — ^Imagine   a   point  P  moving   with    a 
circular  motion  around  a  point  0  called  the  origin,  the  distance  OP 


Fig.  16. — ^Vector  Representation  of  Sine  Wave. 

being  constant.    Let  PQ  =  RO  be  the  vertical  height  of  the  point  P 
after  an  angle  0  has  been  swept  out.    Then 


PQ 
OP 


=  sin^, 


and  since  OP  is  constant,  PQ  is  proportional  to  sin  d  and 

PQ  =  OP  sin5. 

Thus  if  OP  is  made  equal  to  the  maximum  value  of  some  quantity 
which  is  varying  according  to  a  sine  law,  PQ  will  represent  its 
instantaneous  value. 

In  order  to  represent  a  sinusoidal  quantity,  it  is  only  necessary 
to  draw  OP  to  a  scale  equal  to  the  maximum  value.  Then  as  OP 
rotates  round  0  as  centre,  the  vertical  height  of  the  point  P  above 
the  horizontal  axis  will  trace  out  all  the  instantaneous  values 
throughout  the  cycle  for  one  complete  revolution  of  OP,  Thus  in 
the  case  of  an  alternating  voltage  obeying  the  law 

e  =  -Bsin5, 

E  is  made  equal  to  OP,  0  is  the  angle  made  by  OP  with  the  horizontal, 
and  e  is  the  instantaneous  voltage  equal  to  PQ.  The  line  OP  is 
called  a  vector,  and  voltage  is  called  a  vector  quantity.     By  means 
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of  this  method  of  representation  all  that  is  necessary  to  specify  a 
voltage  folly  is  a  line  representing  to  scale  the  maximum  value. 
There  is  no  necessity  even  to  draw  in  the  vertical  and  horizontal 
axes  unless  it  be  desired.  Now  imagine  the  vector  to  rotate  in  a 
counter-clockwise  direction  at  such  a  speed  that  it  makes  one 
complete  revolution  for  every  cycle.  The  vertical  projection  of 
OP  at  any  instant  of  time  will  represent  the  value  of  the  voltage 
at  the  same  instant,  provided  that  the  zero  position  of  *0P  corre- 
sponds to  the  zero  value  of  the  voltage.  If  the  whole  diagram  be 
imagined  to  rotate  in  the  reverse  direction  with  a  speed  of  one 
revolution  per  cycle,  or,  if  it  be  preferred,  if  the  observer  be  imagined 
to  rotate  forward  with  the  same  speed,  the  line  OP  will  appear  to 
be  fixed  in  position,  whilst  the  axes  will  appear  to  be  travelling  in 
a  clockwise  direction  at  the  rate  of  one  revolution  per  cycle.  Although 
OP  is  now  apparently  fixed  in  space,  its  actual  position  may  be 
anywhere  depending  upon  the  relative  times  when  OP  and  the  axis 
pafis  the  same  point.  The  position  of  OP  at  any  instant  with 
respect  to  its  zero  position  is  called  its  phase. 

Any  quantity  which  varies  according  to  a  sine  law  can  be  repre- 
sented in  this  way  and  is  called  a  vector  quantity,  but  there  are 
only  four  of  these  with  which  the  student  need  concern  himself  at 
present,  viz.,  alternating  voltage,  current,  M.M.F.  and  magnetic  flux. 

Veetor  Diagram. — ^V^en  the  various  quantities  in  a  circuit  are 
represented  after  this  manner  in  one  diagram,  the  latter  is  called 
a  veetor  diagram,  or,  by  some  writers,  a  dock  diagram.  Since 
these  are  frequently  drawn  without  the  axes  being  put  in,  it  is 
necessary  to  indicate  which  is  the  moving  end  and  which  the 
origin.  For  this  purpose  it  is  the  convention  to  draw  an  arrow 
head  on  the  moving  end,  which  is  always  made  to  rotate  in  a  counter- 
clockwise direction.  In  order  to  differentiate  further  between 
voltage,  current,  ampere-turn  and  flux  vectors,  different  types  of 
arrow  head  will  be  used  throughout  this  book  as  indicated  in  Fig.  17. 


Voltage 
CmieDt 


/Ampere 
9^  {tarn  or 

Flux  »   «"J*-»- 

Fio.  17. — Conveotioik  of  Fia.  18.— Simple  Vector 

Arrow  Headi.  DUgnun. 

f^g.  18  shows  an  example  of  a  simple  vector  diagram  where 
the  current  and  voltage  are  represented  simultaneously,  the  current 
lagging  behind  the  voltage  by  an  angle  <f>  which  remains  constant. 
OI  is  drawn  to  a  scale  of  amperes  and  OE  to  a  scale  of  volts. 

Veetor  Sum  of  Two  Quantities. — Suppose  that  there  are,  in  a 
particular  instance,  two  alternating  voltages  acting  in  series,  one 
leading  the  other  by  a  fixed  angle  a  [see  Fig.  19  (a)].    When  the 
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second  veotor  has  moved  through  ff^  from  the  start,  the  first  will 
have  moved  through  (0  +  of.  At  this  moment  the  instantaneous 
value  of  E^  is  the  vertical  projection  ON,  that  of  E^  being  ttie 


Fio.  10.— Vector  Sun  of  Trro  Voltacei. 

vertical  projection  OP,  The  resultant  instantaneous  value  is 
ON  +  OP  =  OR.  Similarly,  the  resultant  horizontal  projection  is 
OM  +  0Q  =  08.  The  vector  giving  OB  and  08  as  its  vertical 
and  horizontal  projections  at  this  instant  is  OEry  which  is  obviously 
the  diagonal  of  the  parallelogram  the  sides  of  which  consist  of  OEj^ 
and  OE^.  The  correspondinyg  sine  curves  are  drawn  to  the  right 
of  Fig.  19  (a)  and  serve  to  emphasise  the  relationship  existing 
between  the  vector  representation  and  the  graphical  representa- 
tion. A  vector  diagram  of  this  kind  is  frequently  drawn  as  shown 
in  Fig.  19(6)  for  the  sake  of  convenience,  just  as  in  drawing  a 
diagram  for  the  parallelogram  of  forces.  Thus  voltages,  and,  of 
course,  currents  and  fluxes,  can  be  added  vectorially  just  the  same 
as  forces  or  other  vector  quantities. 

Resolution  of  Veeton. — ^Vectors  can  be  resolved  along  any  two 
axes  in  a  similar  way  to  which  they  are  compounded,  the  majority 
of  cases  where  this  is  done  requiring  a  resolution  into  two  com- 
ponents mutually  at  right  angles.    Take,  for  example,  the  case 


(a)  '  (b) 

Fio.  20.— Resolution  of  Vectors. 


shown  in  Fig.  20,  where  (a)  the  current  and  {b)  the  voltage  is  resolved 
into  two  components,  one  in  phase  with  the  voltage  and  current 
respectively  and  the  other  90®  out  of  phase.     The  component  in 
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phase  is  called  the  power  component,  whilst  that  out  of  phase  by 
90°  is  called  the  idle  component  because,  as  will  be  shown  later, 
there  is  no  net  transference  of  power  associated  with  it.  All  the 
power  in  the  circuit  must  be  associated,  therefore,  with  the  other 
component,  which  is  consequently  called  the  power  component. 
Thus  both  currents  and  voltages  can  be  split  up  into  power  and 
idle  currents  and  voltages.  Take,  for  example,  the  case  shown  m 
Rg.  20  (a).  The  total  ciurrent  is  split  up  into  a  power  current  of 
magnitude  /  cos  <f>  and  an  idle  current  of  magnitude  /  sin  ^,  the 
angle  ^  being  fixed.  It  must  be  borne  in  mind  that  according  to 
the  definitions  already  given  the  expressions  Icoa<f>  and  /sin^ 
are  the  maximum  values  of  the  respective  components.  At  any 
angle  0  from  the  start  the  values  of  the  two  components  are 
/  coe  ^  sin  ^  and  /  sin  ^  sin  (6^  —  90°).  The  resultant  iastantaneous 
value  is  therefore 

/cos^sin^+/sin^sin(^  — 90°)  =/sin(d  — ^), 
and  this  is  represented  by  the  vector  01.    Thus  the  phase  of  the 
resultant  can  be  determined  by  a  knowledge  of  the  magnitude  of 
the  two  components. 

Since  the  scales  to  which  the  vectors  are  drawn  are  arbitrarily 
chosen,  the  lengths  of  the  vectors  may  be  made  to  represent  the 
R.M.S.  values  of  the  current  and  voltage,  instead  of  the  maximum 
values  ;  it  merely  means  a  different  scale. 

Veetor  Diagrams  of  Simple  Series  Cireuit — ^In  the  case  of  a  circuit 
consisting  of  a  simple  resistance,  the  vector  diagram  would  be  as 
shown  in  Fig.  21  (a),  the  current  being  in  phase  with  the  voltage, 
whilst  in  the  case  of  a  simple  reactance 
the  vector  diagram  would  be  as  shown  I 

in  Fig.  21  (6),  the  current  lagging  90°  I 

behind  the  voltage.    The  actual  indina-    q  ly  ^l.   J 9y 

tion  of  the  lines  does  not  matter ;  it  is  .  .  /u 

the   angle  between   the    various   com- 
ponents which  is  definite.    It  must  be      *''*suipli\*S2  c&t™  ""^ 
borne  in  mind  that  the  voltage  here 

represented  is  only  the  voltage  overcoming  resistance  or  reactance, 
as  the  case  may  be,  and  does  not  in  any  way  refer  to  the  total 
E.M.F.  acting  in  the  circuit. 

In  the  case  of  a  circuit  containing  resistance  and  reactance 
in  series,  the  voltage  over  the  combination  must  be  suificient  to 
overcome  both  efiects,  i.e.  the  vectorial  sum  of  RI  and  2irSLI  as 
shown  in  Fig.  22.    From  this  diagram  it  is  obvious  that 

=  /z,  

ifdiere  Z  is  the  impedance  and  is  equal  to  y/R^  +  (27rfL)K 

P 
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Impedanee  Diagram. — In  Fig.  22  we  have  a  right-angled  triangle 
the  sides  of  which  are  equal  to  RI,  XI  and  ZI,  X  being  the  reactance 
and  equal  to  2TrfL.  The  value  of  /  is  the  same  in  aU  three  expres- 
sions, since  it  is  a  series  circuit,  and  thus  another  triangle  can  be 


Fio.  28.— Vector 

BredBtanoe  and 


of  drcalt  oonUinIng 
In  Series. 


FiQ.  23. — Impedanoe 
Diagram. 


constructed,  similar  to  the  first,  by  dividing  each  side  b^'^  the  current 
/.  This  new  triangle  is  shown  in  Fig.  23  and  is  called  the  impedance 
dia.gram.  It  is  no^  a  vector  diagram,  since  the  lines  do  not  represent 
vector  quantities,  but  is  called  a  scalar  diagram.  Since  it  is  similar 
in  shape  to  the  vector  diagram  of  voltages  and  currents,  the  angle  ^ 

also  represents  the  angle  of  la^  in  the  circuit.    Thus  ^  =  cos  6 
X  2j  ' 

and  ^  =  tan  6.    The  angle  of  lag  of  the  current  behind  the  voltase 

X 
is  therefore  given  by  tan~^  -^  . 

Two  Impedanees  in  Series. — ^In  the  case  where  there  are  two  im- 
pedances in  series,  each  eonsisting  of  resistance  and  reactance  in 
different  proportions,  the  vector  diagram  takes  the  form  shown 
in  Fig.  24,  the  resultant  voltage  being  given  by  Z,./.  If  every 
line  in  the  diagram  be  divided  by  the  current,  a  scalar  impedance 
diagram  is  obtained,  similar  in  every  geometrical  respect  to  the 
vector  diagram.  In  order  to  determine  the  value  of  two  impedances 
in  series,  it  is  necessary  to  know  the  relative  amounts  of  resistance 
and  reactance  in  ea>ch.    The  resultant  jmpedance  can  also  be  calcu- 


Fio.  24.— Vector  Diagram  of  Two 
Impedances  in  Series. 


Fio.  25.--Vector  Diagram  of  Two 
Impedances  in  Parallel. 


lated  b^'  means  of  the  various  trigonometrical  relations,  instead  of 
using  the  graphical  method  adopted  above. 

Two  Impedanees  in  Parallel. — ^In  calculating  the  resultant  value 
of  two  impedances  in  parallel,  a  vector  diagram  of  currents  is 
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drawn  with  reference  to  the  applied  voltage.  In  Fig.  25  Qach 
current  is  shown  split  up  into  its  power  and  idle  components, 
I^  and  /^  being  in  phase  with  the  voltage,  whilst  ly^  and  I^i  are 
lagging  by  90°.  The  resultant  current  is  given  by  Z,  the  total 
power  current  by  I-^  +  Z^»  and  the  total  idle  current  by  I-^i  +  /jf . 
The  angle  of  lag  of  the  total  current  is  given  by 

V  u.  +  Ji*/ 

E 
The  resultant  impedance  is  given  by  y,  where  /  is  the  resultant 

current. 

The  particular  case  of  a  resistance  and  a  reactance  in  parallel 
is  of  .interest.  Referring  to  Fig.  26,  it  is  seen  that  the  resultant 
current  is  /  =  Vli?  +  Z^*  and  the  joint  impedance  is  therefore 


Fie.  26.^Veotor  I>iagr»m  of  BeaisUnce  and  EMctanoe  In  Paiallel. 
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Admittonee. — ^The  reciprocal  of  impedance  is  called  admittance 
and  hence 

Current  =  Admittance  x  Voltage. 

When  dealing  with  a  number  of  circuits  in  parallel,  it  is  usually 
best  to  work  from  the  point  of  view  of  the  various  admittances, 
adding  them  together  to  get  the  total  admittance.  This  addition 
must  be  performed  vectorially,  bearing  in  mind,  however,  that 
admittance  is  not,  strictly  speaking,  a  vector,  but  only  a  scalar 
quantity.    The  rule  for  addition  is,  however,  the  same.    Having 
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R-60X'15 


R'20     X'30 


R'3       X'60 


determined  the  total  adniittance  of  the  circuit,  the  joint  impedance 

is  found  by  taking  the  reciprocal. 

Summarising  the  above,  in  deter- 
mining the  joint  impedance  of  a 
circuit,  the  impedances  are  added  for 
a  series  and  the  admittances  for  a 
parallel  circuit. 

Numerical  Example. — ^An  example, 
containing  both  impedances  in  series 
and  in  parallel,  is  illustrated  in  Eig. 
27.  The  impedance  of  the  R  =  20, 
1l  =  30  branch  is  36-0  apparent  ohms, 
and  its  admittance  is  consequently 

1  30 

.i^A  =  0-0278  whilst  tana  =  ^  and 
oO'O  20 

a  =  56-3*'.  The  impedance  of  the 
i?  =  5,  Z  =  60  branch  is  60-2  appar- 
ent ohms  and  its  admittance  is 


1 
60-2 


=  0-0166. 


60 


Fio.  27.— -Admittanoe  and  Impedance 
Diagrams. 


TanjS  =  y  and  j3  =  86•2^     The  re- 
sultant horizontal  component  is 

00278  cos  66-3*»  +  00166  cos  85-2° 
=  0-0167. 

The    r&sultant    vertical    compon- 


ent is 


00278 sin 66-3^  -f-  00166 sin 86-2° 
=  00397. 


The  joint  admittance  is  therefore 


V00167*  +  003972 
==  00430, 

corresponding  to  an  impedance  of  /Tti^oA  =  23-3  apparent  ohms, 

whilst  the  angle  y  is 


tan" 


^.,0-0397 
00167 
=  67-2**. 


Next  consider  the  impedance  diagram,  adding  the  joint  impedance 
already  obtained  to  that  in  series  with  it.  A  line  is  drawn  at  67 -2** 
below  the  horizontal  to  represent  the  impedance  of  23-3  apparent 
ohms.     The  iuii)edance  line  for  the  JfJ  =  60,  X  =  16  branch  is 
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inclined  at  an  angle  S  to  the  horizontal  such  that  tan  S  =  ^  ; 
thus  S  =  14'0®.  The  resultant  horizontal  component  in  the 
impedance  diagram  is 

23-3co^67-2**  +  60 
=  690. 

The  resultant  vertical  component  is 

23-38in67-2°  +  15 
=  36-6. 

The  joint  impedance  is  therefore 

\/690a  +  36-52 


The  angle  e  is 


=  78*1  apparent  ohms. 


*       i36-5 
'^^'69:0 


=  27•9^ 

The  equivalent  resistance  of  the  whoie  circuit  is 

781cos27-9^ 
=  690  ohms, 

whilst  the  equivalent  reactance  is 

78l8in27-9'' 
=  36*5  apparent  ohms. 

These  results  could,  of  course,  have  been  obtained  by  scaling 
off  the  diagram,  but  unless  great  care  is  taken  as  to  a>ccuracy  it  is 
preferable  to  work  out  the  figures  by  calculation. 

In  most  cases  it  is  easier  to  work  out  problems  by  means  of 
vector  diagrams  rather  than  by  the  more  tedious  method  of  drawing 
the  various  sine  curves.  It  must  be  remembered,  however,  that 
the  vector  diagram  is  based  upon  the  assumption  that  the  various 
quantities  concerned  obey  the  simple  suie  law. 


CHAPTER  V 

POWER  tND  POWER  FACTOR 

Power  in  a  Cireult. — The  power  developed  in  a  circuit  at  a 
given  instant  of  time  is  equal  to  the  product  of  the  instantaneous 
values  of  the  current  and  voltage.  If  the  current  and  voltage  are 
obeying  a  simple  sine  law,  it  follows  that  the  magnitude  of  the 
power  developed  varies  l^om  instant  to  instant.  The  simplest 
case  to  consider  is  that  of  a  circuit  containing  nothing  but  resistance, 
the  current  being  in  phase  with  the  voltage.  The  power  curve 
(see  Rg.  28)  is  obtained  by  multiplying  the  instantaneoiis  values 
of  current  and  voltage  throughout  the  cycle.  It  will  be  noticed  that 
this  power  curve  never  falls  below  the  zero  line,  although  it  touches 
it  at  the  moment  when  the  current  and  voltage  are  zero.  Further- 
more, the  watt  curve  obeys  a  sine  law  with  a  displaced  axis,  the 
frequency  being  double  that  of  the  current  or  voltage.  This  can 
be  shown  mathematically  as  follows.  Let  the  voltage  and  current 
at  any  instant  be  represented  by  E^  sin  0  and  /^  sin  0  respectively. 
The  expression  for  the  watts  is  therefore 

EJ^  8in«  0  =  EJ^  (i  -  i  cos  20), 

Thus  the  power  consists  of  two  components,  viz.,  ^E^I^  and 
—  J  E^I^  cos  20,  The  former  component  is  independent  of  the 
particular  instant  of  time,  whilst  the  latter  obviously  obeys  a  sine 
law  of  double  frequency.  The  watt  curve  is  really  a  sine  wave 
displaced  from  the  original  axis  by  an  amount  ^  E^I^,  Since  the 
average  yalue  of  a  sine  or  a  cosine  taken  throughout  f>  complete 
period  is  zero,  the  average  value  of  the  power  is  equal  to  \  E^I^, 
E^  and  I^  being  the  maximum  values  of  the  voltage  and  current 
respectively,  and  since  the  maximum  values  are  equal  to  V2  times 
the  B.M.S.  values,  the  average  power  becomes 

i{V2Ex  V2I)==EI, 

thus  obtaining  the  same  expression  as  with  continuous  currents. 

Power   in   a   Reaetive   Cireuit. — When  a  circuit  contains  both 
resistance  and  reactance,  the  current  lags  behind  the  voltage  by 

88 
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an  angle  ^,  the  value  of  whioh  depends  upon  the  relative  magnitudes 
of  the  resistance  and  reactance.     Figs.  29,  30  and  31  illustrate  these 
conditions,  the  angle  <ff  having  values  of  30°,  60°  and  90°  respec- 
tively.   The  watt  curves  are  obtained  in  the  same  way  as  before, 
viz.,  by  multiplying  the  instantane- 
ous values  of  current  and  voltage.  /^  ^ 
Each  of  these  curves  cuts  the  zero       J^^^        /    \    ^ 
line  four  times  in  every  cycle,  the    "/""  \""7       \"~T/ 
points    occurring   when   either   the   jff         \J         \     li^mAn 

current   or   voltage   is   zero.    Also,      — '' ^r y"    * 

during  those  x>ortions  of  the  cycle  \         J 

where  the  current  and  applied  vol-  V    yf    ^ 

tagc  are  acting  in  opposite  direc-  V>C 

tions  the  power  is  negative,  which        fio.  28.— Power  Curve,  ^«o'. 
means  that  during  these  intervals 

the  circuit  actually  is  sending  energy  j:\  ^\     p 

back  to  the  source  of  supply.  /z/^S.      /     V^ 

The  expression  for  the  power  is     / /  '' \V  / '''V'I>e-  r 
given  by  C  v(  ) 

^^8in<?x/^sin(tf-<^).  7  \\      jy-E 

Expanding    this    expression    it  \^y^ 

h^f^^^  FIG.  ».— Pow«  Curve,  *=30 . 

^nJm  ^^  ^  [^^  ^  ^^8  ^  —  cos  6^  sin  if>] 

=  ^«/^[8in«dcos^— sin^cosdsin^]      /^^\\      /\^^ 

=«.i.[j«o.^-jc»i(2»-*)).  y    \\j^ 

Since  the  average  value  of  a  cosine,  V>/^ 

taken  throughout  a  complete  period,  i^-  so.— Power  Curve,  ♦=«)'. 
is  zero,  the   average  value  of  the 

above  expression  is  /^^\x'^ 

ixj.co.^.  /  A\/v-'' 

'""'*■  (  /  \  X  ) 

considering  R.M.S.  values.  \j  \J  \A — E 

Pow«r  Faotor. — Since  the   value      y^  V      X^^ — / 

of  cos  <f>  can  never  be  greater  than  \-/ 

unity,   it   follows    that   the   power        fig.  3i.— Power  corve,  *^=9o. 
devdoped  in  a  circuit  can  never  be 

greater  than  Ely  although  it  may  be  less.  Obviously  the  amount 
of  power  developed,  when  the  current  and  voltage  are  fixed,  depends 
upon  the  angle  of  phase  difference  between  the  current  and  voltage. 
The  factor  by  which  the  volt-amperes  must  be  multiplied  in  order 
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to  arrive  at  the  watts  is  called  the  potoer  factor,  the  value  of  which 
may  be  an3iihing  from  unity  to  zero.  Also,  it  is  equal,  numerically, 
to  cos  ^  in  the  case  where  the  simple  sine  law  is  obeyed,  but  where 
this  law  is  not  obeyed  it  is  impossible  to  speak  of  the  angle  of  lag 
with  any  definite  meaning,  since  it  may  be  different  at  various 

parts  of  the  cycle.     However,  the  ratio   -  , still  is  called 

^  "^  volt-amperes 

the  power  factor,  and  an  equivalent  sine  wave  may  be  substituted 

for  the  actual  wave,  the  angle  of  lag,  <f>,  being  made  such  that  cos  tf> 

is  equal  to  the  power  factor.     The  product  of  volts  and  amperes  is 

termed  the  apparent  power  which  is  measured  in  volt-amperes. 

Power  Curves  for  a  Reaetlve  Cireult — Figs.  28-31  show  the 
power  curves  for  four  circuits  where  the  current  lags  behind  the 
voltage  by  0®,  30°,  60**  and  90**  respectively,  the  maximum  values 
of  current  and  voltage  being  the  same  in  each  case,  and  the  sine 
law  obeyed  throughout.  It  will  be  noticed  that  as  the  angle  of  lag 
increases  the  proportion  of  the  watt  curve  below  the  zero  line 
increases,  indicating  that  the  circuit  is  retiuning  to  the  source  of 
supply  a  larger  fraction  of  the  energy  supplied  to  it.  It  follows, 
therefore,  that  the  net  power  absorb^  by  the  circuit  is  less  for  the 
same  volts  and  amperes.  This  is  consistent  with  the  fact  that  the 
power  factors  in  the  four  cases  are  cosO**,  cos  30°,  cos  60°  and 
cos  90°,  or,  numerically,  1  -000, 0*866, 0-600  and  zero.  The  particular 
case  of  Rg.  31  is  worthy  of  note.  The  current  here  is  a  purely  idle 
one,  lagging  by  90°,  the  power  factor  is  zero  and  the  net  amount  of 
power  supplied  is  zero.  This  does  not  mean  that  the  value  of  the 
power  at  any  instant  is  zero,  but  means  that  the  circuit  gives  back 
to  the  source  of  supply  as  much  energy  as  it  receives,  and  therefore 
the  net  transference  of  power  is  zero.  This  is  indicated  in  the  watt 
curve  by  the  portions  below  the  zero  line  being  equal  to  the  portions 
above  the  zero  line. 

The  watt  curve  is  the  same  shape  and  size  for  all  values  of  ^, 
but  the  amount  by  which  the  axis  of  the  curve  is  displaced  from 
the  true  zero  line  depends  solely  upon  the  value  of  ^.  For  example, 
when  <ff  is  zero  and  the  power  factor  consequently  unity,  the  watt 
curve  is  wholly  on  one  side  of  the  true  zero  line,  just  touching  it 
twice  every  cycle.  When  <f>  is  60°  and  the  power  factor  0-6,  the 
average  height  of  the  power  curve  is 

this  being  the  amount  by  which  the  axis  of  the  curve  is  displaced 
from  the  true  zero  line.  The  maximum  height  of  the  curve  in  this 
case  is  therefore 
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and  the  curve  will  fall  below  the  true  zero  line  by  an  amount 

Power  Curves  for  Non-sinusoidal  Wave  Form. — When  the  wave 
forms  of  the  current  and  voltage  are  not  sinusoidal  the  shape  of 
the  power  curve  reflects  these  irregularities,  being  obtained  as  before 
by  the  multiplication  of  the  instantaneous  values  of  current  and 
voltage.  The  average  height  of  this  curve  represents  the  average 
value  of  the  power  and  can  be  obtained  by  drawing  a  horizontal 
line  halfway  between  the  highest  and  lowest  points  on  the  curve. 
When  the  voltage  wave  form  contains  irregularities  the  current 
wave  form  will  usually  differ  in  shape,  as  shown  in  Fig.  32,  which 
illustrates  a  typical  non-sinusoidal  case. 


Fig.  32. — ^Power  Curve  for  Non-slnu9oldal  Wave  Form. 

Bnergy  supplied  throughout  the  Gyele. — It  is  interesting  to  study 
the  amount  of  energy  which  is  supplied  during  a  complete  cycle. 
The  total  amount  of  energy  su{^lied  per  cycle  is  given  by  the 
expression 

J — ^  joules, 

• 
where  /  is  the  frequency.  This  energy  is  not,  however,  supplied 
at  a  coDstatft  rate.  Taking  the  instant  when  the  current  is  zero  as 
the  starting  point,  divide  the  base  line  of  the  -jpower  curve  into  a 
number  of  equal  divisions.  For  example,  assuming  a  frequency 
of  50  cycles  per  second,  the  base  line  might  be  divided  into  twenty 
equal  divisions,  each  representing  0*0()1  second.  Measure  the 
average  power  in  watts  during  the  first  interval  and  multiply  by 
0-001  to  obtain  the  joules.  Tliis  gives  the  total  energy  supplied 
up  to  the  end  of  the  first  0*001  second.  Repeat  this  for  the  second 
interval  of  time  and  add  tlie  energy  thus  obtained  to  that  already 
supplied,  thus  getting  the  total  energy  transferred  up  to  the  end  of 
(>-0(fe  second.     Repeat  this  until  the  coniplete  cycle  has  been  gone 
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through.  Fig.  33  shows  the  curves  thus  obtained  in  the  cases 
where  ^  is  0*",  30°,  60°  and  90°.  These  curves  emphasise  the  fact 
that  when  a  certain  amount  of  reactance  is  present  the  circuit 
actually  delivers  energy  back  to  the  source  of  supply  during  a  certain 
portion  of  the  cycle.  It  is  as  well  to  inquire  into  the  physical 
meaning  of  this.  The  alternating  current  sets  up  an  alternating 
field  in  phase  with  it.  When  the  field  is  being  built  up  energy  has 
to  be  supplied,  this  energy  being  transferred  to  the  magnetic  field 
and  stored  up  in  it.  But  the  field  is  being  created  in  the  interval 
between  the  instants  when  the  current  is  zero  and  when  it  is  a 
n^aximum,  i.e.  in  the  interval  between  the  points  a  and  b  in  Fig.  31. 
During  this  time  the  power  curve  is  solely  on  the  positive  side  of 
the  zero  line,  indicating  that  power  is  being  supplied  to  the  field 
throughout.  Referring  to  the  curve  for  a  pure  reactance  (Fig.  31), 
it  is  seen  that  the  amount  of  energy  supplied  to  the  circuit  reaches 
a  maximum  at  the  end  of  a  quarter  of  a  period.  During  the  next 
quarter  of  a  period,  represented  in  Fig.  31  by  the  interval  between 


0  >      90  m  270  ?6» 

Fig.  83. — ^Knergy  rapplfeti  tliroughout  a  Cycle. 

the  points  h  and  c,  the  current  is  decreasing  from  a  maximum  value 
down  to  zero.  Since  the  current  and  voltage  are  now  acting  in 
opposite  directions,  the  power  is  negative,  which  means  that  the 
circuit  is  sending  energy  back  to  the  source  of  supply.  Hence  the 
po\»^r  curve  in  Fig.  31  lies  below  the  zero  lino  between  6  and  c, 
whilst  the  energy  curve  in  Fig.  33  drops  from  its  maximum  value 
down  to  zero  again.  This  means  that  the  field  gives  out  just  as 
much  energy  whilst  it  is  being  destroyed  as  was  supplied  to  it  whilst 
it  was  being  built  up.  Thus  at  the  end  of  half  a  cycle  the  net  amount 
of  energy  delivered  is  zero.  During  the  next  half-cycle  the  same 
process  is  repeated,  the  only  difference  being  that  the  current  is 
flowing  in  the  opposite  direction. 

When  both  resistance  and  reactance  are  present,  the  energy 
curve  is  the  resultant  of  two  components.  One  of  these  consists 
of  the  energy  supplied  to  heat  up  the  resistance,  there  being  no 
feeding  back  to  the  supply  at  any  portion  of  the  cycle.  The  heat 
is,  of  course,  produced  at  a  rate  proportional  to  the  square  of  the 


POWER  AND  POWER  FACTOR 


43 


\Ummm/ 


ItVLf  84.— Wattmeter 
Ooonaetlont. 


method    of 


current.  The  other  component  is  the  energy  associated  with  the 
reactance  which  is  constantly  being  supplied  to  the  circuit  and  then 
given  back  again  to  the  source  of  supply. 

Measurements  of  Power  by  Means  of  a  Wattmeter. — The  simplest 
method  of  measiuing  power  is  by  means  of  a  wattmeter  (see  page  140). 
A  wattmeter  has  two  elements,  one  of  which 
acts  like,  and  is  connected  as,  an  ammeter, 
being  called  the  cwrrtni  coil,  whilst  the  other  acts 
like,  and  is  connected  as,  a  voltmeter,  being 
called  the  voU  coil  or  pressure  coil.  Pig.  34 
illustrates  the  method  of  connecting  a  watt- 
meter so  as  to  measure  the  power  in  a  circidt. 

The  wattmeter,  used  in  conjunction  with  an 
ammeter   and   a   voltmeter,    presents    the    simplest 
measuring  the  power  factor  of  a  circuit,  for 

^    ^  watts 

power  factor  = — t- . 

^  volts  X  amperes 

Three  Voltmeter  Method  of  Measuring  Power. — ^This  is  an  instructive 
method  of  measuring  the  power  in  a  circuit  without  the  use  of  a 
wattmeter.  Suppose  that  it  is  required  to  measure  the  power 
absorbed  by  a  partially  inductive  resistance.  A  non-inductive 
resistance  of  somewhere  about  the  same  value  is  chosen,  connected 
in  series  with  the  unknown  inductive  resistance,  and  an  alternating 
E.M.F.  applied  to  the  circuit.  The  voltage  drop  over  each  com- 
ponent part  and  over  the  whole  circuit  must  be  measured,  and  also 
the  current  flowing.    Fig.  35  shows  the  diagram  of  connections  of 
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— (Ay^^^ms^-^^MJU/m/^ 
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the  circuit  and  explains  the  symbols  used.  It  also  shows  a  vector 
diagram  of  the  circuit.  The  power  absorbed  in  the  unknown  in- 
ductive resistance  is  obviously 

Pi  =  AViCo&<l>, 

<f>  being  the  angle  of  lag  in  the  inductive  resistance. 
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From  the  geometry  of  the  figure  we  have 

V  =  V+Fi«  +  2F,F,cos^ 

Therefore         ^1=2^/  ^»'  "  ^»'  "  ^'^'^ 

If  the  value  of  the  resistance  R  is  known  there  is  no  necessity  for 
the  ammeter  Ay  although  usually  it  is  desirable  to  have  it  in  circuit 
to  avoid  overheating.  The  reason  why  the  resistance  R  should 
be  chosen  so  as  to  be  of  the  same  order  of  magnitude  as  the  unknown 
resistance  is  to  get  the  vectors  V^  and  F,  approximating  to  one 
another  in  magnitude  and  thereby  getting  the  best  experimental 
accuracy  with  given  instruments. 

With  the  addition  of  a  wattmeter  to  measure  directly  the 
power  consumed  by  the  unknown  inductive  resistance,  this  forms 
a  very  valuable  experiment  for  students  to  perform  in  the  laboratory. 
By  varying  the  vakie  of  the  resistance  R  and  adjusting  the  applied 
voltage  so  as  to  keep  the  current  constant  a  number  of  observations 
of  the  power  absorbed  by  the  unknown  inductive  resistance  can 
be  obtained.  These  shoidd,  of  course,  all  agree  with  pne  another. 
The  resistance  of  the  unknown  inductive  resistance  can  be  obtained 
by  dividing  the  power  absorbed  by  the  square  of  the  current.  The 
value  of  the  resistance  obtained  in  this  manner  may  be  larger  than 
the  true  ohmic  resistance,  since  there  may  be  an  appreciable  power 
expended  due  to  iron  loss  consisting  of  hysteresis  and  eddy  currents. 
The  reactance  can  also  be  determine^d  from  the  observations  already 
made.  Referring  to  the  vector  diagram  in  Fig.  35,  it  is  seen  that 
the  voltage  overcoming  the  reactance  is  given  by 


where  r  is  the  equivalent  resistance  determined  as  shown  above. 
The  reactance  can  therefore  be  determined  as  follows  : 

X  =  ^v?'-  i^^)'  • 

A 


=V(5)' 


The  power  factor  of  the  inductive  circuit  can  be  obtained  without 
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the  use  of  the  ammeter  at  all,  and  without  knowing  the  value  of 
the  resistance  B,  for 


power  factor  =  — 
AVi 

A 


2F,F. 


AV, 


Three  Ammeter  Method  of  Measuring  Power. — The  principle  involved 
in  this  method  of  measuring  power  is  very  similar  to  that  in  the 
three  voltmeter  method,  the  difference  being  that,  instead  of  having 
two  component  voltages  and  their  vector  sum,  there  are  two  com- 
ponent currents  and  their  vector  sum.  For  this  purpose  it  is 
necessary  to  have  two  parallel  circuits  and  to  measure  the  currents 
in  the  two  branches  as  well  as  the  total  current.     Fig.  36  shows  a 


Fia.  se. — Three  Ammeter  Method  of  Mewiuring- Power. 

diagram  of  the  circuit  and  the  necessary  instruments,  together  with 
a  vector  diagram  showing  how  the  various  quantities  are  related 
together.  As  before,  L,  r  is  an  unknown  inductive  resistance, 
whilst  .S  is  a  non-inductive  resistance,  which,  if  its  value  is  known, 
renders  the  voltmeter  V  unnecessary  ;  otherwise  R  must  be  deter- 
mined from  observations  of  V  and  A^, 

From  the  geometry  of  the  vector  diagram  we  get 

^3*  =  Aj*  +  ^i«  +  2A2A1  cos  ^, 

^  being  the  angle  of  lag  in  the  branch  inductive  circuit.  The 
power  in  the  inductive  resistance  is  given  by 

P^  =  AiVcoB<l>. 

2AJP\ 
V 


Therefore 


and 


V 


B 

''  2 


(A,^ 


^•-^1*), 
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whilst  the  power  factor  of  the  induotive  circuit  is  given  by 
P  V  1 

and  may  be  determined  without  the  use  of  the  voltmeter  at  all. 

As  in  the  previous  case,  it  is  desirable  to  have  the  magnitudes 
of  Ai  and  A^  more  or  less  of  the  same  order.  Knowing  the  watts, 
volts  and  amperes  in  the  inductive  resistance,  it  is  a  simple  matter 
to  determine  the  reactance  and  the  equivalent  resistance. 

The  student  can  check  this  reasoning  experimentally  by  inserting 
a  wattmeter  in  the  circuit  so  as  to  measure  the  current  through 
and  the  volts  across  the  inductive  resistance.  By  keeping  the  voltage 
constant  and  varying  the  value  of  R,  a  number  of  observations  can 
be  made,  all  of  which  should,  of  course,  give  the  same  value  for  the 
power  absorbed  in  the  partially  inductive  resistance.  If  the  watt- 
meter be  connected  so  as  to  measure  the  power  absorbed  by  the 
whole  circuit,  which  would  be  the  case  if  the  current  through  ^3 
were  measured  instead  of  that  through  A^,  this  also  can  be  made  to 
serve  as  a  check  on  the  voltmeter  and  ammeter  readings.  The  total 
power  in  both  branches  is  given  by 

P^+P^^  ^iFcos^  +  A^V 

The  same  reasoning  can  be  applied  to  the  case  of  the  three 
voltmeters. 

A  point  of  practical  importance  in  carrying  out  either  of  these 
tests  is  that  the  instrument  losses  must  be  negligible,  i.e.  the  volt- 
meter must  take  a  negligible  current  and  the  ammeters  must  absorb 
a  negligible  voltage.  A  disadvantage  of  both  methods  is  that  the 
results  depend  upon  the  differences  of  the  squares  of  the  observed 
quantities  and  this  tends  to  magnify  the  experimental  errors. 

Watt! ul  and  Wattless  Components. — ^Very  frequently  it  is  desirable 
to  consider  the  current  as  split  up  into  two  components,  one  in 
phase  with  the  voltage  and  the  other  90^  out  of  phase,  or,  as  it  is 
sometimes  termed,  in  qwxdraiure  with  the  voltage.  In  certain  cases 
it  is  the  voltage  which  is  thus  resolved,  but  the  method  of  treatment 
is  just  the  same. 

.Fig.  37  shows  the  vector  diagram  of  a  circuit  where  the  current 
is  lagging  by  an  angle  ^  behind  the  voltage.    The  current  is  resolved 
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into  two  components  as  indicated  above.  The  magnitude  of  that 
component  of  the  current  in  phase  with  the  voltage  ia  Ip  =  I  cos  0, 
whilst  the  magnitude  of  the  component  in  quadrature  with  the 
voltage  is  /»•  =  /  sin  ^.    When  the  former 

component  is  multiplied  by  the  voltage  ^^ 

it  gives  the  total  power  in  the  circuit      "\0f  ^^ 

and  is   called   by   various   writers    the  ^"^^ 

"  energy,"  "  power,"  or  "  wattful "  com-  \^ 

ponent,   because   all   the   watts  in   the    J    

dicuit  are  associated  with  it.  There  is     ' 
no  net  power  associated  with  that  com-    ^*-  ^'^""^^^t^**  wauiees 
ponent  of  the  current  which  is  in  quad- 
rature with  the  voltage,  for  the  expression  for  the  instantaneous 
value  of  the  power,  as  far  as  this  component  is  concerned,  is, 

E^  sin  0x1^  sin  (f)  sin  {0  —  90^) 
=  —  iJSl„Jm  Bin  20  sin  ^. 

Since  the  average  value  of  sin  2^  is  zero,  there  is  no  net  power. 
Thifl  component  of  the  current  is  therefore  called  the  "  idle  "  or 
'^  wattless  "  component. 

Energy  Stored  in  the  Magnetie  Medium. — Whilst  there  is  no  con- 
tinued expenditure  of  energy  involved  in  the  passage  of  a  current 
through  an  inductance,  yet  there  is  a  quite  definite,  though  small, 
amount  of  energy  expended  in  building  up  the  field,  the  whole  of 
which  is  returned  to  the  circuit  when  the  field  is  destroyed.  This 
energy  is  stored  up  in  the  magnetic  medium  and  can  be  calculated 
in  the  following  way. 

Consider  a  theoretical  circuit  having  an  inductance  of  L  henries 
and  abfiolutely  no  resistance,  and  that  an  E.M.F.  is  applied  to  it 
in  such  a  manner  that  the  current  increases  at  a  constant  rate. 
Then 

E^Lr 

where  E  is  the  instantaneous  value  of  the  applied  E.M.F.  and  /' 
is  the  rate  of  growth  of  the  current  measured  in  amperes  per  second 
(see  page  17).  Since  both  L  and  /'  are  assum<Ml  constant,  the 
applied  E.M.F.  must  also  be  constant.  In  other  words,  a  constant 
voltage  sndd^y  applied  to  a  circuit  containing  only  inductance 
would  produce  a  uniformly  increasing  current,  this  going  on  in- 
definitely.   Since  the  resistance  cannot  be  eliminated  in  actual 

JP 
practice,  the  current  tends  towards  a  limiting  maximum  value  ^, 

as  shown  on  page  26.  Returning  to  the  theoretical  case  with  no 
resistance,  suppose  that  the  voltage  be  applied  until  the  current 
reaches  the  value  of  /  amperes.    The  time  necessary  for  this  is 
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p  seconds  and  the  average  power  expended  during  this  interval 

of  time  is  E  X  ^I, 

since  E  is  constant  throughont  and  |/  is  the  average  current. 
The  total  energy  supplied  is 

iEIxjr 

=  JL/«  joules.  1 

The  total  energy  stored  up  in  the  magnetic  field  is  independent 
of  the  rate  at  which  the  field  was  produced,  and  so  it  does  not  matter 
whether  it  was  produced  at  a  uniform  rate  or  not. 

As  an  example,  the  energy  stored  up  in  the  magnetic  field  of  a 
circuit  having  an  inductance  of  0*2  henry,  when  a  current  of  5  amperes 
is  flowing,  is 

J  X  0-2  X  5*  =  2-6  joules. 

.The  whole  of  this  energy  is  restored  to  the  circuit  when  the  magnetic 
field  is  destroyed. 

If  a  sinusoidal  E.M.F.  be  applied  to  a  pure  reactance  having  an 
inductance  of  L  henries  the  resulting  current  will  lag  by  90°.  The 
magnetic  field  is  completely  built  up  in  the  interval  between  the 
times  when  the  current  is  zero  and  at  its  maximum  value  of  I^ 
amperes.  During  this  interval  the  voltage  is  decreasing  from  the 
maximum  value  of  E^  volts  to  zero.  The  expression  for  the  power, 
taking  the  time  when  the  current  is  zero  as  a  starting  point,  is 

E^  sin  (0  +  90°)  X  /«  sin  0 

=  2irfLIJ  sin  0  sin  {0  +  90**) 

=  irfLI^*  sin  2e. 

The  maximum  value  of  the  instantaneous  power  is,  therefore, 

irfLI^  watts, 

^  This  can  be  determined  quite  simply  by  the  aid  of  the  calculus,  as 
follows  :•— 

jPdl^  JLIdi, 

Integrating  between  the  limits  0  and  / : — 

Energy  =  ^Ln. 
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and  hence  the  average  value  of  the  power  during  the  interval 
taken  is 

2 

-  X  irfLI^  watts  (see  page  11) 

IT 

=  2/i/««  watts. 
Since  the  duration  of  this  interval  of  time  is  ^  seconds,  the 
total  energy  supplied  in  building  up  the  field  is  therefore 

=  Wm*  joules. 


CHAPTER  VI 


CAPACITY  AIO)  COia>ENBERS 


Condensen. — ^When  two  condttciing  bodies  are  separated  by  a 
dielectric  they  are  said  to  possess  capacity  and  the  combination  is 
called  a  condenser.  If  a  difference  of  potential  be  applied  to  the 
two  conducting  bodies,  no  current  actually  flows  throtigh  the  con- 
denser, unless  the  insulation  be  broken  down,  but  the  conducting 
plates  become  charged.  This  means  that  a  certain  definite  quantity 
of  electricity  is  stored  up  on  the  plates,  one  of  which  is  positively 
and  the  other  negatively  charged.  The  amount  of  charge  which  a 
condenser  will  take  in  given  conditions  depends  upon  its  dimensions 
and  the  material  of  the  dielectric,  being  proportional  to  the  area  of 
the  conducting  plates  and  inversely  proportional  to  the  thickness 
of  the  separating  dielectric.  If  a  number  of  condensers  be  taken, 
having  equal  dimensions  but  with  various  materials  as  the  dielectric, 
it  will  be  found  that  they  take  different  charges  for  the  same  potential 
difference.  This  is  due  to  a  property  of  the  dielectric  Imown  as 
its  specific  indwAive  capacity,  or  Dielectric  Constant,  corresponding 
in  some  ways  to  specific  resistance  in  the  case  of  a  conductor. 
The  specific  inductive  capacity  of  air  is  taken  as  unity  and  the 
following  table  gives  the  relative  specific  inductive  capacities  of 
various  other  dielectrics. 


Table  of  Spkoific  Inductivk  Cafacitibs. 


Glass           

6-10 

Paraffin  wax          

1-7-2-3 

Indiarubber,  pure            

2-1 

„            Tulcanised 

2-7 

Shellac        

31 

Mica            

5 

Ebonite       

2-2— 3-2 

Thus  a  condenser  having  mica  as  its  dielectric  would  take  five 
times  as  much  charge  for  a  given  potential  difference  as  it  woidd 
if  air  were  substitute  for  the  mica. 

Commereial  Forms  of  Condensen. — ^From  what  has  been  shown 
above  it  will  readily  be  seen  that,  in  commercial  forms  of  condensers, 
dielectrics  such  as  mica,  paraffin  wax,  and  oiled  paper  will  take  the 
place  of  air,  in  so  far  as  the  use  of  such  materials  will  reduce  sub- 
so 
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fltautiaUy  the  size  of  the  condenser  for  a  given  duty.  Furthermore, 
as  such  materials  will  stand  greater  electrical  pressures  for  a  given 
thickness,  it  enables  condensers  to  be  built  for  higher  voltages 
without  unreasonably  adding  to  their  dimensions. 

On  account  of  the  high  cost  of  mica  sheet  suitable  for  this  work, 
mica  condensers  are  but  little  used.  They  will,  however,  stand  a 
hi^er  voltage  than  paper  condensers  for  a  given  thickness  of 
dielectric.  .  Wtca,  sheets  about  2  mils  thick  are  used  in  building  up 
condensers  of  this  type,  care  being  taken  to  exclude  all  air-bubbles 
when  assembling  the  sheets. 

Paper  insulated  condensers  are.  now  largely  used,  a  familiar 
example  of  this  type  being  the  Mansbridge  condenser.  The  latter 
is  made  of  paper  coated  on  one  side  with  a  thin  metal  layer  like 
the  so-called  silver  paper,  and  has  the  great  advantage  that  if 
it  is  broken  down  by  the  application  of  too  large  a  voltage  the 
fault  automatically  heals  itself.  This  is  due  to  the  fact  that  since 
the  film  of  metal  is  exceedingly  thin,  it  is  readily  disintegrated  by 
the  heating  effect  of  a  spark.  Thus  the  tin  coating  is  made  dis- 
continuous in  the  near  neighbourhood  of  the  puncture  and  the  short 
circuit  is  removed. 

Some  condensers  with  an  adjustable  range  have  a  small  plug- 
board outside  the  case,  arranged  so  as  to  connect  the  various  sections 
of  the  condenser  in  parallel  when  so  desired.  Others  have  a  layer 
of  tin  foil  and  paper  which  can  be  wound  and  unwound  on  a  drum. 
In  this  manner,  alternate  layers  of  tin  foil  and  paper  are  obtained 
on  this  dnun,  these  being  separately  coiled  up  on  other  drums  when 
they  are  unwound. 

A  form  of  glass  condenser  which  has  a  considerable  application 
in  the  protection  of  high  voltage  overhead  transmission,  lines  is 
the  Moscieki  condenser  illustrate  in  Fig.  38.     This 
consists  of   a  specially  formed  glass  tube  closed  at 
one  end  and  coated  inside  and  out  with  chemically 
deposited  silver,   which  is  protected   by   a    further 
deposit  of  copper.    The  glass  tube  is  thickened  in 
the  neighbourhood  of  the  neck  and  edge,  experience 
having  shown  this  to  be  necessary,  as  most  of  the 
breakdowns  occur  near  the  edge.  This  arrangement 
is  immersed  in  a  mixture  of  glycerine  and  water  con- 
tained in    an   outer   metal   tube.    An    insulator   is 
mounted  upon  the  neck  of  the  glass  tube,  and  carries   ^^  ss— Mob- 
the  terminal  which  is  connected  to  the  inner  coating  cioid'  OondenMr. 
of  the  condenser. 

Unit  of  Capaeity. — ^The  charge  which  a  given  condenser  will  store 
up  is  proportional  to  the  charging  voltage.  Since  the  charge  consists 
of  a  quantity  of  electricity,  it  is  measured  in  coulombs  on  the  practical 
system  of  units.     Thus  we  have 

E  2 
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where  Q  is  the  charge  measured  in  coulombs,  E  is  the  charging 
voltage,  and  C  is  some  constant.  If  a  particular  condenser  takes  a 
charge  of  one  coulomb  when  a  potential  difference  of  one  volt  is 
applied,  the  value  of  the  constant  C  is  also  imity.  Such  a  condenser 
is  said  to  possess  unit  capacity,  and  the  name  of  the  imit  is  the 
farad.    Thus  the  capacity  of  any  condenser  is  given  by  the  expression 

or,  expressed  in  words,  the  capacity  of  a  condenser  in  farads  is 
equal  to  the  coulombs  per  volt.  Since  it  would  require  a  condenser 
of  enormous  size  to  take  a  charge  of  one  coulomb  for  a  difference  of 
potential  of  one  volt,  a  very  much  smaller  unit  must  be  devised 
for  practical  purposes.  Such  a  unit  is  the  micro-farad,  which  is 
one-millionth  of  a  farad — 

1  micro-farad  =  10~*  farad. 

The  condensers  which  are  met  with  in  practice  usually  range 
from  anything  up  to,  say,  10  mfds.  (micro-farads). 

Analogy  between  Condenser  and  Gas  Globe. — A  condenser  may  be 
considered  atialogous  to  a  globe  filled  with  gas,  the  gas  in  the  ^obe 
corresponding  to  the  charge  in  the  condenser.  The  weight  of  gas 
which  can  be  stored  in  the  globe  is  proportional  to  the  gas  pressure  : 
similarly,  the  amoimt  of  charge  in  the  condenser  is  proportional  to 
the  electrical  pressure.  If  the  gas  be  changed  from,  say,  hydrogen 
to  oxygen,  the  weight  of  gas  which  can  be  stored  in  the  globe  at  a 
given  pressure  is  increased  :  similarly,  if  the  dielectric  in  the  con- 
denser be  changed  from,  say,  air  to  mica,  the  charge  for  a  given 
difference  of  potential  is  increased.  A  change  in  the  material  of 
the  globe  does  not  affect  the  weight  of  gas  stored  up  ;  similarly,  a 
change  in  the  material  of  the  plates  of  the  condenser  does  not  affect 
the  electrical  charge. 

Analogy  of  Rubber  Diaphragm  In  a  Tube. — ^Another  analogy  may 
be  drawn  between  a  condenser  and  a  tube  in  the  middle  of  which  a 
rubber  diaphragm  separates  the  two  ends.  Water  cannot  flow 
straight  through  the  tube  because  there  is  no  through  passage  : 
similarly,  a  current  cannot  flow  straight  through  the  condenser 
because  of  the  layer  of  insulation  between  the  two  plates.  If  a 
difference  of  water  pressure  be  set  up  between  the  two  ends  of  the 
tube,  the  rubber  diaphragm  will  be  distended  in  one  direction. 
One  side  of  the  tube  will  admit  a  little  water  ;  the  other  side  will 
lose  a  little.  When  an  electrical  pressure  is  applied  to  a  condenser, 
one  plate  receives  a  little  extra  electricity,  i,e.  becomes  positively 
charged,  whilst  the  other  plate  loses  a  little  electricity,  i.e.  becomes 
negatively  charged.  If  the  water  pressure  be  continually  increased, 
there  comes  a  time  when  the  rubber  diaphragm  bursts  and  allows 


VI  CAPACITY  AND  CONDENSERS  53 

a  through  passage  of  the  water.  If  the  electrical  pressure  be 
continually  increased,  there  comes  a  time  when  the  insulation  breaks 
down  and  forms  a  conducting  path  right  through  the  condenser. 
If  an  alternating  water  pressure  be  appb'ed  to  the  tube,  the  dia- 
phragm is  distended  in  each  direction  alternately  and  there  is  a 
continual  slight  flow  of  water  into  and  out  of  the  tube.  If  an  alter- 
nating electrical  pressure  be  applied  to  the  condenser,  there  is  a 
continual  flow  of  electricity  into  and  out  of  the  condenser  which 
makes  it  appear  as  if  an  alternating  current  were  flowing  through 
the  condenser. 

Condenser  on  Alternating  VolUge. — Since  the  coulombs  stored 
up  in  the  condenser  are  proportional  to  the  charging  voltage,  any 
change  in  the  latter  produces  a  corresponding  change  in  the  former. 
This  means  that  some  coulombs  must  flow  into  or  out  of  the  con* 
denser  and  corresponds  to  a  current  the  magnitude  of  which  is 
proportional  to  the  rate  of  change  of  the  voltage.  For  example 
if  a  condenser  of  one  farad  capacity  be  connected  to  a  difference  of 
potential  of  10  volts,  there  will  be  10  coulombs  stored  up  hi  the 
l^ates.  If  the  voltage  is  uniformly  decreased  ta  4  volts  in  one  second, 
the  voltage  is  changing  at  the  rate  of  6  volts  per  second,  resulting 
in  a  change  of  charge  of  6  coulombs  per  second.  It  will  appear, 
as  far  as  an  ammeter  is  concerned,  as  if  a  current  of  6  amperes  were 
flowing  through  the  condenser,  but  it  must  be  remembered  that 
there  is  no  passage  of  the  current  from  one  plate  to  another  of 
opposite  polarity,  although  it  is  usually  spoken  of  as  a  current  in 
the  ordinary  sense  of  the  word.  Strictly  speaking,  it  is  simply  a 
case  of  the  charge  flowing  into  or  out  of  the  condenser  as  the  case 
maybe. 

The  effect  of  an  alternating  E.M.F.  on  a  condenser  will  now  be 
di^ussed,  a  sinusoidal  wave  form  being  assumed. 

Let  the  applied  E.M.F.  be  represented  by 

Elaine. 

As  shown  on  page  17,  the  maximum  rate  of  change  of  voltage  is 
E^  volts  per  radian  or  2irfE^  volts  per  second,  and  is  positive  when 
the  actual  value  of  the  voltage  is  zero  and  increasing.     But  since 

Q  =  CE, 

Current  =  rate  of  change  of  Q 

=  C  X  rate  of  change  of  E, 
Therefore 

I^=zC  X  maximum  rate  of  change  of  E 
=  0x2ir/B„. 
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Considering  R  M.S.  values 

On  examining  the  curves  in  Fig.  39,  which  represents  the  condi- 
tions in  a  capacity  circuit,  it  is  seen  that  the  charging  current  leads 
the  voltage  by  90*^,  being  exactly  opposite  in  this  respect  to  an  in- 
ductance. The  reason  for  this  is  that,  in  an  inductance,  the  applied 
voltage  is  equal  and  opposite  to  the  bSwjk  voltage  set  up,  this  being 
proportional  to  the  rate  of  change  of  the  current,  whilst,  in  a 
condenser,  the  current  is  proportional  to  the  rate  of  change  of 
voltage. 

Physieal  Meaning  of  Charging  Current. — ^At  the  commencement  of 
the  cycle,  when  the  value  of  the  voltage  is  zero,  the  rate  at  which 


Fig.  89. — ^Power  and  Energy  Curvet  for  a  CondenjMr  Clrcait. 

the  voltage  is  increasing  is  a  maximum,  and  consequently  the  rate 
at  which  the  charge  is  increasing  is  a  maximum.  The  current 
flowing  into  the  positive  plate  is,  therefore,  a  maximum  at  this 
instant.     During  the  progress  of  the  next  quarter  of  a  cycle  the 


^  The  current  can  be  calculated  by  means  of  the  caloalus,  thus  : 
dQ 


/  = 


dA 


=  (7 


=  CE, 


d  (Em.  sin  e) 


djsintf)      de 
^      dB      ^  dt 


=  CE„,  cos  9  X  2wf 
=  2»/C^«  sin  (e  +  90^). 
This  shows  that  the  current  leads  the  voltage  by  90° 
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rate  at  which  the  voltage  is  increasiQg  continually  diminishes  and 
the  current  flowing  into  the  positive  plate  continually  decreases 
until,  at  the  moment  when  the  voltage  is  no  longer  increasing,  the 
current  falls  to  zero.  All  this  time  current  has  been  flowing  into 
the  positive  plate  of  the  condenser  which  contains  its  maximum 
ehai^  at  the  moment  when  the  current  ceases  to  flow  in.  Thus, 
at  the  moment  of  maximum  voltage,  the  charge  on  the  plates  is  a 
maximum,  but  the  current  is  zero.  As  the  voltage  begins  to 
decrease,  the  charge  also  begins  to  decrease,  and  this  re^sults  in  an 
apparent  current  flowing  the  other  way  through  the  condenser. 
Rcttdly  it  is  the  charge  flowing  out  of  the  plates.  The  voltage 
continues  to  decrease  at  a  greater  and  greater  rate  and,  conse- 
quently, the  current  continues  to  increase.  This  goes  on  until  the 
voltage  has  fallen  to  zero  and  the  condenser  is  completely  dis- 
charged. The  voltage  now  begins  to  rise  in  the  other  direction  and 
the  complete  chain  of  events  is  repeated  in  the  next  half-cycle. 
In  a  complete  cycle,  the  condenser  is  twice  charged  and  discharged, 
once  in  each  direction. 

Power  and  Power  Factor  of  Capaeity  Gireuit. — ^It  has  been  shown 
tiiat  the  current  leads  the  voltage  by  90^,  and  if  the  voltage  is  repre- 
sented by  the  expression 

e  =  E^  sin  0 

the  current  will  be  represented  by  the  expression 

f=/^sin(tf+90^). 

The  instantaneous  value  of  the  power  will  be  represented, 
therefore,  by  the  expression 

ei  =  E^I^sm  B  sin  ifi  +  9(f) 
=  i^«/«sin2^. 

Since  the  average  value  of  sin  2^,  taken  throughout  a  complete 
cycle,  is  zero,  it  follows  that  the  average  power  supplied  to  the 
condenser  is  zero.  The  power  factor  of  a  circuit  containing  only 
capacity  is,  therefore,  also  zero.  This  can  be  realised  when  it  is 
remembered  that  no  heat  is  produced  and  no  work  done.  As  a 
matter  of  fact,  in  commercial  condensers,  there  is  a  slight  energy 
loss  in  the  dielectric,  but  the  mechanism  of  this  action  is  somewhat 
complicated  and  lies  outside  the  scope  of  this  book.  There  is  also 
a  minute  PB  loss,  due  to  the  fact  that  the  current  has  to  flow  over 
the  plates  which  have  a  definite  ohmic  resistance.  The  result  of 
these  two  actions  is  to  raise  the  power  factor  from  zero  to  a  value 
which  usually  lies  between  0*003  and  0*01.  For  ordinary  purposes, 
the  power  factor  can  be  taken  as  zero. 

As  in  the  case  of  an  inductance,  although  the  average  power 
supplied  is  zero,  yet  the  power  at  a  given  instant  may  have  quite  a 
definite  value.     The  power  curve  of  a  condenser  is  shown  in  Y\%.  39. 
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It  is  seen  that  the  condenser  is  receiving  charge  up  to  the  moment 
when  the  voltage  attains  a  maximum  and  that  it  is  being  supplied 
with  energy  during  this  interval.  During  the  next  quarter  of  a 
period,  the  voltage  falls  to  zero  and  the  condenser  is  discharged. 
The  power  curve  shows  that  during  this  interval  the  condenser 
delivers  back  to  the  lihe  the  same  amount  of  energy  that  it  previously 
received,  and  this  chain  of  events  is  continually  repeated.  The 
fourth  curve  in  Fig.  39  shows  the  amount  of  energy  stored  up  in 
the  condenser  at  different  moments  throughout  the  cycle. 

Energy  of  Charge. — In  order  to  determine  the  energy  associated 
with  the  charge,  assume  that  a  uniformly  increasing  voltage  is 
applied  at  the  rate  of  E'  volts  per  second  for  a  period  of  t  seconds, 
llie  total  voltage  applied,  E,  is  equal  to  E't.  If  the  capacity  of 
the  condenser  be  C  farads,  then  the  charge  on  the  plates  is  equal 
to  CE  coulombs.  Since  the  rate  of  change  of  voltage  is  constant 
the  current  wiU  be  constant  and  equal  to 

,      Q      CE 
/  =  —  =  -—  amperes. 
t         z 

The  average  power  supplied  is 

=  ^E  X  —r-  watts. 
t 

^     The  total  energy  supplied  is 

iEx^Xt 

=  iOJP«  joules.^ 

In  Fig.  39  the  height  of  the  energy  curve  at  the  end  of  a  quarter 
of  a  period  is  equal  to  |C?i?m*  joules.     It  is  immaterial  whether  the 

^  Taking  the  case  when  a  sinusoidal  E.M.F.  is  applied,  this  can  be  proved  by 
means  of  the  calculus  as  follows : — 

Instantaneous  power  =  ei  »  iEmlm  sin  2i 

=  iB„,In,  sin  2pt 

where  p  s  2wf  and  t  =  time  in  seconds. 

Energy  supplied  during  a  quarter  of  a  cycle 

w  w 

rip  i'2p 

=  /^  eidi=^IJiE^I^Bm2ptdt 

But  7,  -  ^JOB^  -  pOJf«. 

Therefore  energy  <=  iCE^K 
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voltfitge  is  apjdied  at  a  uniform  rate  or  not,  the  energy  associated 
with  a  given  charge  being  dependent  only  on  the  magnitude  of  the 
applied  voltage  and  independent  of  the  rate  at  which  it  is  applied. 
When  the  applied  voltage  obeys  a  sine  law  the  instantaneous 
value  of  the  power  is  given  by 

==^E^x2vfCE^9m20 

=  irfCEJ  sin  20  watts. 

The  maidmum  value  of  the  power  is,  therefore, 

irfCEJ  watts 

and  the  average  value,  taken  over  a  quarter-period,  is 
2 
-  X  irfCEJ  watts. 

IT 

The  total  energy  supplied  in  a  quarter  of  a  cycle  is 

I  X  irfCE^^  X  ^ 

=  iCJP^2  joules. 

Dependenee  of  Current  on  Voltage,  Gapaeity  and  Freqneney. — ^If  any 
two  of  these  quantities  be  kept  constant  and  the  third  one  varied, 
the  current  will  be  directly  proportional  to  the  quantity  which  is 
varied.  Fig.  40  shows  the  relations  which  exist  in  a  particular 
circuit,  the  data  being  given  in  the  diagram. 
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Fn.  40.— Depandnoe  of  Cuncnt  on  VolU«e,  Capadty  aad  FrsQUsncr* 


The  capacity  of  a  number  of  condensers  in  parallel  is  the  sum 
of  tiieir  individual  capacities,  but  condensers  in  series,  or  in  cascade, 
as  it  is  sometimes  caUed,  obey  a  law  of  the  following  type : — 

L__  =  I+1  + 

joint  capacity      C^      C^ 
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Impedanoe  of  a  CajMU^ity  Circuit. — ^Tlie  relation  between  current 
and  voltage  in  a  capacity  circuit  is  given  by 

and  since  the  impedance  of  a  circuit  is  given  by  the  ratio  of  volts 
to  amperes,  it  follows  that 

z  =  f  =  ^ 


/       2iTfC' 

The  formula  is  similar  to  the  corresponding  one  for  a  purely  in- 
ductive circuit  with  the  important  exception  that  2'wfG  comes  in 
the  denominaior  whilst  2mfL  comes  in  the  numeraior  of  the  respective 

expressions.    The  quantity  ^^^^  is  called  the  ca/pacUy  reliance. 

This  relationship  enables  us  to  calculate  the  capacity  of  the 
circuit  if  the  voltage,  current  and  frequency  axe  known  ;  for  accurate 
measurements,  however,  this  method  is  not  to  be  commended,  as 
the  presence  of  a  condenser  in  the  circuit  has  the  effect  of  magnifying 
any  distortion  of  the  current  wave  form,  and  the  factor  2nr  is  only 
correct  in  the  case  of  a  sine  wave. 

Cironit  containing  Resistanee  and  Gapaoity. — In  order  to  force 
a  current  through  a  circuit  containing  both  resistance  and  capacity 


Fio.  41.— Voltage  CurveB  for  Circuit  oontalntiig  Bwifltanoe  and  Capacity. 

in  series,  a  voltage  must  be  applied  capable  of  overcoming  botk 
the  ohmic  resistance  and  the  impedance  of  the  condenser.  The 
magnitude  of  the  former  component  is  IB  volts  and  is  in  phase  witk 
the  current,   whilst  the  magnitude  of  the  latter  component  is 

s— x^  X  /  and  lags  behind  the  current  by  90**.     The  resultant 

voltage  which  has  to  be  applied  is  the  vector  sum  of  these  two 
components  and  will  lag  behind  the  current  by  some  angle  less 
than  90**. 
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Fig.  41  shows  graphs  of  these  various  quantities  and  also  a 
vector  diagram  of  the  circuit.  It  is  seen  that  the  resultant  voltage 
E  is  eqnal  to 


K2irfa 
The  impedance  Z  is  equal  to 


!=>+"&)■ 


27rfCJ 

As  an  example,  take  the  case  of  a  circuit  consisting  of  a  resistance 
of  40  ohms  in  series  with  an  adjustable  condenser,  the  voltage  being 
100  and  the  frequency  60.  When  the  value  of  the  condenser  is 
60  mfds.  the  current  is 

100 


/  = 


V^'  +  (&rx60">r66) 


=  1-607  amperes. 
The  voltage  across  the  resistance  is 

Es  =  iOx  1-607 
=  60-3  volts. 
The  voltage  across  the  condenser  is 

10^ 

27r  X  60  X  60 

=  79-9  volts. 


Ec  =  s— rr^TTTT^  X  1-607 


The  values  of  the  current  and  impedance  for  various  values  of 
the  capacity  are  shown  graphically  in  Fig.  42. 

Cirenit  eontaining  Resistanee,  Induotanoe  and  Capacity. — ^When 
a  circuit  contains  all  these  three  quantities,  peculiar  conditions  are 
set  up  due  to  the  various  phase  relationships.  In  the  case  of  an 
inductance  the  current  lags  by  90°  behind  the  voltage,  whilst  in 
the  case  of  a  capacity  the  current  leads  by  90**.  If  these  two  are 
in  series  the  current  must  have  the  same  phase  throughout,  and 
consequently  the  voltage  must  have  a  phase  difference  of  180° 
over  these  two  portions  of  the  circuit.  This  means  that  the  two 
voltages  are  diametrically  opposite  and  the  combined  voltage  over 
the  two  is  their  arithmetic  difference.    It  is  quite  possible  for 
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each  of  these  component  voltages  to  be  considerably  in  excess  of 
the  impressed  E.M.F.    Fig.  43  shows  the  vector  diagram  and  also 
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Fio.  42. — ^Variation  of  Current  and  Impedance  with  Capacity. 

the  various  sine  curves  for  a  simple  series  circuit  containing  resistance, 
inductance  and  capacity.     The  resultant  voltage  may  lead  or  lag 
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Fio.  48. — ^Voitace  Corvee  for  Circuit  containing  Beeietance,  Inductance  and  Capacity. 


behind  the  current,  this  depending  on  whether  the  inductance  or  the 
capacity  predominates.  The  magnitude  of  the  voltage  absorbed 
by  the  inductance  plus  the  capacity  is  given  by 


E^-Ea^-  2irfLl 


1 


x/ 
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Combining  this  with  the  voltage  absorbed  by  the  resistance, 
we  get,  for  the  total  applied  voltage, 

The  impedance  of  the  circuit  is  therefore  given  by 


Z  =  f  =  Vi^«  +  (2./L-^y 


If  sr-^  is  greater  than  2irfLy  the  quantity  inside  the  bracket  is 

negative  and  this  signifies  a  leading  current.  However,  the  square 
of  this  quantity  is  always  x>ositive,  so  that  the  impedance  can 
never  be  less  than  R,  no  matter  what  may  be  the  values  of  2vfL 

Rasonanee. — ^When  a  circuit  contains  both  inductance  and 
capacity  it  is  said  to  x>osse8S  resonance.  The  effects  may  be  likened 
to  those  produced  on  a  pendulum  in  which  considerable  vibrations 
can  be  set  up  by  the  successive  application  of  very  small  blows, 
providing  these  blows  are  timed  correctly.  The  frequency  of  the 
blows  corresponds  to  the  frequency  of  the  applied  voltage.  In  the 
case  of  the  pendulum,  if  the  blows  are  applied  at  a  different  rate 
the  resulting  swing  will  be  considerably  less,  even  though  the 
impulses  may  be  of  greater  magnitude.  Similarly,  in  the  electrical 
case,  if  the  frequency  be  changed,  the  current  will  be  considerably 
reduced. 

It  is  obvious  from  the  expression  for  the  impedance  that  its 
minimum  value  occurs  when 

Of  course,  a  decrease  in  the  resistance  will  always  lower  the  impe- 
dance, and  vice  versa.  The  resonance  is  only  affects  by  the  induc- 
tive and  capacity  portions  of  the  circuit.  With  a  given  amount 
of  inductance  and  capacity  there  is  one  particular  value  of  the 
frequency  which  will  give  maximum  resonance.  This  is  obtained 
when 
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Then  2^/^  =  2^' 

1 


(2*/)*  =  LC 


and 


Resonance  of  a  lesser  amount  will  occur  at  other  frequencies. 

If  a  circuit  contains  a  fixed  amount  of  inductance  and  the 
frequency  is  kept  constant,  then  maximum  resonance  can  be 
obtained  by  varying  the  capacity  in  the  circuit.  The  necessary 
conditions  are  obtained  when  ^ 

As  an  example,  take  the  case  of  a  series  circuit  containing  a 
capacity  of  50  mfds.,  an  inductance  of  0*2  henry  and  a  resistance  of 
5  ohms.    The  frequency  for  maximum  resonance  is 

/= 1 

•^       27rV0-2  X  50  X  iO-« 

=  50*33  cycles  per  second. 

At  this  frequency  the  impedance  is  exactly  5  ohms,  so  that  if  the 
voltage  were  100  the  current  would  be  20  amperes. 
The  voltage  across  the  condenser  is  given  by 


En=- 


2irfC 
_         20  X  lO* 

2ir  X  50*33  X  50 
=  1268  volts 

The  voltage  across  the  inductance  is  given  by 

JS?i  =  27r/L/ 

=  27r  X  50-33  X  0*2  x  20 
=  1268  volts 

If  the  frequency  falls  to  49,  then  the  impedance  would  be 

z  =  V«'+(2-x49xo-2-2^r3rwTS' 

=  6*02  apparent  ohms. 
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The  cnrrent  would  be 


602 
and  would  lead  the  voltage  since 


,      E      100       -_- 

^  =  9;  ^  ATno  =  16«  amperes 


2irfC 


is  now  greater  thab  2irfL. 


Ec^ 


The  voltage  now  across  the  condenser  is 

16^6  X  10« 
27r"x  49  X  50 
=  1078  volts, 

and  the  voltage  across  the  inductance  is 

^^  =  27r  X  49  X  0-2  X  16-6 
=  1022  volts. 

The  voltage  across  the  two  combined  is 
1078  -  1022 
=  66  volts. 

The  voltage  across  the  resistance  is  16-6  x  5  =  83  volts. 
If  the  frequency  were  raised  to  61  the  impedance  would  be 

=  6*28  apparent  ohms. 

100 
The  current  would  be  =-^  =  18-94  amperes. 

A  variation  of  the  frequency  in  either  direction  brings  about  a 
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¥n.  44.— Sffect  of  Fnanency  In  Sttwnatliig  Cliooit. 

redudaon  in  the  cnrrent.  Fig.  44  shows  the  current  at  various  fre- 
quencies and  also  the  voltages  across  the  condenser  and  inductance. 
A  remarkable  point  about  these  curves  is  the  sharpness  of  the  peaks 
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exhibited,  this  being  accentuated  by  the  fact  that  the  resistance  islow. 
If  the  resistance  had  been  only  1  ohm  instead  of  5  ohms,  the  current 
would  rise  to  a  maximum  of  100  amperes  and  the  maximum  voltage 
across  the  condenser  or  the  choking  coil  would  be  6340  volts,  thus 
making  the  peak  more  pronounced.  The  tem^  '*  maximum'^ 
used  above  does  not  refer  to  the  peak  value  of  the  wave,  but  to  the 
maximum  value  of  the  R.M.S.  voltage  obtained  by  varying  the 
frequency. 

Cunent  Rasonanee. — ^The  above  example  serves  as  an  illustration 
of  voltage  resonance  in  a  series  circuit.  When,  however,  a  condenser 
is  placed  in  parallel  with  a  choking  coil,  with  a  fixed  voltage  across 
each,  a  local  circulating  current  is  set  up  producing  what  is  known 
as  '*  current  resonance/'     Fig.  45  illustrates  such  a  circuit.     A 


r\2) — ^JSO^—x 

-0- 
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Fia.  4S.— Cbealt  posseatng  CnneDt  Bemiaites. 

Tolta^,  E,  applied  to  the  cironit  produces,  through  the  inductance, 
L,  a  current 

/    -^- 
''~2TrfL' 

lagging  90°  behind  the  voltage,  and,  through  the  condenser,  C,  a 
current 

lo^iitfCE, 

leading  the  voltage  by  90°.    The  resultant  current  is  the  numerical 
di&rence  of  these  two  ooniponents  and  is  given  by 


=  K^L-^^)- 


\2wfL 

If  perfect  resonance  takes  place  in  an  ideal  resistanceless  circuit, 
then  7=0.        « 

Therefore  ^^-^  -  2irfC  =  0 

and  f  = i= 

^       2iry/LC 
as  before. 
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If  only  partial  resonance  takes  place,  i.e.  if  the  above  equation 
18  not  fulfilled,  then  the  current  supplied  from  the  source  is  the 
difference  of  the  currents  in  the  two  branches.  Assuming  that 
the  current  in  the  inductLve  branch  is  the  larger,  then  the  difference 
between  this  and  the  main  current  is 

h-I=Ir. 

The  conditions  correspond  to  a  circulating  current  equal  to  that 
in  the  weaker  branch,  together  with  a  current  from  the  supply 
to  make  up  the  current  in  the  stronger  branch.  This  external 
onrrent  will  lead  or  lag  by  90° ;  the  former  if  the  current  in  the 
condenser  predominates,  and  the  latter  if  the  current  in  the  choking 
coil  predominates. 

In  practice  there  will  be-  usually  an  appreciable  amount  of 
resistance  in  the  inductive  circuit,  and  an  example  will  be  worked 
out  in  order  to  illustrate  the  procedure  in  this  case.  The  circuit 
in  the  example  on  series  resonance  will  be  chosen  for  this  purpose, 
the  condenser  being  in  one  branch  and  the  inductance  and  resistance 
in  series  in  the  other  branch.  At  a  frequency  of  50*33  the  current 
through  the  condenser  is 

I^  =  2ir  X  50-33  X  50  X  10-«  X  100 
=  1'581  amperes. 

The  current  through  the  inductive  circuit  is 

J 100 

^+*  ■"  V5«  +  (2w  X  50-33  X  0-2)« 
=  1-576  amperes. 

But  the  voltage  over  the  resistance  is 

z  '^        Vb^  +  X' 

The  power  wasted  in  the  resistance  is 
-    J?._^  X  EI... 

Vb*  +  x*       '■*"■ 

The  same  result  would  be  attained  if  the  current  were  split  up 
into  a  power  and  an  idle  component.    The  magnitude  of  the  former 
is 

B  r 


5 


V6»  +  (27r"x  60-33  X  0-2)* 
=  0*124  ampere. 


X  1«676 
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The  idle  component  of  the  current  is 

Vl-576«  -  0124« 
=  1'671  amperes. 

This  balances  an  equivalent  current  in  the  condenser,  the  latter  also 
taking  an  additional  current  of  1'581  —  1'571  =  O'OIO  ampere  from 
the  supply.    The  total  current  flowing  through  the  main  ammeter  is 

VO-124*  +  0-010« 
=  0*124  ampere 
and  leads  the  voltage  by  an  angle 

=  4•6^ 

Physical  Meaning  of  Resonanoe. — ^At  first  sight  it  appears  as  if  the 
phenomenon  of  resonance  destroys  the  principle  of  the  conserva- 
tion of  energy,  but  this  is  not  so.  Considering  the  case  of  current 
resonance,  the  condenser  contains  its  maximum  charge  and  has 
the  maximum  amount  of  energy  stored  up  in  it  at  the  instant  when 
the  voltage  is  a  maximum.  But  at  this  moment  the  current  in  the 
inductance  is  zero,  and  hence  the  magnetic  field  is  zero  and  has  no 
energy  stored  up  in  it.  A  quarter  of  a  period  later  the  field  has 
reached  its  maximum  value  and  has  its  maximum  amount  of  energy 
stored  up  in  it.  But  now  the  voltage  across  the  condenser  has 
dropped  to  zero,and  it  is  discharged.  If  perfect  resonance  is  taking 
place,  these  two  maximum  amounts  of  energy  are  equal,  for 

2-/^  =  2^- 
Multiplying  each  side  by  7^*, 

_(27rfCEJ* 

'2-rrSC 
=  2-,rfCEJ. 
Therefore  JI//„»  =  \CEJ. 

At  intermediate  points  in  the  cycle  there  is  energy  present  in 
both  magnetic  and  electrostatic  form,  but  the  total  quantity  is 
always  the  same.  For  instance,  when  the  voltage  has  the  instan- 
taneous value  of 

«  =  S„8in^, 

the  energy  stored  up  in  the  condenser  is 
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The  current  in  the  inductance  is 

»  =  /,„sin(^  —  90°), 
and  the  energy  stored  up  in  the  inductance  is 

iZ42  =  \LIJ 8in2  (0  -  90°) 
=  iLVco8«<?. 
But  since  \LIJ  =  \CEJ 

\IA^     =iC^„«co8«^, 

and  the  total  energy  stored  up  in  both  condenser  and  inductance 
is,  therefore, 

\CEJ«in^0  +  \CEjQOB.^d 

=  iC'^m*(8in«^+co8«d) 

=  \CEJ. 

After  the  currents  have  been  once  started  there  is  no  further 
supply  of  power  necessary.  The  condenser  in  discharging  liberates 
sufficient  energy  to  build  up  the  magnetic  field,  and  this  in  turn, 
on  its  destruction,  provides  the  necessary  energy  to  charge  the 
condenser.  If  resistance  is  present  in  the  local  circuit,  energy  is 
being  continually  frittered  away  due  to  the  PR  loss,  and  this  has 
to  be  made  up  from  the  external  source  of  supply. 

Resonance  with  Harmonies. — In  cases  where  the  wave  form  of  the 
applied  E.M.F.  is  not  a  simple  sine  wave  it  can  be  resolved  into  a 
number  of  sine  waves  of  various  frequencies,  and  it  may  be  possible 
^  for  one  of  the  higher  harmonics,  as  they  are  termed,  to  produce 
resonance  in  a  very  marked  degree,  resulting  in  an  increased  distor- 
tion of  the  current  wave  form.  This  effect  is  dealt  with  in  greater 
detail  on  page  102. ' 

Distributed  Capacity. — When  a  pair  of  insulated  mains  are  laid 
side  by  side  and  there  is  a  difference  of  x>otential  between  them,  a 
condenser  action  takes  place.  The  system  may  be  represented  dia- 
granunatically  in  the  way  shown  in  Pig.  46.    Due  to  the  appreciable 

Genemtorl-  -L±±X±±X±±  Load 

£/'tfTTTTTTTTTT^^<^ 

Fio.  46.— DMrfbiited  Capacity. 

resistaDce  and  inductive  reactance  of  the  line,  there  is  not  a  uniform 
voltage  across  all  these  hypothetical  condensers,  but  as  a  first 
approximation  they  may  be  considered  as  being  supplied  with  the 
full  generator  voltage. 

r  2 
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The  oapaoity  of  a  concentric  cable  is  given  by  the  formula 

_       OOSSSii     ., 
C  = ~r-  mfd, 


Iogx.(f) 


where  k  is  the  specific  inductive  capacity, 

{ is  the  length  in  miles, 

D  is  the  inner  diameter  of  the  outer  conductor, 
and  d  is  the  outer  diameter  of  the  inner  conductor. 

The  capacity  of  two  parallel  bare  conductors  is  given  by  the 
formula 

^      00194  X  I    , , 

logxo(-^) 

in  this  case  D  being  the  distance  between  the  centres  of  the  con- 
ductors and  d  being  the  diameter  of  the  wires.     The  unit  used  is 

immaterial,  since  it  is  only  the  ratio  which  is  required.    The  ratio  ^ 

must  be  at  least  10,  otherwise  the  formula  will  not  give  correct 
results. 

In  addition  to  the  capacity  current  which  the  cables  take,  there 
is  also  a  small  power  current  due  to  the  leakage  through  the  insula- 
tion, this  being  quite  a  distinct  effect. 

Various  types  of  windings  on  alternating  current  apparatus 
also  exhibit  this  condenser  effect,  since  insulated  conductors  at 
different  potentials  are  separated  by  dielectrics. 

Uses  of  Condensers. — Condensers  are  very  largely  used  in  wireless 
telegraphy,  where  they  are  employed  to  "  tune  "  the  circuits,  i,e. 
to  bring  them  into  perfect  resonance,  for  which  purpose  variable 
condensers  are  used. 

Condensers  are  also  occasionally  employed  to  protect  high 
tension  overhead  transmission  lines,  one  set  of  plates  being  con- 
nected to  the  line  whilst  the  other  set  is  earthed. 

It  has  been  suggested  that  condensers  be  put  at  the  receiving 
end  of  transmission  lines  for  the  purpose  of  improving  the  power 
factor  and  thereby  reducing  the  current  in  the  mains.  That  this 
is  so  is  seen  from  the  fact  that  most  transmission  schemes  operate 
with  a  lagging  current  due  to  motors  and  other  apparatus  which  is 
connected  to  the  line.  The  condensers  take  a  leading  current  and 
tend  to  neutralise  the  wattless  component  of  the  line  current. 

It  has  been  suggested  also  that  condensers  may  be  used  as  regu- 
lators in  series  with  lamps  on  alternating  current  circuits.  Instead 
of  the  usual  parallel  arrangement,  the  series  system  is  adopted,  each 
circuit  consisting  of  a  number  of  lamps  all  in  series  with  each  other 
and  with  a  condenser.     The  lamps  are  put  out  by  means  of  short- 
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circuiting  switches  and  are  lit  when  the  switch  is  opened.  Fig.  47 
shows  a  diagram  of  connections  of  such  a  circuit.  Not  more  than 
35  to  40  per  cent,  of  the  supply 

Toltage  should  be  used  on  the  lamps,  S      S      S      S 

otherwise  the  voltage  regulation  on  r^-i  r^n  r^n  r^-i 

the  lamps  becomes  poor.  Although  L         '(D'  '(D*  '(p'  '(D* 

a  very  large  percentage  of  the  supply 
voltage  is  absorbed  by  the  con- 
denser, yet  the  power  loss  is  negli-    C--  Condenser 

gible,  since  the  power  factor  of  the  i'  Lamp 

condenser  is  practically  zero.  S  "Switch 

As    an    example,     consider    the    Fio.  47.— Condenaen  in  Lighting  Clrcalt. 

case  illustrated  in   Fig.   47.     The 

supply  voltage  is  220  at  a  frequency  of  50,  and  there  are  four 
20  volt  lamps,  each  having  a  resistance  of  20  ohms.  If  the  lamps 
are  each  to  have  20  volts  when  they  are  all  in,  the  voltage  across 
the  condenser  is 

V220«-(4  X  20)* 
=  204*9  volts. 

The  current  being  one  ampere,  the  capacity  of  the  condenser  is 

/ 


^  ~  2nfE 


farad 


27r  X  50  X  204-9 
=  15*53  micro-farads. 

When  only  one  lamp  is  lit  the  current  is 

220 


/  = 


V^^'+ (2^  x5i^'x  15-5-3? 

=  1-07  amperes. 


The  voltage  across  the  single  lamp  is  now  21*4  volts.  The 
maximum  variation  of  voltage  in  the  extreme  cases  of  all  the 
lamps  lit  and  only  one  lit  is  only  7  per  cent.,  and  this  figure  is 
reduced  if  a  smaller  percentage  of  the  supply  voltage  is  used 
actually  on  the  lamps. 

Two  important  points  in  connection  with  this  scheme  are 
(1)  the  simplification  of  the  wiring,  and  (2)  the  fact  that  the  condenser 
acts  as  a  current  limiting  device  in  the  event  of  a  short  circuit. 
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Simple  Circle  Diagram. — If  a  constant  voltage  be  applied  to  a 
circuit  consisting  of  a  resistance  and  a  reactance  in  series,  the 
voltages  over  the  two  component  parts  of  the  circuit  will  always  be 
90**  out  of  phase  with  each  other,  this  being  independent  of  the 
magnitudes  of  the  resistance  and  reactance.  Fig.  48  shows  a  vector 
diagram  of  the  circuit,  the  applied  voltage,  AB,  being  constant.  A 
semicircle  is  erected  on  ABy  this  passing  through  the  point  C,  since 
the  angle  in  a  semicircle  is  a  right  angle.  If  the  relative  values  of 
the  resistance  and  reactance  be  altered,  the  angle  <f>  is  altered,  but 
the  angle  AOB  remains  a  right  angle.  If,  however,  the  diagram  be 
drawn  as  shown  in  Pig.  48  {b),  AB  is  fixed  in  position,  whilst  the 


m  1  A  12 

(a}  ib) 

Fio.  48.— Simple  Circle  Diagram. 


point  G  moves  round  the  semicircle.  The  angle  of  lag  of  the  current 
still  is  given  by  the  angle  ABCy  since  AB  is  the  phase  of  the  applied 
voltage  and  CB  is  the  phase  of  the  current. 

Circuit  with  Constant  Reactance. — If  a  circuit  consists  of  a  constant 
reactance  and  a  variable  resistance,  the  magnitude  of  the  current 
will  be  proportional  to  the  voltage  across  the  reactance,  whilst  the 
phase  of  the  current  will  be  the  phase  of  the  voltage  across  the 
resistance.  Pig.  49  illustrates  this  circuit,  AG  being  proportional 
to  the  voltage  across  the  reactance  and  to  the  current,  to  a  scale 
of  volts  and  amperes  respectively.  The  power  absorbed  by  the 
circuit  is  P  =  EIcoB<f>, 
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and  this  is  represented,  to  scale,  by 

AB  X  AG  X  cos^. 

But  the  angle  AGD  is  also  equal  to  ^,  CD  being  a  vertical  line 
dropped  from  G  on  to  AB.     Thus 

AC  X  cos^  =  CZ> 

and  the  power  becomes  proportional  to 

AB  X  CD. 

Since  AB  is  constant,  the  power  absorbed  by  the  circuit  is  given  by 
the  vertical  line  GD  to  a  suitable  scale  of  watts.  This  scale  having 
been  determined  experimentally  for  one  value  of  the  resistance, 
the  power  absorbed  for  all  other  values  of  the  resistance  can  be 
scaled  off  from  the  diagram.    This  power  becomes  a  maximum 

IX  ^  m  ' 

D"      ryOH  '*     E' Constant 

Pio.  40. — Circuit  with  ConatAut  Reactance. 

when  the  point  D  is  situated  at  D"  midway  along  AB,  the  height 
C'jy  being  equal  to  the  radius  of  the  circle.  Moreover,  at  this 
point  the  angle  of  lag  is  45°  and  the  power  factor  is,  therefore, 

-^  or  0*707.    If  the  current  and  the  voltage  be  measured  under 

these  conditions  the  power  will  be  given  by 

EI  X  0-707, 

and  this  will  enable  the  scale  of  watts  to  be  settled.     The  power 

GB 
factor  is  given   by  ^--^,  and  since  AB  is  constant,  GB  is  pro- 
portional to  the  power  factor.     The  scale  can  be  ascertained  from 
the  fact  that  at  G"  the  angle  of  lag  is  45°,  and  consequently  G'B 

E 
is  0*707.     The  total  impedance  is  equal  to  j ,  and  hence  is  pro- 
portional to  -T-^ . 

If  a  wattmeter  be  included  in  the  circuit,  and  the  value  of  the 
resistance  gradually  reduced,  the  power  will  first  be  seen  to  increase, 
then  attain  a  maximum  value,  and  finally  decrease  again,  even 
though  the  current  is  increc^ing  throughout.    The  reason  for  this 
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is  that  as  the  resistance  is  decreased  the  cuirent  goes  up,  but  the 
power  factor  is  reduced  since  the  ratio  of  resistance  to  reactance 
is  getting  less.  At  first,  the  current  increases  at  a  greater  rate  than 
the  power  factor  decreases,  the  power  increasing,  whilst  beyond  a 
certain  point  this  is  reversed  and  the  power  begins  to  decrease 
again.  At  the  commencement,  the  current  is  small,  but  the  power 
fax)tor  is  high,  whilst  later  on  the  current  is  large,  but  the  power  factor 
is  low.  Looking  at  it  from  the  point  of  view  that  the  power  is 
equal  to  PB,  B  is  reduced  whilst  /  goes  up,  so  that  PB  may  go 
up  or  down  as  B  is  varied,  depending  upon  which  alteration 
predominates. 

One  point  worthy  of  note  is  that  when  the  power  has  attained 
its  maximum  value,  the  angle  of  lag  of  the  current  is  46°  and  the 
resistance  is  equal  to  the  reactance.  This  forms  a  method  of 
measuring  the  reactance  by  means  of  a  wattmeter  and  a  known 
variable  resistance.  The  wattmeter  is  connected  so  as  to  measure 
the  total  power  in  the  circuit  and  the  resistance  is  gradually  cut 
out.  When  the  wattmeter  arrives  at  its  maximum  deflection,  the 
resistance  is  equal  to  the  reactance. 

Effeet  of  Resistance  in  Choking  Coil. — ^In  most  choldng  coils  met 
with  in  practice  the  ohmic  resistance  is  not  negligible,  and  in  this 
case  the  circle  diagram  assumes  the  form  shown  in  Ilg.  60.  The 
resistance  and  reactance  of  the  choking  coil  bear  a  constant  ratio 

^    Vouer  , ,  Vouer, 
Chokir^Cod  Resistance 

D     F         B  *-    £=Conslant 

Pia.  5U.— Effect  of  Eetbtanoe  in  Choldnff  Coil. 

to  each  other  and  consequently  the  angles  ABC  and  AEB  remain 
constant,  independent  of  the  position  of  C  The  triangle  ABC 
varies  in  size,  but  remains  similar  in  shape  throughout.  Thus, 
wherever  the  point  G  may  be  on  the  semicircle  the  angle  ABB 
is  fixed  and  the  locus  of  E  lies  on  an  arc  of  a  circle  of  which  AB 
is  a  chord.  The  centre  of  this  circle  will  be  on  the  diameter  of  the 
original  circle  at  right  angles  to  AB.  The  power  consumed  by  the 
resistance  external  to  the  choking  coil  is  mea^sured  by  EF  and  the 
power  wasted  in  the  choking  coil  itself  is  given  by  CD  — •  EF,  It 
will  be  observed  that  the  maximum  power  in  the  external  resistance 
does  not  occur  at  the  same  point  as  the  maximum  power  in  the 
whole  circuit,  but  occurs  shortly  after  the  total  power  has  begun  to 
decrease.  In  measuring  the  magnitude  of  the  reactance  by  the 
method  shown  in  the  last  paragraph,  a  modification  is  necessary. 
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When  the  ciicuit  is  absorbing  the  maximum  power,  the  reactance 
18  eqnal  to  the  external  resistance  plus  the  equivalent  resistance  of 
the  choking  coil  itself,  or 


But 


and 


Therefore 


and 


Again, 


where 


AC=CE  +  EB. 
AC  =  AE  Bina 
CE  =^AE  cos  a. 
AE  Bina  =  AEcoBa  +  EB 
EB 


sm  a  —  cos  a  = 

AC=^AEcosa  +  EB 
cos  a 


AE' 


=  EBx 


sm  a  —  cos  a 


+  EB 


=  EB(-^^^^—  +l) 
\8in  a  —  cos  a        / 

=  EB  X 


sma 


sina  — 

COSO 

=^EB 

Xi. 

_        sin  a 
~8ina  — coBa 

AC 
EB' 

0 

1 — 

9 

\ 

m    n     A 

\" 

"^ 

■4* 

V 

2 

— V 

V 

^ 

0 

0*2 


0-4  0*6 

BB 

AB 


0*8 


10 


no.  61.— Vtluei  of  *  =  ..  ~^^  . 
sm*  -  cos  a 


The  quantity  4=1 i  can  be  determined  from  the 

^  ^  Vsma  — cosa/ 


EB 


voltage  ratio  --r^,  and  this  relationship  is  shown  in  Rg.  51.     The 
reactance  of  the  choking  coil,  therefore,  is  equal  to  the  external 


74 


ALTERNATING  CURRENTS 


CH. 


resistance  multiplied  by  the  constant  k  which  depends  upon  the 
ratio  of  the  voltages  over  the  resistance  and  choking  coil.  The 
observations  must,  of  course,  be  taken  at  the  point  where  the 
wattmeter  reading  is  a  maximum. 

CIreuit  eontaining  Gapaelty  and  Resistance. — The  circle  diagram  in 
this  case  is  similar  to  the  previous  ones,  with  the  exception  that  the 
voltage  over  the  resistan6e  leads  the  applied  voltage  and  conse- 
quently is  drawn  from  the  left  end  of  the  semicircle  as  shown  in 
Fig.  62.  Otherwise,  this  case  can  be  treated  in  the  same  way  as  a 
pure  inductance,  since  the  energy  losses  in  the  condenser  will  be 
negligible. 


Resistance  Cond 


IZ  B  E' Constant 

Fio.  52. — Circuit  oontalning  Capacity  and  Resbtance. 


Two  Impedances  in  Series. — ^If  a  constant  impedance  be  connected 
in  series  with  a  variable  impedance,  the  latter  being  varied  by 
means  of  its  resistance  only;  the  example  resolves  itself  into  a  case 
of  two  constant  reactances,  a  constant  resistance  and  a  variable 
resistance  in  series.  The  circle  diagram  for  this  circuit  is  illus- 
trated in  Fig.  53.     AB^  on  which  the  semicircle  ACB  is  erected 


A  t  i.  (j        D 

Vouer  Vouer  Vouer  Vouer 
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E'  Constant 


Fia  53d — ^Two  Impedances  in  Series. 


represents  the  constant  applied  voltage.     The  base  AB  is  divided 

AD      X 
at  D  so  that  r=-=  =  =^,  where  X^  and  X2  are  the  reactances  of  the 
JJiS       A2 

two  impedances,  and  a  semicircle  AED  is  erected  on  the  base 

AD.     Now  any  line  drawn  from  A,  such  as  AC,  will  be  divided  at 

AE      X 

E  so  that  '=^  =  -^ .     This  can  be  seen  from  a  consideration  of  the 

similar  triangles  AED  and  ACB.      A  vertical  line  BF  is  next 

TDJp  p 

erected  at  the  point  B,  its  length  being  such  that  -r-=r  =  —^ ,  where 
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Hi  is  the  constant  resistance  of  the  first  impedance.  A  semicircle 
]XfF  is  erected  on  BF  intersecting  the  line  CB  at  0.  Since  the 
angle  GBF  =  a,  therefore 


and 


Therefore 


GB  =  BF  cos  a 
AE  =  AD  cos  a. 
OB  ^BF^B^ 
AE      AD      Zi' 


Since  it  is  a  series  circuit  and  AE  represents  the  voltage  across  JC|, 
GB  will  represent  the  voltage  across  Bi,  and  consequently  CG  will 
represent  the  voltage  across  the  variable  resistance  B^.  The 
voltage  across  the  variable  impedance  is  given  by  EG  and  the 
voltage  across  the  constant  impedance  by  the  vector  sum  of  AE 
and  GB, 

Cirele  Diagram  for  Two  Parallel  Clreuito. — ^If  a  circuit  be  built  up 
of  two  parallel  branches,  each  consisting  of  a  resistance  and  a 


Fig.  54.— Circle  Diagram  for  Two  Parallel  Circuits. 

reactance,  but  connected  so  that  the  resistance  of  one  branch  is 
opposite  to  the  reactance  of  the  other,  then  a  complete  circle  diagram 
can  be  drawn  as  shown  in  Fig.  54. 

The  voltage  across  the  two  points  C  and  D  is  given  by  the  vector 
CD,  its  maximum  value  being  equal  to  the  applied  voltage  and 
occurring  whenever  C  and  D  are  at  opposite  ends  of  a  diameter. 
The  conditions  necessary  to  make  the  voltage  CD  a  maximum  are 
that 

I^Bi  =  /a-Rj 

and  ^v^\  ^^=  ^2^2 


or 


B^      Z," 


The  phase  difference  between  the  voltage  CD  and  the  applied 
voltage  can  be  adjusted  to  any  value  by  regulating  the  amounts  of 
resistance  and  reactance  in  the  circuit.    In  order  to  obtain  a  phase 
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difference  of  90®,  the  resistance  of  ea<5h  branch  must  be  made  equal 
to  the  corresponding  reactance. 

A  similar  circle  diagram  can  be  constructed  for  a  circuit  in  which 
the  choking  coils  have  been  replaced  by  condensers,  the  ^only 
difference  being  that  the  idle  voltage  is  drawn  to  the  right  in  the 
top  half  of  the  diagram,  and  to  the  left  in  the  bottom  half,  since 
the  current  leads  the  voltage  in  a  condenser. 

A  further  case  of  parallel  circuits  which  may  be  considered  is 
that  wherein  one  branch  consists  of  a  choking  coil  and  a  resistance 
whilst  the  other  consists  of  a  condenser  and  a  resistance.  The 
circle  diagram  for  such  a  circuit  is  illustrated  in  Fig.  56.  A  x)oint 
to  be  noted  is  that  this  time  the  two  resistances  are  opposite  to  one 
another,  instead  of  being  opposite  to  the  choking  coils.    In  this 


B  A 


D 

FiQ.  56. — Circle  Diagram  for  I'wo  other' Parallel  Circuits. 

case,  the  conditions  necessary  to  make  the  voltage  CD  a  maximum 
are  that 

and  /jZi  =  /,iJ, 

If,  in  addition,  R^  =  X|  and,  consequently,  R^  =  ^2,  the  figure 
ACBD  becomes  a  square  and  the  voltage  across  CD  is  90°  out  of 
phase  with  that  across  AB.  __ 

Again,  if  X^  and  X,  are  made  equal  to  \/3  x  Ri  and  VS  x  R^ 
respectively,  the  angles  CAB  and  DAB  will  each  be  30°,  the  triangle 
ACD  will  become  equilateral,  and  the  three  voltages  AC,  CD  and 
DA  will  aU  be  120°  out  of  phase  with  each  other. 

If,  however,  additional  circuits  are  connected  to  these  various 
points  and  current  taken  off,  the  relative  phases  of  the  voltages 
will  be  affected  and  the  above  relations  will  no  longer  hold  good. 


CHAPTER  Vm 

MAGNirriG  FBOPEETEES  OF  IRON 

HMgaetlt  Induetion. — ^When  a  specimen  of  iron  is  magnetised  by 
means  of  an  electric  current,  a  certain  magnetic  flyx  is  set  up,  which 
increases  with  the  current,  although  not  proportionaUy.  Since  the 
cross  section  of  the  iron  remains  constant,  the  flux  density  B  is 
proportional  to  the  total  flux  4>,  whilst  the  magnetic  force  H  is 
proportional  to  the  ampere-turns  of  the  solenoid  enclosing  the 
specimen.  The  relationship  between  B  and  JEf  is  a  most  important 
one,  since  it  tells  us  what  magnetic  force  is  necessary  to  produce  a 
given  flux  density  in  a  certain  specimen,  and  the  curve  connecting 
these  two  quantities  is  a  characteristic  of  that  particular  brand  c^ 
iron  or  steel. 

The  ratio 

Elux  density  __B 
Magnetic  force      H 

is  termed  the  permeability  and  is  denoted  by  fi.  It  is  therefore 
evident  that  a  good  brand  of  iron  from  the  magnetic  point  of  view 
must  have  a  high  value  for  the  permeability,  although  this  is  not 
the  only  criterion,  as  will  be  seen  later.  IMfferent  brands  of  iron 
and  steel  have  different  B — H  curves,  the  shapes  of  which  are 
affected  by  the  composition  and  treatment  of  the  material,  such  as 
the  d^ree  of  hardness.  A  number  of  typical  examples  are  shown 
in  Tig.  56.  At  first,  the  flux  density  is  roughly  proportional  to 
the  magnetic  force,  but  after  a  time  this  proportionality  falls  off 
and  the  iron  is  said  to  be  saktrated,  that  portion  of  the  curve  where 
the  bend  occurs  being  caUed  the  knee.  It  is,  however,  important 
to  note  that  this  knee  is  not  a  definite  point,  since  it  will  appear 
at  quite  a  different  place  if  the  curve  is  drawn  to  a  different  scale, 
so  that  the  term  saturation  is  only  a  relative  one.  When  a  B — H 
curve  is  plotted  so  as  to  give  information  at  high  fiux  densities,  the 
knee  appears  further  up  the  curve,  as  illustrated  in  Fig.  57,  which 
curve  is  useful  when  calculations  on  the  flux  density  in  armature 
teeth  are  required. 
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Hysteresis. — The  induction  density  which  results,  in  a  specimen 
of  iron,  from  the  application  of  a  given  magnetic  force  depends 
upon  the  previous  magnetic  history  of  the  specimen.  The  B — H 
curve  lies  higher  when  taken  with  descending  than  with  ascending 
values  of  Hy  and  if  the  magnetic  force  be  reversed  the  induction 
density  appears  to  lag  behind  the  magnetic  force.    In  fact,  if  the 
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magnetic  force  be  carried  through  some  cycle,  finally  returning  to 
the  starting  point,  the  curve  connecting  the  induction  density  with 
the  magnetic  force  will  describe  a  figure  which  may  or  may  not 
be  a  closed  loop.  If  the  specimen  be  taken  through  the  same  cycle 
of  events  a  number  of  times  it  will  eventuallv  come  into  what  is 
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termed  a  cydical  state,  and  the  complete  B — H  curve  will  then  be 
a  closed  figure  known  as  the  Hyaieifisis  loop.  It  is  usually  deter- 
mined by^magnetising  the  iron  to  equal  extents  in  either  direction 


€ 


150 



^ 

140 

^ 

-— 

"^ 

180 

_f^ 

^ 

-" 

'' 

^ 

^ 

191% 

/ 

1 

110 

/ 

/ 

100 

i\ 

^ 

H 

^ 

\ 

puO 


0  1000   Ampere  Turns     2000  8000 

per  inch 

Wia.  57.~lUgneUaatk>n  Curve  for  Armftture  StompliisB  At  High  Flux  Densities. 


SO  that  the  hysteresis  loop  is  symmetrical  about  the  origin  of  the 
curve.  This  really  amounts  to  an  alternating  flux  with  the  same 
maximum  in  either  direction. 

In  changing  the  state  of  magnetisation  of  the  iron,  some  of  the 
molecular  magnets  are  displaced  relatively  to  one  another,  and  this 
results  in  a  kind  of  molecular  friction,  heat  being  engendered. 
Hence  energy  must  be  supplied  to  the  iron  to  provide  for  this 
wastage.  It  has  been  shown  that  a  certain  definite  quantity  of 
energy  must  be  supplied  in  building  up  the  magnetic  field,  but  in 
the  case  of  materials  exhibiting  hysteresis  the  whole  of  this  energy 
is  not  given  back  to  the  source  of  supply,  for  when  the  magnetising 
current  has  dropped  to  zero  some  magnetic  flux  still  remains,  retaining 
a  certain  amount  of  energy.  Hence,  during  the 
complete  cycle  there  is  a  net  amount  of  energy 
supplied  to  the  specimen,  this  energy  being  con- 
verted into  heat,  and  it  can  be  shown  that  the 
amount  thus  lost  is  proportional  to  the  area  of 
the  hysteresis  loop. 

In  order  to  get  the  iron  into  a  cyclical  state 
so  as  to  obtain  a  normal  hysteresis  loop,  it  is 
necessary  to  take  the  specimen  through  the  com- 
plete cycle  about  fifty  times,  always  taking  care 
to  iaravel  round  the  loop  in  the  same  direction. 
Fig.  58  shows  a  typical  example  of  a  hysteresis  loop  when  the 
specimen    has    been   carried   through    a    symmetrical    and    an 


Fio.  58.— Hy»t«resi8 
Loops. 
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unsymmetrical  cycle.  The  hysteresis  loss  increases  appreciably 
when  the  cycle  is  changed  from  a  symmetrical  to  an  unsym- 
metrical one,  indicated  by  an  increase  in  the  area  of  ;bhe  loop, 
although  the  maximum  vertical  height  remains  unaltered* 

Steinmetx's  Law. — Steinmetz  enunciated  the  law,  based  on  experi- 
mental observation,  that  the  area  of  the  hysteresis  loop  is  pro- 
portional to  the  l-6th  power  of  the  maximum  induction  density, 
although  more  modem  determinations  of  this  index  give  the  value 
as'  being  more  nearly  1*7.  This  figure  is  known  as  the  Steinmetz 
index.  For  very  accurate  work,  a  slight  correction  has  to  be  made, 
since  the  hysteresis  loop  has  no  appreciable  area  if  the  maximum 
induction  density  is  not  carried  beyond  about  100  lines  per  sq.  cm., 
and  the  corrected  expression  takes  the  form  (B  — 100)^,  the  index  x 
being  very  slightly  modified.  The  value  of  this  correction  becomes 
apparent  when  measurements  at  low  induction  densities  are  made, 
although  for  most  practical  purposes  it  may  be  n^lected.  This 
variation  is  sometimes  allowed  for  by  using  different  values  of  the 
index  for  different  maximum  values  of  the  flux  density. 

The  hysteresis  loss  per  cycle  is  proportional  to  the  volume  of 
the  iron  or  steel  used,  but  it  has  been  found  that  over  very  wide 
ranges  the  loss  of  energy  per  cycle  is  imaffected  by  change  of 
frequency,  from  which  it  follows  that  the  power  loss  in  watts  is 
directly  proportional  to  the  frequency.  The  final  expression  for 
the  power  wasted  in  hysteresis  is 

Pa  =  A  X  t;  X  /  X  -B*-'  X  10"^  watts, 

where  %  is  a  constant  known  as  the  hystereiic  constant  and  usually 
has  a  value  ranging  from  0*0005  to  0*001  in  the  case  of  soft  annealed 
plates.    The  volume  v  is  measured  in  c.c. 

In  determining  the  area  of  the  hysteresis  loop,  a  first  approxima- 
tion can  be  made  by  replacing  the  loop  with  a  rectangle  of  equal 
width  and  height  to  the  actual  loop,  as  shown  in 
Fig.  59.    This  is  allowable,  since  the  horizontal 
]      width   of   the   loop    is    approximately    constant 
B\      throughout.     The  area  of  this  rectangle  is  2Bw, 
— L     and  is  proportional  to  JB^-',  from  which  it  foUows 
/[  that  w  is  proportional   to  JB®'.      This  is  useful 

when  it  is  desired  to  predetermine  a  particular 
loop,  the  loop  at  another  induction  density  being 
Fxa.  50.— Appioxim.  kuowu.  For  example,  if  the  maximum  value  of 
***  ^  L<2p7^*"'  ^  ^  increased  by  10  per  cent,   the   horizontal 
width   of   the   loop    is    increased    in    the    ratio 
M<>-7  =  l-07,  or  by  7  per  cent. 

The  hysteresis  loss  measured  in  watts  per  c.c.  is  shown  graphi- 
cally in  Fig.  60,  the  bounding  lines  of  the  shaded  portion  representing 
good  and  bad  specimens  of  soft  annealed  iron  plates.     In  order  to 
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determine  the  loes  at  other  frequencies,  the  values  obtained  from 
the  curve  must  be  changed  in  the  direct  ratio  of  the  frequencies. 
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Rotating  Hysteresis. — ^When  the  induced  flux  in  the  iron  is  of  a 
rotating  instead  of  an  alternating  character,  the  curves  of  hysteresis 
are  modified  to  a  very  considerable  extent  as  illustrated  in  Fig.  61. 
A  strildng  peculiarity  about  rotating  hysteresis  is  that  as  the  induction 
density  is  graduaUy  raised  the  hysteresis  suddenly  disappears  in 
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the  neighbourhood  of  JS  =  20,000.     In  certain  cases  it  may  therefore 
be  desirable  actually  to  increase  the  flux  density  in  order  to  bring 
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about  a  reduction  of  the  hysterefsis  loos,  although  the  excitmg 
ampeie-turns  may  be  considerably  increased  thereby. 

Ageing  of  Iron. — It  has  been  determined  experimentally  that  the 
hysteresis  loss  in  annealed  iron  stampings  increases  with  lapse  of 
time,  this  increase  being  as  much  as  50  per  cent,  in  some  cases  of 
very  old  iron.  The  temperature  at  which  the  iron  is  worked  is  a 
very  important  factor,  since  this  ageing,  as  it  is  called,  only  becomes 
of  such  a  magnitude  if  the  working  temperature  is  allowed  to  exceed 
about  85°  C.  Consequently,  in  modem  apparatus  efforts  are  made 
to  avoid  higher  temperatures  than  this.  A  suggested  comparison 
of  different  brands  of  iron  with  respect  to  their  ageing  properties  is 
the  percentage  increase  of  hysteresis  loss  caused  by  keeping  the 
sample  at  a  temperature  of  100°  C.  for  a  period  of  600  hours.  With 
ordinary  iron  stampings,  the  ageing,  measured  on  this  basis,  should 
be  below  15  per  cent.  It  can  be  reduced  by  suddenly  cooling  the 
plates  from  a  red  heat,  whilst  unannealed  iron  plates  show  scarcely 
any  signs  of  ageing  at  all. 

A  special  silicon-iron  alloy  containing  about  3^  per  cent,  of 
silicon,  known  as  ataUoy,  has  a  very  much  lower  hysteresis  loss 
than  pulre  iron,  but  its  high  cost  militates  against  its  more  general 
adoption. 

It  has  been  observed  that  mechanical  pressure  also  increases 
the  hysteresis  loss  to  an  appreciable  extent,  so  that  it  is  desirable 
that  excessive  pressures  should  not  be  used  in  the  building  up  of 
iron  cores,  although  a  certain  amount  is  absolutely  indispensable 
from  the  constructional  point  of  view. 

Eddy  Currents. — When  an  alternating  magnetic  flux  follows  an 
iron  path,  small  but  definite  E.M.F.'s  are  set  up  in  the  iron  itself, 
due  to  the  fact  that  it  is  an  electrical  conductor  being  cut  by  lines 
of  force.  These  E.M.F.'s  act  upon  closed  electrical  circuits  in  the 
iron,  and  set  up  local  circulating  currents  known  as  Foucavlt  or 
Eddy  Currents  and  give  rise  to  a  loss  of  power,  since  these  currents 
flow  through  paths  of  definite  resistance.  The  energy  thus  dissi- 
pated reappears  as  heat  in  the  same  way  as  the  hysteresis  loss,  but 
must  be  supplied  from  an  external  source  in  the  first  place. 

The  lamination  of  the  iron  shoidd  be  carried  out  in  such  a  plane 
that  the  thickness  of  the  plate  corresponds  to  the  length  of  the 
conductor  which  is  having  an  E.M.F.  induced  in  it,  this  being 
proportional  to  the  thickness  of  the  laminations.  But  the  resistance 
of  the  meccn  path  of  the  eddy  currents  is  inversely  proportional  to 
the  thickness  of  the  plates  as  well,  so  that  the  watts  lost  per  lamina- 

tion,  ^      1,  are  proportional  to  the  cube  of  the  thickness.    However, 

the  total  number  of  laminations  in  a  given  volume  of  iron  is  inversely 
proportional  to  the  thickness,  so  that  finally  the  watts  per  c.c.  are 
proportional  to  the  square  of  the  thickness.  They  are  obviously 
proportional  also  to  the  total  volume  of  iron  used. 
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The  induced  E.M.F.  is  proportional  to  the  maximum  value  of 

the  flux  density,  and  since  the  watts  are  given  by  j=-,  the  power 

lo6s  is  proportional  to  the  square  of  the  maximum  flux  density. 
In  the  same  way,  the  loss  is  seen  to  be  proportional  to  the  square 
of  the  frequency. 

Combining  all  these  factors  together,  the  eddy  current  loss  can 
be  represented  by  a  formula  of  the  type 

Pe  =  H*B^Pv  watts, 

where  k  has  a  value  of  about  1-4  x  10  ~^^,  all  the  dimensions  being 
in  cm. 

The  eddy  current  loss  in  the  case  of  stalloy  is  about  half  what  is 
given  by  the  above  formula. 

If  the  iron  were  not  laminated  the  eddy  currents  would  be  so 
powerful  that  they  would  react  to  an  enormous  extent  upon  the 
field  which  produces  them,  diverting  the  flux  from  the  interior  of 
the  metal.  Thus  a  mass  of  iron,  or  indeed  of  any  metal,  exerts  a 
shielding  effect  on  that  which  lies  behind  it,  in  so  far  as  it  keeps 
back  the  magnetic  flux  and  forces  it  into  other  paths.  In  the  case 
of  armoured  cables  having  a  continuous  metal  sheath  the  con- 
ductors are  arranged  so  that  their  magnetic  effects  neutralise  one 
another,  thus  avoiding  large  eddy  current  losses  in  the  sheath. 

Hnx  Measurement. — ^Mecusurements  of  the  flux  density  in  an 
iron  specimen  can  be  carried  out  by  a  number  of  methods,  but  the 
following  is  one  in  which  an  alternating  current  is  employed.  The 
specimen  is  made  up  in  the  form  of  a  choking  coil  having  a  winding 
which  consists  of  a  known  number  of  turns,  T.  When  specimens  are 
specially  prepared  the  cores  are  usually  built  up  in  the  form  of  a 
rectangle  or  a  circle,  a  number  of  laminations  being  bunched  together. 
Hie  winding  is  supplied  with  an  alternating  pressure  which  will  be, 
for  the  present,  assumed  to  be  sinusoidal.  Further,  assuming  that 
the  IB  drop  in  the  winding  is  negligible,  the  whole  of  this  voltage 
is  used  up  in  overcoming  the  back  E.M.F.  which  is  due  to  the 
inductance.  This  back  voltage  is  proportional  to  minus  the  rate 
of  change  of  the  magnetic  flux  and  wiU  lag  behind  it  by  90"*  (see  p.  16), 
and  hence  the  applied  pressure  will  lead  the  flux  by  90"^.  Further, 
since  the  rate  of  change  curve  of  a  sine  function  also  obeys  a  sine 
law,  it  follows  that  a  sinusoidal  flux  is  produced  by  a  sinusoidal 
E.M.F. 

During  a  complete  cycle  of  magnetic  flux  e€kch  turn  is  cut  by 
the  total  maximum  flux  set  up  four  times,  viz.,  once  each  time  it 
rises  and  once  each  time  it  falls.  If  the  maximum  flux  be  denoted 
by  4>,  the  total  lines  cut  per  turn  per  cycle  are  44>,  and  the  total 
lines  cut  per  turn  per  second  are  44>/,  where  /  is  the  frequency. 
The  average  E.M.F.  induced  per  turn  is  therefore  44>/  X  10" • 
volts,  and  since  the  E.M.F.  is  sinusoidal,  this  corresponds  to  an 

G  2 
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R.M.S.  voltage  of  l-ll  x  4*/  X  lO"*  volts,  for  the  form  factor  of  a 
sine  wave  is  I'll.  The  total  R.M.S  voltage  induced  in  the  whole 
winding  is 

JP  =  4-44  X  */r  X  10- «  volts, 

and,  neglecting  the  IB  drop,  this  is  equal  to  the  applied  pressure. 
If  the  wave  form  is  not  sinusoidal  the  R.M.S  voltage  is  equal  to 

E  =  ilc^fT  X  10- •volts, 

where  h  is  the  form  factor.  Knowing  the  number  of  turns, 
frequency  and  voltage,  the  flux  can  be  calculated  as  follows : — 

-       ^  X  10»  ,. 
*  =  4.44/T  ^^"^' 

In  cases  where  the  IR  drop  is  not  negligible,  it  must  be  subtracted 
vectorially  from  the  applied  voltage. 

By  applying  different  voltages  different  fluxes  are  obtcdned, 
and  the  corresponding  densities  can  be  determined  by  dividing  by 
the  cross  section  of  the  iron.  The  values  obtained  really  constitute 
the  tips  of  successive  hysteresis  loops.  If  the  B — H  curve  were  a 
straight  line,  the  magnetising  ampere-turns  would  be  proportional 
to  the  flux  density  at  any  instant  and  the  wave  form  of  the  magne- 
tising current  would  be  similar  to  that  of  the  flux  and  voltage,  but 
this  is  not  so  in  the  case  of  iron  and  steel,  and  hence  the  current  and 
voltage  wave  forms  are  not  similar.  The  actual  determination 
of  the  current  wave  form  will  be  dealt  with  in  Chapter  IX. 

In  order  to  make  accurate  determinations  of  the  B — H  curve, 
the  maximum  values  of  the  current  and  voltage  should  be  obtained, 
since  these  correspond  to  the  maximum  value  of  the  flux  density, 
this  being  rendered  necessary  by  the  change  of  wave  form. 

Measurement  of  Iron  Loss. — In  order  to  measure  the  iron  loss  in  a 
specimen,  all  that  is  necessary  is  to  measure  the  input  to  such  a 
ring  or  square  as  is  described  above.  This  is  done  most  con- 
veniently by  means  of  a  wattmeter  (see  p.  43).  The  magnetising 
component  of  the  current  does  not  cause  any  loss  of  power,  since  it  is 
in  quadrature  with  the  voltage,  and  the  PR  and  instrument  losses 
can  be  allowed  for.  Since  the  power  factor  will  be  very  low,  care 
should  be  taken  to  obtain  a  wattmeter  which  will  read  accurately 
on  a  low  power  factor.  It  is  also  desirable  that  the  E.M.F.  wave 
form  should  be  as  nearly  as  possible  a  sine  wave. 

The  great  disadvantage  of  the  ring-shaped  specimen  is  the  fact 
that  it  must  be  hand  wound,  but  on  the  other  hand  any  shape  which 
aUows  a  former  woimd  coil  to  be  slipped  into  position  must  contain 
one  or  more  magnetic  joints  and  these  exert  a  considerable  effect 
upon  the  magnetic  reluctance.  If,  however,  it  is  the  core  loss 
which  it  is  desired  to  measure,  this  will  not  be  of  much  moment, 
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since,  although  the  magnetising  current  will  be  increased,  the  watts 
lost  will  remain  the  same.  For  this  reason,  therefore,  straight 
specimens  built  up  into  the  form  of  a  square  are  largely  used. 

Ipsteln's  Iron  Testing  Apparatus. — ^In  this  apparatus,  the  sample 
laminations  are  built  up  into  four  cores,  which  are  arranged  in  the 
form  of  a  square,  as  shown  in  Fig.  62.  The  dimensions  of  the 
laminations  are  500  mm.  by  30  mm.,  whilst  the  cores  are  built  up 
to  a  thickness  of  about  25  mm.,  having  a  mass  of  2*5  kilogrammes 
each.  The  individual  laminations  are  insulated  from  each  other 
by  thin  sheets  of  paper,  whilst  at  each  comer,  where  a  butt  joint  is 
formed,  a  thin  layer  of  paper  or  press-spahn  is  placed  so  as  to  avoid 
any  additional  eddy  current  loss  which  might  be  caused  by  the 
short-circuiting  of  adjacent  stampings.  The  four  cores  are  held  in 
position  by  means  of  wooden  clamps,  one  of  which  is  placed  at 
each  comer. 

Each  core  carries  a  winding  which  consists  of  150  turns  in  series, 
the  total  cross  section  of  the  wire  being  14  mm.'.  This  is  wound 
upon  a  press-spahn  tube  having  a  bore  of  38  mm.  and  a  length  of 
435  mm.  These  four  coils,  connected  in  series,  have  a  total 
resistance  of  about  0-18  ohm. 


Fie.  62.— Bpftdn  Iran  Testing  Apparatiu. 


In  making  a  measurement  of  the  total  iron  loss,  the  wattmeter 
reading  is  observed,  whilst  the  flux  density  is  calculated  after  the 
manner  shown  on  p.  84.  Since  the  total  power  absorbed  is  very 
small,  the  voltmeter  should  be  disconnected  whilst  taking  the  watt- 
meter reading  and  the  other  instrument  losses  allowed  for  if  neces- 
sary, as  well  as  the  copper  loss  of  the  magnetic  square  itself. 

The  loss  is  usually  stated  in  watts  per  kilogramme  or  per  lb. 
at  a  stated  induction  density  and  frequency.  A  basis  of  com- 
parison for  different  grades  of  iron,  adopted  in  German  practice, 
is  the  power  lost  in  watts  per  kilogramme  at  a  flux  density  of 
10,000  lines  per  cm.'  and  a  frequency  of  50.  This  is  termed  the 
Figure  of  Loss.  The  curves  in  Fig.  63  show  the  iron  losses  in 
ordinary  sheet  iron  and  in  the  special  alloyed  iron  stampings 
already  referred  to.  The  figure  of  loss  comes  out  at  3*3  and  1*6 
watts  per  kilogramme  respectively. 

Sometimes  a  rectangular  core  with  a  removable  fourth  limb  is 
built  up  so  that  different  samples  of  iron  can  be  tested  in  succession. 
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The  losses  in  the  other  three  limbs  must  be  measured  and  allowed 
for  in  measurements  on  different  samples. 
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Fig.  63.    Total  Iron  Loisw. 
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SeiMtratton  of  Hysteresis  and  Eddy  Current  Loss. — In  order  to 
separate  the  total  iron  loss  into  the  hysteresis  and  eddy  current 
components,  a  series  of  observations  is  made  at  constant  flux 
density,  but  with  varying  frequency.     To  maintain  constant  flux 

density,   all   that  is  necessary  is  to  keep    the  ratio 


constant,  for 


frequency 


^  =4-44  X  10-»*!r. 


Since  T  is  constant  for  a  given  winding,  the  flux  <1>  is  solely 

E 
dependent  upon  the   ratio  j.     The  voltage  must  therefore  be 

varied  proportionally  to  the  frequency. 

In  these  conditions,  the  only  variable  quantity  in  the  expression 
for  the  iron  loss  is  the  frequency,  and  the  hysteresis  and  eddy 
current  losses  can  be  represented  by  the  expressions  P^  =  a/  and 
P«  =  ftp  respectively,  a  and  6  being  constants.  The  total  iron  loss 
is  therefore  equal  to 


and 


If  the  quantity  -7  be  plotted  against  frequency,  the  resulting  curve 

should  be  a  straight  line  [sec  Fig.  64  (a)],  the  value  at  zero  frequency 
giving  the  constant  a  and  the  slope  of  the  curve  determining  b. 
The  hysteresis  loss  at  any  frequency  is  given  by  a/,  whilst  the 
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remaining  power  is  due  to  eddy  currents.  Let  a  horizontal  line  be 
drawn  tbrough  k  [Fig.  64  (a)]  and  a  vertical  line  Imn  at  any  chosen 
frequency.  The  area  olmk  =  a/ represents  the  hysteresis  loss,  whilst 
the  area  kmn  is  proportional  to  (im)*  =  /*  and  represents  the  eddy 
current  loss. 

Another  way  of  arriving  at  this  result  is  to  plot  the  total  watts 
lost  against  the  frequency,  drawing  a  tangent  to  the  curve  at  the 
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Fio.  64. — Separation  of  Iron  Losies. 
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origin.  At  any  frequency  /  [see  Fig.  64  (6)]  the  height  pq  represents 
the  hysteresis  loss,  since  tUs  height  is  proportional  to  the  frequency. 
The  remaining  height,  qr,  ^represents  the  eddy  current  loss.  The 
reason  why  the  tangent  at  the  origin  is  chosen  is  that  at  very  low 
frequencies  the  eddy  current  loss  is  negligible,  since  it  is  proportional 
to  the  square  of  the  frequency.  It  is  important  to  get  some  experi- 
mental observations  at  low  frequencies  in  order  to  determine  the 
position  of  the  tangent  with  accuracy. 

Bzpmsion  for  Total  Iron  Loss. — From  the  foregoing  it  is  seen  that, 
for  a  constant  frequency,  part  of  the  iron  loss  is  proportional  to 
J5^'^  whilst  the  remainder  is  proportional  to  J5*,  and  efforts  have 
been  made  to  obtain  an  empirical  expression  of  the  form  kB^  for 
the  total  iron  loss.  The  index  of  B  will  lie  between  the  limits  of 
1-7  and  2  in  the  case  of  ordinary  transformer  iron,  and  between 
1-66  and  2  in  the  case  of  stalloy,  1*66  being  the  value  of  the  Steinmetz 
index  for  this  latter  material.  The  result  of  experiment  shows  that 
for  flux  densities  between  4,000  and  10,000  lines  per  square  centi- 
metre, and  for  frequencies  between  25  and  60,  the  value  of  n  lies 
between  1-68  and  1-77  for  stalloy  (0*5  mm.  plates),  whilst  for  ordinary 
iron  (1  mm.  plates)  it  lies  between  1*75  and  1*83,  the  error  being 
within  1-6  per  cent.  Also  for  Lohysj  another  type  of  alloyed  iron 
(0*37  mm.  plates),  the  value  of  n  varies  from  1-73  to  1-82  for  flux 
densities  between  5,000  and  10,000,  and  for  frequencies  between 
25  and  60,  the  error  being  within  2-6  per  cent.^ 

Bffeet  of  Iron  Loss  on  Impedance. — In  the  case  of  a  choking  coil 
having  an  iron  core,  the  total  power  losses  occturring  in  it  will  consist 

'  McLachUn  :  "  Representation  of  the  Magnetisation  Losses  of  Iron,"  Joum 
LB,E.  To\.  53»  p.  350,  1915. 
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of  a  copper  loss  due  to  its  ohmic  resistance  and  an  iron  loss  due  to 
hysteresis  and  eddy  currents.  Such  a  choking  coil  could  be  replaced 
by  an  equivalent  one  having  no  iron  loss  at  all,  but  an  increased 
copper  loss  to  make  the  total  the  same  in  the  two  cases.  This 
results  in  an  apparent  increase  in  the  ohmic  resistance,  and  the 
choking  coil  can  be  considered  to  have  an  equivalent  resistance 
higher  than  its  true  ohmic  resistance  so  as  to  take  into  account  the 
whole  of  the  losses  occurring  in  the  choking  coil.  Thus  iron  loss 
has  the  effect  of  increasing  the  impedance  of  a  choking  coU. 

Cireuit  Equivalent  to  an  Aetual  Choking  CoIL — ^When  a  voltage  is 
applied  to  a  choking  coil,  part  of  it  is  absorbed  in  overcoming  the 
ohmic  resistance,  whilst  the  remainder,  considered  vectorially,  is 
used  for  overcoming  the  back  E.M.F.  set  up,  due  to  the  change  of 
magnetic  flux.  In  other  words,  the  circuit  may  be  considered  as  a 
pure  resistance  connected  in  series  with  a  resistanceless  choking 
coil.  But,  due  to  the  iron  loss  in  the  latter,  the  current  will  not  lag 
behind  its  volts  by  exactly  90°,  since  there  must  be  a  power  com- 
ponent. The  current  may  therefore  be  resolved  into  two  com- 
ponents, one  in  phase  and  the  other  in  quadrature  with  the  voltage 
acting  on  this  part  of  the  circuit,  wldch  may,  consequently,  be 
considered  as  a  pure  reactance,  L,  in  parallel  with  a  pure  resistance,  r. 

The  value  of  r  is  such  that  -^  is  the  total  iron  loss,  where  Er 

r 

is  the  voltage  remaining  after  the  IB,  drop  has  been  subtracted 

vectorially.     Fig.  66  shows  the  final  equivalent  circuit. 

•     •  r 
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Fio.  05.— Circuit  Equivalent  to  Choking  GoU. 

Flux  Distribution.— Jn  most  cases  in  practice  the  flux  is  more  or 
less  non-uniformly  distributed.  This  is  due  to  the  fact  that  the 
flux  endeavours  to  choose  the  shortest  path  and  hence  it  tends  to 
crowd  together  in  certain  parts  of  the  magnetic  circuit.  This  effect 
is  counterbalanced  by  the  repelling  action  of  the  lines  on  one  another 
resulting  in  a  tendency  to  cover  as  large  a  cross  section  as  possible. 
In  the  case  of  a  ring  or  a  rectangular  specimen,  the  former  effect 
tends  to  make  the  lines  crowd  about  the  inside  edge,  whilst  the 
latter  effect  forces  some  of  them  towards  the  outside  into  longer 
paths.  The  flux  densities  over  different  paths  will  be  inversely 
proportional  to  the  relative  reluctances  of  these  paths,  and  hence 
the  density  gradually  increases  as  the  inner  edge  is  approached. 

The  actual  iron  losses  as  determined  by  experiment  are  frequently 
in  excess  of  the  calculated  losses,  this  being  accounted  for  by  the 


vm  MAGNETIC  PROPERTIES  OF  IRON  89 

non-uniform  distribution  of  the  flux,  whieh  always  results  in  an 
increase  in  the  losses.  This  can  be  illustrated  by  means  of  an 
example.  Imagine  a  ring-shaped  specimen  with  an  iron  cross 
section  of  2  cm.*,  the  flux  density  being  10,000.  Taking  the 
hysteretic  constant  as  0*001  and  the  frequency  as  50,  the  watts 
lost  per  c.c.  would  be 

0-001  X  50  X  lOOOO^'  X  10-7  =  00315  watt. 

Now  imagine  that  over  one  half  of  the  cross  section  the  flux 
density  is  11000,  whilst  over  the  other  half  it  is  9000.  The  watts 
lost  per  c.c.  will  be 

0-001  X  60  X  llOOO^'  X  10-7  =  0-0371  watt 
and  0-001  x  50  X  90001-'  X  10-'=  0-0263  watt 

respectively,  giving  an  average  value  of  0-0317  watt  per  c.c, 
showing  a  slight  increase. 

In  a  number  of  cases  of  machines  of  different  types,  the  flux 
crosses  an  air  gap  and  then  has  to  traverse  a  path  which  consists 
of  a  number  of  iron  teeth  in  parallel  with  a  number  of  slots.  In  a 
case  like  this,  the  major  portion  of  the  flux  passes  down  the  teeth, 
but  some  of  the  lines  must  pass  down  the  slots  since  they  have  a 
definite  finite  reluctance.  The  actual  distribution  of  the  fiux  is 
somewhat  complicated,  but  lends  itself  to  mathematical  treatment. 

Galeulation  of  l^ignetlsing  Ampere-turns. — ^The  simplest  case  is 
that  of  a  ring  specimen  without  any  magnetic  joints.  Knowing 
the  magnetisation  curve  of  the  material,  the  maximum  value  of  H 
can  be  determined  for  a  given  maximum  value  of  B,  and  the  total 
maximum  ampere-turns  required  are  given  by  the  formula 

Knowing  the  number  of  turns  in  the  winding,  the  maximum  and 
R.H.S.  values  of  the  current  can  be  obtained. 

Let  the  total  maximum  fiux  be  <I>  =  B^,  where  a  is  the  cross 
sectional  area.    Then 
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assuming  sinusoidal  wave  forms. 

This  is  a  purely  idle  current  lagging  by  90^,  but  there  is  also 
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a  power  compouent  due  to  the  iron  losses.  This  can  be  deter- 
mined by  dividing  the  watts  lost  by  the  voltage.  The  resultant 
current  is  the  vectorial  sum  of  the  two. 

The  effect  of  magnetic  joints  is  quite  appreciable,  and  is  equiva- 
lent to  adding  a  small  air  gap,  thus  resulting  in  a  considerable 
increase  in  the  magnetising  ciurrent. 

Where  composite  magnetic  circuits  are  in  question,  the  problem 
'  is  more  complicated  and  is  dealt  with  by  the  method  of  determining 
the  ampere-turns  necessary  to  force  the  flux  through  each  part  of 
the  magnetic  circuit  in  succession.     The  sum  total  of  these  ampere- 
turns  enables  the  magnetising  current  to  be  determined. 


CHAPTER  IX 

WAVE  FORM 

Non-ftinusoidal  Wa?e  Form. — All  wave  forms  actually  obtained  in 
practice  differ  more  or  less  from  the  standard  sine  wave,  and  in 
cases  where  the  difference  is  considerable  it  is  necessary  to  take 
account  of  it.  Whether  sinusoidal  or  not,  the  wave  form  is  periodic 
in  its  character,  each  cycle  being  simOar  to  the  preceding  one.  It 
can  be  demonstrated  mathematically  that  any  periodic  curve  can 
be  split  up  into  a  number  of  pure  sine  waves  of  different  frequencies 
and  amplitudes  superposed  on  one  another.  One  of  these  com- 
ponent curves,  called  the  fundamenial,  will  have  the  same  frequency 
as  the  resultant  complex  curve.  The  other  components  wiU  have 
frequencies  which  are  exact  multiples  of  the  fundamental  frequency. 
If  the  frequency  of  one  of  these  other  components  bore  a  fractional 
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ratio  to  that  of  the  fundamental,  it  is  easy  to  see  that  the  second 
cycle  would  not  be  a  repetition  of  the  firat  as  illustrated  in  Fig.  66, 
where  the  ratio  of  the  frequencies  is  chosen  as  1*6. 

These  various  components  are  known  as  harmonics,  and  are 
distinguished  by  means  of  a  number.  For  example,  the  third 
harmonic  is  that  component  sine  wave  which  has  a  frequency  three 
times  that  of  the  fundamental.  The  maximum  values  of  these 
various  harmonics  may  be  anything,  but  usually  they  get  smaller 
the  higher  the  frequency,  although  special  circumstances  may 
result  in  a  particular  one  being  weU  developed.    The  relative  phase 
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of  the  different  harmonics  may  also  be  anything  ;  it  is  not  necessary 
for  them  to  pass  through  the  zero  values  at  the  same  instant. 

The  three  things  which  specify  the  harmonic  are  (1)  the  frequency, 
(2)  the  amplitude  or  maximum  value  of  the  component,  and  (3)  the 
relative  phase.  Thus  the  instantaneous  value  of  a  complex  wave 
may  be  expressed  as 

c  =  jBi8in(tf +  ai)  +  ^jsin(2tf +  a,)  +  ^3sin(3^  +  a3)  +  ..., 
where  E^,  E^,  E^,  etc.,  are  the  maximum  values  of  the  fundamental 
and  the  various  harmonics  respectively,  0  is  the  angle,  measured 
at  fundamental  frequency,  moved  through  since  the  commence- 
ment, and  c^,  €4,  <i3,  etc.,  are  angles  representing  the  phase  of 
the  various  quantities  at  the  instant  from  which  the  effects  are 
measured.  For  example,  at  the  instant  of  commencement  the 
Instantaneous  value  of  the  fundamental  may  have  been  half  the 


Fio.  67.— Effect  of  Second  Harmonic. 

maximum  value.  Then  sin  (0  +  aj)  =  0'6,  and  since  0  is  zero, 
by  hypothesis  04  must  be  30''.  Again,  at  the  end  of  a  given  time 
imagine  that  the  fundamental  has  advanced  by  40°.  Then  the  instan- 
taneous value  of  the  fundamental  is  E^  sin  (40*"  +  SO"*)  =  O-ME^ 
or  0*94  times  its  maximum  value. 

EviBn  Harmonies. — An  even  harmonic  is  one  the  frequency  of 
which  is  an  even  number  of  times  the  fundamental  frequency.  One 
of  the  effects  of  an  even  harmonic  is  to  make  the  two  halves  of  the 
wave  dissimilar,  and  this  is  not  possible  with  the  ordinary  t3rpes  of 
AC.  generators  having  a  constant  speed,  for  whatever  occurs  under 
one  pole  is  repeated  imder  the  next  which  is  of  opposite  polarity. 
Thus  the  two  halves  of  the  wave  must  be  similar.  Fig.  67  repre- 
sents a  wave  with  a  50  per  cent,  second  harmonic  passing  through 
the  zero  60°  later  than  the  fundamental,  and  it  is  seen  that  not  only 
are  the  +  and  —  portions  dissimilar,  but  that  one  occupies  a  larger 
proportion  of  the  base  line  than  the  other.     All  the  even  harmonics, 
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therefore,  are  absent  in  the  wave  forms  obtained  from  the  ordinary 
types  of  generators. 

Odd  Harmonies. — ^The  presence  of  odd  harmonics  does  not  render 
the  two  halves  of  the  wave  dissimilar,  for  when  the  fundamental 
has  advanced  through  half  a  period  the  odd  harmonics  have  advanced 
through  a  number  of  complete  periods  plus  half  a  period,  and  hence 


vn 


VIII 


Fio.  08.— Effect  of  Third  HannoiUc. 

their  instantaneous  values  are  in  the  same  direction  relative  to  the 
instantaneous  value  of  the  fundamental.  There  is  therefore  no 
inherent  reason  why  odd  harmonics  should  not  be  present  in  E.M.F. 
and  current  waves,  and  they  are,  indeed,  found  there. 

Phase  of  Harmonies. — ^The  various  harmonics  may  go  through  their 
zero  values  at  anv  moment  relative  to  the  zero  of  the  fundamental, 
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and  this  question  of  the  relative  phase  alters  the  resulting  character 
of  the  wave  to  a  very  large  extent.  Fig.  68  shows  a  series  of  curves 
illustrating  the  effect  of  a  25  per  cent,  third  harmonic,  i.e,  a  third 
harmonic  the  maximum  value  of  which  is  25  per  cent,  that  of  the 


vn 


vm 


Fig.  69.— Effect  of  Fifth  Harmonic. 


maximum  value  of  the  fundamental.  The  different  curves  result 
from  the  application  of  different  values  to  the  angle  a  in  the 
expression 

e=^Ei^n0  +  E^  sin  (3^  +  a). 
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There  is  no  need  to  consider  an  angle  in  the  first  term  corresponding 
to  a,  for  this  would  simply  mean  (hawing  the  curve  from  a  different 
starting  point.  Fig.  69  shows  a  similar  series  of  curves  for  a 
25  per  cent,  fifth  harmonic. 

Curve  V  in  Fig.  68  and  curve  I  in  Fig.  69  are  termed  peaked 
waves,  whilst  curve  I  in  Fig.  68  and  curve  V  in  Fig.  69  are  examples 
of  what  are  termed  dimpled  waves.  These  two  terms  are  merely 
indicative  of  the  general  character  of  the  wave,  there  being  no 
rigid  demarcation  between  the  two. 

B.1LS.  Value  of  a  Complex  Wave.~Taking  an  E.M.F.  wave  as 
an  example,  let  the  instantaneous  value  be  represented  by 

e  =  JE?i  sin  tf  +  JS?3  sin  (3^  +  a)  +  jBj  sin  (5^  +  j3)  + 

Then  the  instantaneous  value  of  e'  is  given  by 

e*  =^  i^i«  sin«  0  +^E^*  sin«  {30  +  a)  +  JS?^*  sin?  (5^  +  j3)  +  .  .  . 
+  (fk  number  of  terms  containing  the  products  of  two  sines). 

It  can  be  shown  mathematically  that  the  average  product  of 
two  sines  of  different  frequencies  is  zero.^  Consequently  the 
average  value  of  e*  is  equal  to  the  average  value  of 

E^^  8in«^  +  ^3«  sin«  {30  +  a)  +  E^^ein^  {M  +  p)  + 

But  the  average  value  of  sin*  0,  or  sin*  {30  +  a),  etc.,  is  \.* 

'  Average  value  of  proiluct  of  two  si  nee 
=  i^-  /     sin  aO  sin  h$de 

=r       j^''  I  COS  {a9  -  b$)  -  cos  (a»  +  b$)]  de 
^  iiri''  [^^^  (a  -  6) «  -  cos  (a  -f-  b)  9\de 

-  /    X  0  -=  0. 


'  This  follows  from  the  foUowing  reasoning  :— 

1    rsir 
Average  value  of  sin*  tf  -  ,^    /     «i ii*9  dd 
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Therefore  the  average  value  of  e*  is  equal  to 


£,«      EJ      EJ 

2   ^    2    ^    2   ^ 


and  the  R.M.S  value  is 


In  a  similar  manner,  the  R  M.S.  value  of  a  complex  current 
wave  is  found  to  be 


/.VV+i»L+V±-.- 


Effect  of  Magnetie  Saturation  on  Current  Wave  Form. — ^In  the  case  of 
a  choking  coil  having  an  iron  core,  the  current  wave  form  is  distorted 
when  magnetic  saturation  occurs,  this  being  due  to  the  fact  that 
the  B — H  curve  is  not  a  straight  line.  The  simplest  case  to  take  is 
that  of  a  choking  coil  having  no  ohmic  resistance  at  all.  The  applied 
volts  must  therefore  be  balanced  at  every  instant  by  the  induced 
back  E.M.F.  If  the  wave  form  of  the  applied  voltage  is  sinusoidal, 
it  follows  that  the  wave  form  of  the  back  E.M.F.  must  also  be 
sinusoidal,  and  since  this. latter  is  proportional  to  the  rate  of  change 
of  flux,  it  follows  that  the  flux  itself  must  be  sinusoidal  as  well, 
although  displaced  by  90°  in  phase.  The  problem  resolves  itself, 
therefore,  into  determining  the  current  wave  form  necessary  to 
produce  a  sine  wave  of  flux.  If  the  flux  were  proportional  to  the 
current,  no  distortion  would  occur,  bi^t  this  is  not  so.  As  the 
B — H  curve  bends  over,  each  additional  ampere  of  magnetising 
current  produces  a  smaller  and  smaller  amount  of  flux,  and  conse- 
quently each  increment  of  flux  requires  a  larger  and  larger  increase 
in  the  current.  The  actual  wave  form  can  be  determin^  by  means 
of  the  following  graphical  construction. 

Let  the  left-hand  diagram  in  Kg.  70  represent  the  B — H  curve 
of  the  iron  used,  or,  preferably,  let  it  represent  the  relation  between 
the  total  flux  and  the  magnetising  current,  the  total  flux  being 
obtained  by  multiplying  the  density  by  the  cross  sectional  area 
and  the  magnetising  current  from  the  formula 

//  =  -7  X  ampere-turns  per  cm. 

The  sinusoidal  flux  wave  is  drawn  to  the  right.  In  order  to  obtain 
the  current  required  at  any  instant  to  produce  a  given  flux,  such  as 
ab,  a  projection  is  drawn  on  to  the  left-hand  diagram,  the  necessary 
current  being  given  Uy  oc.  The  point  d  is  then  obtained  by  making 
ad  equal  to  oc,  and  d  is  then  a  point  on  the  required  current  wave. 
This  is  repeated  until  a  sufficient  number  of  points  is  obtained 
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enabling  the  current  wave  to  be  drawn  in,  a  charaoteristic  example 
of  which  is  shown  in  the  figure.  The  outstanding  feature  of  the 
curve  is  the  fact  that  it  is  more  peaked  than  the  sine  wave  and 
usually  contains  a  prominent  third  harmonic.  It  is  a  purely  idle 
current,  since  it  passes  through  the  zero  at  the  same  instant  as 


0     C 

Mc^etising  GurenJt 


Fio.  70. — Effect  of  Magnetic  Saturation  on  Wave  Form. 


the  flux  which  lags  behind  the  applied  voltage  by  90°^  and,  more- 
over, both  halves  of  the  wave  are  equal.  The  resulting  power  curve 
is  a  double  frequency  one,  but  is  not  sinusoidal  in  character,  although 
the  average  value  is  zero.  Thus  it  is  seen  that  magnetic  saturation 
in  the  iron  causes  a  distortion  in  the  current  wave,  but  does  not 
result  in  any  loss  of  power. 

Sfloet  of  Hysteresis  on  Current  Wave  Form. — ^In  the  preceding 
paragraph  the  same  B — H  curve  was  taken  for  ascending  and 
descending  values,  with  the  result  that  the  cxurent  wave  was 
symmetric  about  its' maximum  value  and  was  purely  idle.  When 
the  effect  of  hysteresis  is  considered,  the  value  of  the  magnetising 
current  required  to  produce  a  given  flux  is  less  when  the  current 
is  decreasing  than  when  it  is  increasing,  and  since  the  flux  dies 
away  at  the  same  rate  that  it  is  built  up,  it  follows  that  the  current 
falls  away  at  a  greater  rate,  resulting,  in  general,  in  the  downward 
part  of  the  current  wave  being  steeper  than  the  upward  portion. 
The  current  wave  thus  loses  its  symmetry,  with  the  result  that  more 
energy  is  supplied  to  the  circuit  in  building  up  the  fleld  than  is 
returned  on  its  destruction.  Consequently,  a  power  component 
has  been  introduced  into  the  current  wave  which  was  to  be  expected, 
since  hysteresis  results  in  a  loss  of  power. 

In  order  actually  to  determine  the  current  wave,  the  graphical 
oonstTuction  explained  in  the  last  paragraph  is  again  emjdoyed, 
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using  a  hysteresis  loop  instead  of  a  simple  J? — H  curve  (see  Fig.  71). 
The  maximum  value  of  B  in  the  hysteresis  loop  is  made  equal  to 
the  maximum  value  of  the  flux  density  in  the  iron.  Care  must  be 
exercised  in  order  that  the  correct  portion  of  the  hysteresis  loop 


Fia.  71. — ^Effect  of  Hsrsteresis  on  Wave  Form. 

shall  be  used.  When  the  flux  is  zero  and  about  to  take  a  positive 
value,  the  necessary  magnetising  current  is  given  by  ob,  which 
length  is  transferred  to  a'h'  in'the  right-hand  diagram.  When  the 
flux  has  a  value  <ic  in  the  positive  direction,  the  corresponding 
magnetising  current  is  cd,  wUch  is  reproduced  at  c'd'.    Similarly, 


'Magnetising  Current 
Total  Current 


Fio.  72. — Sepanttion  of  HyttereBbi  aad  Magnetising  Current. 


ef  is  reproduced  at  e'f.  After  the  maximum  value  has  been  passed 
the  flux  follows  the  upper  curve  in  the  hysteresis  loop,  and  when  it 
has  decreased  to  a  value  ag  the  magnetising  current  is  gh,  from  which 
g'h'  is  plotted.    When  the  flux  has  dropped  to  ai  the  magnetising 
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current  has  dropped  to  zero,  after  which  it  commences  to  rise  in 
the  opposite  direction  before  the  flux  has  changed  sign.  It  is  thus 
seen  that  the  current  wave  leads  the  flux  wave  to  a  certain  extent 
and  hence  is  less  than  90^  behind  the  voltage  wave.  On  this  account, 
therefore,  the  average  value  of  the  power  assumes  a  positive  value, 
representing  the  hysteresis  loss.  • 

The  component  of  the  current  which  refers  to  the  hysteresis  loss 
can  be  separated  from  the  component  which  refers  solely  to  the 
magnetisation  in  the  following  manner.  The  hysteresis  loop  is 
plotted  and  a  mean  B — H  curve  drawn  representing  the  conditions 
which  would  obtain  if  the  hysteresis  loop  were  to  shrink  to  a  line 
endoeing  no  area  (see  Fig.  72).  For  a  given  flux,  the  magnetising 
current  can  be  considered  as  the  mean  of  the  two  values  obt€dned 
from  the  curve.  A  current  wave  can  be  obtained  as  described 
above  from  the  mean  B — H  curve,  and  another  current  wave  can 
be  obtained  by  the  use  of  the  actual  hysteresis  loop.  The  first 
represents  the  purely  magnetising  current,  whilst  the  second  repre- 
sents the  sum  of  the  currents  necessary  for  the  magnetisation  and 
for  supplying  the  hysteresis  loss.  By  taking  the  difference  of  these 
two  curves,  a  third  one  may  be  obtained  representing  the  current 
supplied  solely  to  make  up  for  the  hysteresis  loss.  This  will  not 
be  a  sine  wave,  and  may,  in  certain  cases,  take  up  a  very  irregular 
form ;  but  if  a  power  curve  is  drawn  by  multiplying  the  instan- 
taneous values  of  this  current  and  the  applied  voltage,  the  result 
will  show  an  average  positive  value  which  will  represent  the  hysteresis 
Ices.  This  component  of  the  current  can  therefore  be  considered  as 
a  power  component. 

Bffeet  of  Harmonies  on  Induetive  Reaetanee. — ^When  the  wave  form 
of  the  applied  E.M.F.  is  not  sinusoidal,  it  can  be  split  up  into  a 
number  of  component  sinusoidal  E.M.F.'s  of  different  frequencies,  the 
fondamental  frequency  being  the  same  as  that  of  the  complex  wave. 
These  different  £.M.F.'s  can  be  considered  as  acting  independently 
of  each  other,  each  producing  its  own  current.  But  the  rea^^tance 
of  a  given  choking  coil  is  proportional  to  the  frequency  of  supply, 
and  if  the  frequency  is  raised  the  reactance  increases.  Gonse- 
qnentiy,  the  reactance,  as  far  as  the  third  harmonic  is  concerned, 
is  three  times  what  it  is  to  the  fundamental,  and  the  amperes  pro- 
duced per  volt  of  the  third  harmonic  will  only  be  one-third  of  the 
amperes  produced  per  volt  of  the  fundamental.  With  the  higher 
harmonics  this  effect  is  accentuated  still  more.  In  other  words, 
the  circuit  offers  a  higher  impedance  to  the  harmonics  than  it  does 
to  the  fundamental,  with  the  result  that  the  corresponding  harmonics 
in  the  current  wave  will  be  diminished  in  magnitude  and  the 
curreat  wave  will  be  a  closer  approximation  to  the  ideal  than  the 
voltage  wave.  Thus  reactance  has  the  effect  of  damping  out  the 
harmonics  in  the  current  wave,  and  the  higher  the  harmonic  the 
greater  is  the  damping  effect. 

H  2 
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Consider  a  circuit  having  an  inductance  L  and  an  applied  voltage 
obepng  the  law 

c  =  ^i8intf +  -fi?,8in(3tf  +  a)  +  i?5 sin (5tf  +  j3)  +  .  .  .. 

The  R.M.S.  value  of  the  voltage  is 


^^Js^+W±lZT 


2 

and  the  fundamental  E.M.F.  produces  a  maximum  current  of 

E 

— J^  amperes,  whilst  the  third  and  fifth  harmonics  produce  maxi- 

E  E 

mum  currents  of  ^ ,~ j  and  o         «/       r  ^n^P^res  respec- 

Zir  "X  dj  \  Ij  Ztt  y.  of  X  Jj 

tively,  and  so  on.     The  R.M.S.  value  of  all  these  currents  com- 
bined is 


=v 


!{jiy^{jiy>(jKy 


2"^ 


_  J_    xJ^^'  +  ^  +  ^V 
~  2TTfL      >/2    ^18^50"^--- 

The  reactance,  considered  with  respect  to  the  complex  wave,  is 
given  by 


4- 


V+^.*  +  ^8*  + 


E_ 

I       1    ..   lE7*"'i;J~,  E? 


2,r/L  ^  V  2    +  18  ^  60  +  •  •  • 
-2nfLx      IW+W+WTTT.^ 

Thus  another  effect  of  hiarmonics  in  the  E.M.F.  wave  form  is  to 
increase  the  reactance  in  the  ratio 


V 


lE^*  +  E,*+E^»  +  :: 

^^    +    9+  25+- 


The  relative  phases  of  the  various  harmonics  do  not  affect 
the  value  of  this  ratio,  which  is  only  dependent  upon  the  relative 
magnitudes  of  the  various  harmonics. 

As  an  example,  consider  the  case  where  there  is  a  20  per  cent, 
third  harmonic,  a  10  per  cent,  fifth  harmonic  and  a  5  per  cent. 
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seventh  harmonic  in  the  E.M.F.  wave  form.  This  voltage  is  applied 
to  a  circuit  having  an  inductance  L,  The  reactance  corresponding 
to  this  on  a  sine  wave  would  be  27i/L,  but  on  the  complex  wave  in 
question  it  is  

o   .r  ^      /l»  +  02^  +  01'  +  005» 

V  ^    ^    9    ^  26  ^    49 
=  27r/L  X  1023. 

Thus  the  inductance  would  appear  to  be  2*3  per  cent,  higher  on  this 
particular  wave  form  than  on  a  pure  sine  wave.  Strictly  speaking, 
the  factor  2w  is  only  correct  on  the  sine  wave  hypothesis,  and  for 
other  wave  forms  a  slightly  different  constcmt  should  be.  used. 

If  resistance  is  also  present  in  the  circuit  the  conditions  are  some- 
what modified.  The  current  produced  by  each  component  of  the 
E.M.F.  is  calculated  from  a  knowledge  of  the  impedance  corre- 
sponding to  the  particular  frequency,  whilst  the  angle  of  lag  for 
each  component  is  calculated  from  the  formula 

tf  =  tan-ij. 

This  angle  will  be  different  for  the  various  harmonics  on  account 
of  the  change  in  X.  The  sum  of  these  component  currents  gives 
the  resultant  from  which  the  wave  may  be  plotted. 

Bffeet  of  Harmonies  on  Capacity  Reaetanee. — ^In  the  case  of  a 
circuit  containing  nothing  but  condensers,  the  impedance  is  inversely 
proportional  to  the  frequency,  and  treating  a  complex  wave  in 
the  same  way  as  in  the  previous  paragraph,  it  is  seen  that  each 
harmonic  produces  a  proportionally  greater  current  than  the 
fundamental.  Thus  the  third  harmonic  produces  three  times 
the  current  per  volt  that  the  fundamental  does,  and  so  on.  Conse- 
quently, the  circuit  appears  to  possess  %  reduced  impedance  when 
the  E.M.F.  wave  contains  harmonics. 

If  the  circuit  contains  a  capacity  of  C  farads  the  fundamental 
E.M.F.  will  produce  a  maximum  current  of  2irfCEi  amperes  where 
Ej  is  the  maximum  value  of  the  fundamental  E.M.F.  The  third 
harmonic  will  produce  a  current  of  2^  x  (3/)  X  CE^  amperes,  and 
so  on.    The  R.M.S.  value  of  the  resultant  current  will  be 

/  =  J&'^fCE^)^  +  (JhrfGE^)*  +  (KhrfCE,)^  +  ,T. 

^  2nfC  X   ^igi^  +  9X^"+25^s^+-> 
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The  impedance  is  therefore  given  by 

E      V 2 


•      ^       27r/Cx^^i±M.V+.2^sL+^ 


1      ^  ^  / V  +B!,*  +  E^*  + 


~  2irfG       yEi*  +  9J5,«  +  25Jg?5»  +  .  . 
The  impedance  is  therefore  reduced  in  the  ratio 


4: 


V  + 9^3* +  25^6*  + 


Considering  the  same  E.M.F.  wave  form  as  in  the  example  in 
previous  paragraph,  this  ratio  works  out  to  be 


4 


12  4.  0.22  ^  Q.12  +  0.052 


1«  +  9  X  0-2«  +  26  X  O-l*  +  49  X  0-05* 
=  0-779. 

This  example  serves  to  show  the  magnitude  of  the  errors  which 
are  liable  to  creep  in  when  measuring  the  capacity  of  a  condenser 
by  determinations  of  the  current,  voltage  and  frequency.  The 
higher  harmonics  are  particularly  objectionable  in  such  a  case. 
Even  a  1  per  cent,  seventh  harmonic  results  in  a  decrease  in  the 
impedance  by  0*26  per  cent. 

Any  variation  from  the  ideal  sine  wave  of  E.M.F.  results  in  an 
increase  in  the  current  taken  by  a  condenser,  and  this  shows  why 
it  is  desirable  to  obtain  in  practice  as  near  an  approximation  as 
possible  to  a  sinusoidal  wave  form  in  order  that  the  capacity  current 
in  the  circuit,  which  is  undesirable,  shall  be  reduced  to  a  minimum. 

If  the  circuit  also  contains  resistance,  the  problem  is  further 
complicated  as  in  the  case  of  an  inductance,  the  relative  phase 
angles  of  the  various  harmonics  being  considerably  modified. 

In  Pig.  73  are  shown  the  current  waves  obtained  by  the  applica- 
tion of  an  E.M.F.  given  by  the  expression 

e  =  100  sin^  +  25  sin  (3^  +  180) 

to  (a)  a  pure  choking  coil  and  (6)  a  condenser. 

Resonance  with  Harmonics. — ^Thereisfor  every  circuit  a  particu- 
lar frequency  at  which  the  effects  of  resonance  reach  a  maximum. 
This  critical  frequency  may  be  a  multiple  of  the  frequency  of  supply 
and  may  coincide  more  or  less  with  that  of  one  of  the  harmonics. 
The  effect  of  resonance  is  to  produce  a  very  large  ciurent  per  volt 
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and  to  render  the  impedanoe  very  small  over  a  certain  limited  range 
of  frequency.  Thus  the  current  due  to  a  particular  harmonic  in 
the  E.H.F.  wave  may  be  greatly  magnified  when  it  appears  in  the 
current  wave,  resulting  in  an  extraordinary  distortion.  In  fact, 
in  some  extreme  cases  it  appears  at  first  sight  as  if  the  frequency  of 
the  complex  wave  were  that  of  the  resonating  harmonic,  but  this  is 
not  so. 

The  conditions  which  arise  in  such  a  circuit  are  very  well  illus* 
trated  by  means  of  a  concrete  example.  Consider  the  case  of  an 
ELM.F.  wave  represented  by 

e  =  loosing  +  10sin(3^  +  180^). 

The  circuit  consists  of  a  resistance  of  2  ohms,  an  inductance  of  0*02 
henry,  and  a  capacity  of  55  mfds.,  all  connected  in  series,  the 
frequency  being  50  cycles  per  second. 


-EKF 


Fio.  78.— Capacity  and  Beactanoe  CuneDt  Wave  Forms. 

The  maximum  value  of  the  fundamental  current  is 

100 

V2a+(2.x50x0-02-^^^^^\  J 

=  1'94  amperes. 
The  maximum  value  of  the  third  harmonic  current  is 

10 


>  + (2.x  150  X  0-02  -  2V3rW3r55) 
=  4*88  amperes. 
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The  angle  of  lead  of  the  fundamental  current  over  the  fundamental 
voltage  is 

('29r  X  50  X  0-02  -  5— ^-^ttkk) 
tan-x^ .    2^x50x55;^3y^ 


The  angle  of  lead  of  the  harmonic  current   over  the  harmonic 
voltage  is 

10« 


(2w  X 
tan-i^ 


150  X  002 


27r  X 


iso'xTs/ 


=  13° 


strictly  speaking,  these  angles  are  negative  angles  of  lag. 
The  expression  for  the  current  is  therefore 

1-94  sin  (0  +  88°)  +  4-88  sin  (30  +  193°). 

Both  the  voltage  and  the  current  waves  are  represented  in  Fig.  74, 
which  shows  the  effect  of  resonance  with  the  third  harmonic. 


Fio.  74. — Effect  of  Besooanoe  with  Third  Harmonic. 


When  a  length  of  alternating  current  mains  is  switched  into 
circuit,  a  capacity  or  charging  current  will  flow  even  on  open  circuit, 
since  the  two  mains,  being  separated  by  a  dielectric,  constitute  a 
condenser.  The  line  will  also  possess  a  certain  amount  of  inductance, 
and  hence  there  is  a  definite  frequency  at  which  maximum  resonance 
will  occur.  If  there  is  a  harmonic  of  this  frequency  in  the  E.M.F. 
wave  it  will  be  reproduced  to  an  enormously  exaggerated  extent  in 
the  current  wave,  resulting  in  a  considerable  increase  in  the  R.M.S. 
value  of  the  charging  current.  It  is  very  rare  that  resonance  occurs 
with  the  fimdamental  in  cases  like  this  ;  but  it  is  not  at  all  out  of 
the  limits  of  possibility  that  trouble  should  be  experienced  with 


IX  WAVE  FORM  105 

harmonicB.  This  forms  an  additional  argument  in  favour  of 
obtaining  as  close  an  approximation  to  a  sine  wave  as  possible. 

Power  resulting  from  a  Complex  Wave.— In  determining  the  poWer 
in  a  circuit  due  to  a  complex  E.M.F.  wave,  every  component  voltage 
must  be  considered  with  respect  to  every  component  current.  But 
tbe  average  value  of  the  power  resulting  from  a  voltage  of  one 
frequency  and  a  current  of  another  is  zero,  and  thus  the  problem 
is  greatly  simplified.  Each  voltage,  therefore,  need  only  be  con- 
sidered with  respect  to  the  current  of  the  same  frequency  which  it 
Xyroduces.  The  total  power  is  the  sum  of  the  powers  resulting  from 
each  harmonic  separately  in  addition  to  that  due  to  the  fundamental, 
the  frequency  of  the  power  in  each  case  being  double  that  of  the 
current  and  voltage  of  which  it  is  the  result.  The  power  factor 
of  these  various  components  will  be  different,  the  resultant  power 
factor  being  obtained  by  dividing  the  total  power  by  the  product 
of  the  R.M.S.  current  and  the  R.M.S.  voltage. 

As  an  example,  consider  the  case  of  a  circuit  consisting  of  a 
resistance  of  10  ohms  and  an  inductance  of  0-2  henry.  The  expres- 
sion for  the  applied  E.M.F.  is 

c  =  loosing  +  20sin(3tf  +  60°)  +  108in(6^  +  160*^) 

+  6  sin  (7^ +  300°) 
and  the  frequency  is  60. 

The  impedance  with  respect  to  the  various  components  is 

Fundamental    VlO*  +  (27r  X  50  X  0-02)*  =  11-8  apparent  ohms. 
3rd  Harmonic  ViO*  +  (2w  x  160  x  0-02)«=  21-3 
5th         „  VlO*  +  (27r  X  260  X  0-02]*=  33-0 

7th         „  VTO»'+  (27r  X  350  X  0-02)2=  46-0 

The  angles   of  lag   of  the   currents  behind  their  respective 

voltages  are 

^     A          *  1     *       ,  27r  X  50  X  0-02       ^^  ,^ 
Fundamental     tan^ — =*=  32-1° 

3rd  Harmonic  tan- ^JLill^^i^  =  62-0' 
5th        ,.  ta,-.2^x260x002^^^.3„ 

7th        „  tan- ?^^^iif^21^  =  77.2° 

The  various  power  factors  are 

Fundamental  cos  32- 1°  =  0-85 

3rd  Harmonic  cos  620°  =  0-47 

5th         „  cos  72-3°  =  0-30 

7th         „  cos  77-2°  =  0-22. 
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The  expression  for  the  current  is 

t  =  M  sin  (^  -  32»)  +  ^^^  sin  {Se  +  Wf-  62°) 

+  ^  sin  [50  + 150°  -  72°)  +  —^  sin  (10  +  300°  -  77°) 

=  8-48  sin  {0  +  328°)  +  0-94  sin  (3^  +  368°) 
+  0-30  sin  (6^  +  78°)  +  Oil  sin  {10  +  223°). 
The  B.M.S.  value  of  the  current  is 

/8-48«  +  0-94>  +  0-30*  +  0-1 1» 


V 


2 

=  6-02  amperes. 
The  R.M.S.  value  of  the  voltage  is 


V 


100«  +  20«  +  10«  +  5» 


2 

=  72-6  volts. 
The  total  power  is 

100  ^  8-48      ^  „^   ,    20  ^  0-94      „  ^, 

v^^71^''''  +  V2^  vi^'-'' 

+  i^X«-:^x0.30+-J-X^^^x0.22 

V2       V2  V2       V2 

=  360  +  4-4  +  0-46  +  006 
=  366  watts  say. 

The  resultant  power  factor  is  given  by 

.  Total  Average  Power    


R.M.S.  Voltage  X  R.M.S.  Current 

^  366 

""72-5X  6-02 
=  0-84. 

P.D.  and  Current  Waves  in  the  Case  of  ao  Are. — In  the  case  of 
an  arc  supplied  from  an  A.C.  source,  with  a  steadying  resistance  in 
series,  a  peculiar  distortion  is  brought  about  in  both  the  current 
wave  and  that  of  the  p.d.  across  the  arc  terminals.  To  commence 
with,  the  supply  voltage  must  rise  to  a  certain  value  before  the 
arc  is  struck,  and  thus  the  current  wave  is  flat  during  this  interval. 
When  the  arc  is  struck  the  current  increases  rapidly,  and  this 
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current,  flowing  through  the  series  steadying  resistance,  causes  a 
considerable  drop  in  voltage  which  has  the  effect  of  suddenly 
lowering  the  p.d.  across  the  arc  itself.  This  sudden  peak  is  shown 
in  Fig.' 76,  which  represents  a  typical  case.  As  the  current  rises 
the  voltage  drop  in  the  series  resistance  increases  so  that  the  wave 
form  of  the  p.d.  across  the  arc  shows  a  broad  hollow  which  continues 
until  the  arc  suddenly  goes  out.  The  current  then  drops  to  zero, 
whilst  another  smaller  peak  is  obtained  in  the  p.d.  wave.  The  arc 
is  then  built  up  in  the  opposite  direction  and  the  operations  are 
repeated. 

This  striking  distortion  of  the  current  wave  gives  rise  to  a 
peculiar  state  of  affairs  with  regard  to  the  power  consumed.  The 
power  curve  can  be  constructed  in  the  usual  way  from  the  current 
and  voltage  waves,  but  when  its  average  value  is  measured  the 
result  is  very  much  lower  than  the  product  of  the  Bf.M.S.  current 
and  the  R.M.S.  volts.    Therefore,  notwithstcmding  the  fa>ct  that 


Fig.  76. — Current  and  Voltage  Waves  for  an  Arc. 

the  current  is  in  phase  with  the  voltage,  as  far  as  this  can  be  said 
of  two  waves  so  widely  dissimilar,  the  power  factor  of  the  arc  is 
considerably  less  than  unity  and  may  fall  as  low  as  0*6  in  certain 
cases  where  hard  carbons  are  used. 

The  measurement  of  the  amperes,  volts  and  watts  consumed  by 
an  A.C.  arc  forms  an  instructive  experiment,  a  power  factor  of  less 
than  unity  being  obtained  in  spite  of  the  absence  of  inductance  and 
capacity. 

The  homed  appearance  of  the  p.d.  wave  is  very  much  accentuated 
if  the  arc  is  struck  in  coal  gas,  the  tip  of  the  initial  peak  representing 
a  voltage  many  times  as  great  as  is  obtained  throughout  the 
remainder  of  the  time. 

Other  Causes  of  Wave  Distortion. — Ordinary  resistances  are  often 
the  cause  of  a  slight  distortion  of  the  current  wave  form  on  account 
of  their  variation  of  temperature  throughout  the  cycle.  In  the 
case  of  an  ordinary  metal  filament  glow  lamp,  the  temi)erature  of 
the  filament  varies  to  a  c<Misiderable  extent  throughout  the  cycle. 
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and  since  it  cannot  get  rid  of  its  heat  instantaneously  it  follows  that 
the  resistance  when  the  voltage  is  decreasing  is  on  the  whole  higher 
than  when  the  voltage  is  increasing.  Consequently,  the  current  in 
the  second  quarter  of  the  cycle  is  slightly  less  than  it  is  in  the  first 
quarter.  This  results  in  a  small  distortion  of  the  wave  form,  iduch. 
is  thrown  slightly  forward.  The  angle  of  lead  obtained  in  this  manner 
is  of  the  order  of  2^  or  3^  resulting  in  a  drop  in  the  power  factor  of 
approximately  0-1  per  cent.  In  all  ordinary  measurements  this  is, 
of  course,  negligible. 

•Another  prolific  source  of  wave  distortion  is  the  variation  of  tho 
inductance  of  certain  machines  in  different  positions,  certain  cases 
of  which  will  be  dealt  with  later. 

Equivalent  Sine  Wave. — In  the  case  of  a  distorted  wave  form  the 
power  factor  is  no  longer  equal  to  cos^,  for  this  is  based  on  the 
assumption  of  a  sinusoidal  wave  form.  Indeed,  ^  will  probably 
vary  throughout  the  cycle.  In  some  cases  it  may  be  simpler  to 
treat  problems  by  substituting  an  equivalent  sine  wave  for  the  actual 
one  in  question.  The  R.M.S.  value  of  this  equivalent  sine  wave 
will  be  the  same  as  that  of  the  actual  wave,  and  consequently  the 
maximum  value  of  the  sine  wave  will  be  \/2"  times  the  R.M.S. 
value  of  the  actual  wave.  The  phase  of  the  equivalent  sine  wave 
can  be  determined  from  the  power  factor.  The  angle  of  lag,  ^', 
is  chosen  so  that  cos  ^'  is  equal  to  the  actual  power  factor.  La  the 
case  of  an  A.C.  arc,  the  equivalent  current  would  be  taken  to  be  in 
phase  with  the  voltage,  its  magnitude  being  reduced  so  as  to  get 
the  right  power. 

A  warning  is  issued  against  a  too  promiscuous  use  of  the  eq^va- 
lent  sine  wave,  as  it  is  only  an  approximation,  and  often  only  a  very 
rough  one  at  that. 

Effect  of  Wave  Form  on  losulation  Testing. — When  insulation  is 
subjected  to  an  alternating  electrical  stress  it  is  the  maximum 
voltage  which  causes  the  greatest  effect.  The  application  of  a 
peaky  wave  form  is  a  severer  test  than  if  a  flat  wave  form  is  used, 
assuming  the  two  R.M.S.  values  to  be  equal.  On  the  other  hand, 
the  breakdown  of  the  insulation  is  not  solely  due  to  the  maximum 
ventage,  but  depends  to  some  extent  upon  the  rapidity  of  its  growth 
in  the  near  neighbourhood  of  the  maximum  point. 

Harmonie  Analysis. — ^A  number  of  different  methods  of  analysing 
complex  periodic  waves  have  been  devised,  but  it  is  not  expedient 
to  iscuss  them  at  this  juncture.  One  method,  due  to  Perry,i 
will  be  here  described,  not  because  it  is  the  best,  but  because  it  is 
one  of  the  simplest  to  understand. 

Perry's  Method. — Commencing  from  any  point,  the  wave  may  be 
represented  by 

e  =  El  sin  {0  +  ai)  +  ^3  sin  (3^  +  a^)  +  E^  sin  (5d  +  ag)  +  .  .  . 
?  IC/ectririfiii,  1898,  vol.  xxviii.  p.  362. 
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This  can  be  expanded  as  follows : — 

e  =  ^i  sin  ^  cos  a^  +  -®i  cos  6  sin  a^ 
+  £,  sin  30  cos  a,  +  -^s  ^^^^  ^  ^^^  ^s 
+  -Bj  sin  60  cos  ttj  +  E^  cos  50  sin  ag 

+ 

Since  c^,  a,,  a^,  etc.,  are  constants,  this  can  be  written 
e  =  i4i  sin  0  +  A^  sin  30  +  -^j  sin  60  +  .  .  . 
+  JS,cos0  + JS8COs30^+ JS5COS50+  .  .  .  , 
where    .  Ai=  Ei  cos  Oi 

and  Bi  =  Ej^  sin  a^,  etc. 

To  determine  A^,  muJtiply  both  sides  of  the  equation  by  sin  0 
and  find  the  average  value  over  half  a  cycle.     Then 

e  sin  0  =  ill  ^^^  ^  +  -^8  s'^i  30  sin  0  +  Aj,  sin  60  sin  0  +  .  ,  . 

+  Bj^  cos  0  sin  0  +  JS,  cos  30  sin  0  +  £5  cos  50  sin  0  +•  • 

The  average  value  of  aU  the  terms  on  the  right-hand  side  of 
the  equation  with  the  exception  of  the  first  is  zero,  and  the  average 
value  of  sin^  0  is  ^.  Hence  A^  is  equal  to  twice  the  average  value 
of  e  sin  0  taken  throughout  the  half-period. 

In  a  similar  manner,  by  multiplying  throughout  by  sin  30, 
sin  50  and  by  cos  0,  cos  30,  cos  50,  etc.,  the  other  co-efficients 
A^t  Agy  Bi,  £,,  £5,  etc.,  are  determined  as  follows : — 

Ai  =  twice  the  average  value  of  e  sin  0, 


A,= 

e  sin  30, 

^  = 

e  sin  50, 

B,= 

e  cos  0, 

B,= 

e  cos  30. 

Bi  = 

e. cos  60, 

etc. 

It  is  now  required  to  cast  the  terms  of  the  expression  in  the 
form  JSr J  sin (0  +  €4)  instead  of  ^isin0  and  £^0080. 

We  have       E^  sin  (0  +  a^)  =  4i  sin  0  +  5^  cos  0. 
Also  ^1  sin  (0  +  tti)  =  El  cos  a^^  sin  0  +  ^^  sin  a^  cos  0. 
Therefore  Ai  =  E^  cos  a^ 


and 


Again 


and 


Also 


By  =■  El  sina|. 
Ai^  +  By^  =  Ei^  (cos«  €4  +  sin*  a^)  =  E^^ 

El  =  VAj+B~i^. 

B,        i^i  sin  a,       ^ 

/-  =  ^^ =  tana,. 

Ai       Ej  cosa^  * 
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OH. 


Sammarising 


El  =  VAi*  +  Bi* 
E,  =  VA/+B»* 
Ef  =  V^5*  +  Bt*,  etc., 


and 


=  tan-i?» 
Ai 


a,  =t«Hi 


JB 
ttg  =  tan"^  -^",  etc. 

The  results  are  best  drawn  up  in  the  form  of  a  table  as  shown 
on  page  111.  The  oolumns  in  the  table  are  filled  in  with  obser- 
vations taken  from  Fig.  76,  from  which  the  following  results  are 
obtained : — 
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Fia.  76.— Wave  Form  Anklysed  on  inge  111. 

4,  =  2  X  60  =  100    ^,  =  2x7-1  =  14-2    ^j  =  2  X  0  =  0 
B,  =  2x0  =  0  B,  =  2  X  71  =  14-2    B,  =2  X(-5)= -10 

^,  =Vl4-2«  +  14-2«    ^j=v'0»  +  (-10)» 

=  20  =10 

X     -il4-2  .       ,-10 

«.  =  tanij^ 

=  46» 


El  =  Vioo^  +  0* 

=  100 


Oi  =  tan 


-1 


100 


ag  =  tan"^ 
=  270°. 


=  0" 

The  final  expression  is 
e  =  1008in(tf +  0»)  +  208in(3^  +  45»)  +  10  sin  (W  +  270'). 
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This  method  involyoB  some  very  tedious  calculations,  particu- 
larly if  the  higher  harmonics  are  to  be  determined,  for  the  above 
example  is  only  worked  out  up  to  the  fifth  ^harmonic. 

Author's  Method. — ^Most  of  the  methods  of  analysing  periodic  wave 
forms  at  present  in  use  are  rather  tedious  to  carry  out  and  necessitate 
a  good  deal  of  time  being  spent  on  the  evaluation  of  the  various 
constfimts.  The  method  here  outlined  is  an  effort  to  expedite 
calculations  of  this  kind  and  to  provide  a  ready  method,  by  means  of 
a  simple  series  of  equations,  for  the  analysis  of  periodic  wave  forms. 

The  method  consists  in  taking  a  series  of  pairs  of  points  on  the 
wave  to  be  analysed,  equidistantly  spaced  on  either  side  of  the 
point  chosen  as  the  zero.  The  algebraic  sum  of  each  pair  of 
readings  is  equal  to  a  series  of  terms  of  the  type  2E  sin  a  cos  0,  since 
they  are  the  dbm  of  two  sines.  Here,  $  is  equal  to  some  known 
angle,  determined  by  the  position  of  the  points  chosen,  and  E  and 
a  are  constants  depending  upon  the  composition  of  the  wave. 
In  a  similar  manner,  the  algebraic  differences  of  the  same  pairs  of 
points  give  rise  to  a  series  of  terms  of  the  type  2E  cos  a  sin  ^,  the 
symbols  having  the  same  meaning  as  before.  When  a  sufficient 
number  of  such  equations  are  obtained,  they  can  be  solved  in 
terms  of  the  quantities  E  eina  and  E  cos  a. 

In  solving  up  to,  say,  the  seventeenth  harmonic  there  are 
eighteen  unknown  quantities  to  be  determined,  namely,  the 
amplitudes  and  phase  angles  of  the  fundamental  and  the  ^ht 
harmonics.  Thus  eighteen  simultaneous  equations  are  required, 
the  necessary  data  being  obtwned  from  eighteen  chosen  ordinates. 
In  order  to  minimise  errors  due  to  the  incorrect  drawing  of  the 
curve,  those  ordinates  are  chosen  at  equal  distances  apart,  viz., 
at  6°,  IS**,  25°,  .  .  .  165°  and  175°  after  the  point  which  it  is  desfred 
to  regard  as  zero.  The  values  of  these  various  ordinates  will  be 
represented  by  Fg,  F^j,  F^,  .  .  .  F^es  »nd  F175. 

Let  the  wave  be  represented  by  the  expression : — 

F^=  iSi  sin  (d  +  ai)  +  E^  sin  {30  +  a^)  +  .  . .  +  i7„  sin  (17^  +  ai,). 

Then    Fgs  =  ^^  sin  (85°  +  a^)  +  E^  sin  (255°  +  Oj) 

+  E,  sin  (425°  +  a^)  +  .  .  .  +  ^„  sin  (1445°  +  €4^), 

and    F_85  =  E^  sin  (-85°  +  a^)  +  E^  sin  (-255°  +  a^) 

+  ^5sin(-425°  +  a5)  +  ...+i;i7sin(-1445°  +  ai.) 

►  86  +   ^  96  =   Fg5  F_g5 

=  2Ei  cos  oi  sin  85°  +  2E^  cos  03  sin  255° 

+  2E^  cos  ag  sin  425°  +  .  .  .  +  2En  cos  a^^  sin  1445°. 
Similarly,  V,^  +  F,o6  =  F^^  -  F.75 

'  =  2^1  cos  ai  sin  75°  +  2^,  cos  03  sin  225° 

+  2E^Xios  ttj sin  375°  +  . .  .  +  2^1,  cos  a^^  sin  1276°. 


p^ 


K 


w 


Pj  coH  Oj  terms. 


(21) 
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(a)=(18)^(20) 
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Other  readings  are  taken  every  10°  until  F5  and  V^^j  are 
reached.  Then  the  resulting  nine  simultaneous  equations  are 
solved^  thus  obtaining  E^  cos  04,  E^  cos  a,,  etc.,  in  terms  of 
(F«  +  F,,),  (F,5  +  F105),  .  .  .  (F,  +  F„5).       . 

A  second  series  of  calculations  must  now  be  made  as  follows : — 

=  2Ei  sin  aj  cos  85°  +  2E^  sin  a,  cos  255° 

+  2JP5  sinaj  cos  425°  +  . . .  +  2JB„  sinoj^  cos  1445°. 

'76  ~~  F105  =   F75  +   F-75 

=  2J^i  sinoi  cos  76°  +  2^3  sin  a,  cos  225° 

+  2E^  sin  aj  cos  375°  +    • .  +  2J2?i7  sin  a^  cos  1275*^. 

In  this  way  another  nine  simultaneous  equations  are  obtained 
and  El  sin  Oj,  .^3  sin  a,,  etc.,  are  evaluated  in  terms  of  (Fgg  —  Fog), 
(»'7.-F,„),...(F5--F„,). 

Then  E^  =  V(^x  sin  o^)*  +  (E^  cos  ai)«, 


a,=t«i-ir|L?^l, 
^  LJffiOOsa,J 


and  similarly  for  the  various  harmonics. 

Care  must  be  taken  to  observe  the  signs  of  J^sina  and  £co8a, 
as  these  enable  the  quadrant  in  which  a  is  situated  to  be  deter- 
mined. 

The  initial  labour  in  solving  the  above  equations  is  considerable, 
but  this  having  been  accomplished  once  and  for  all,  the  proUem 
resolves  itself  into  simply  multiplying  the  various  chosen  ordinates 
by  certain  known  constants,  and  the  analysis  becomes  much  less 
tedious  an  operation  than  it  is  by  many  of  the  other  methods  in 
common  use. 

In  order  further  to  facilitate  the  actual  calculations,  a  schedule 
has  been  drawn  up  as  shown  in  Table  I.  This  table  is  self- 
explanatory  ;  in  fact  it  is  not  even  necessary  to  be  familiar  with 
the  underiying  principles  in  order  to  work  out  an  example. 

If  so  desired,  the  fundamental  or  any  particular  harmonic  may 
be  determined  by  itself  without  carrying  out  the  analysis  any  further. 

A  modified  set  of  constants,  for  use  in  connection  with  the 
approximate  analysis  of  a  wave  up  to  the  fifth  harmonic,  may  be  of 
value  in  some  cases.  For  this  purpose  six  readings  from  the  curve 
are  necessary  and  they  may  be  taken  conveniently  at  15°,  45°, 
75°,  105°,  136°  and  165°  after  the  zero. 

It  will  be  found  convenient  for  quickness  in  working  to  arrange 
these  approximate  calculations  also  in  the  form  of  a  schedule,  an 
example  of  which  is  shown  in  Table  II. 

U  no  harmonics  higher  than  the  fifth  are  present,  the  constants 
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enumerated  in  this  table  will  give  correct  results,  but,  of  course,  the 
more  pronounced  the  higher  harmonics  are,  the  larger  the  error 
will  be  in  the  determination  of  the  equation  to  the  wave  by  means  of 
this  second  set  of  constants. 

Experimental  Determination  of  Wave  Form. — ^A  number  of  different 
types  of  instruments  have  been  devised  for  the  purpose  of  deter- 
mining wave  forms  experimentally,  and  some  of  these  will  be 
described  in  Chapter  XII.  One  method  which  does  not  involve  ihe 
use  of  any  special  type  of  measuring  instrument,  except  an 
electrostatic  voltmeter,  will  be  described  now. 

Joubert's  Contact  Methodic — ^The  special  piece  of  apparatus  used 
consists  of  an  arrangement  whereby  momentary  contact  is  made 
once  per  cycle  to  an  electrostatic  voltmeter  (see 
'p.    138),  which  oonsequently  gives  a  deflection 
which  is  an  indication  of  the  instantaneous  value 
rather  than  the  R.M.S.  value.    By  shifting  the 
point  of  contact,  the  instantaneous  values  can  be 
"J  determined  at  other  points  of  the  wave,  thus 
enabling  it  to  be  plotted. 

One  form  of  the  Joubert  contact  consists  of 

an  insulated  disc  mounted  on  a  metal  hub,  the 

FiQ  77.— Joubert'    ^^^^^  being  directly  driven  by  means  of  a  shaft 
conuct.  extension  of  the  machine  supplying  the  power. 

'  At  one  portion  of  the  rim  a  little  strip  of  brass  is 
let  in  so  that  two  copper  brushes  placed  side  by  side  and  insulated 
from  each  other  will  be  connected  together  every  time  the  strip  of 
brass  comes  under  them.  One  of  these  brushes  is  capable  of  being 
given  a  certain  amount  of  lead  by  means  of  an  adjustment,  this 
regulating  the  duration  of  the  interval  of  time  over  which  contact 
is  made.  This  affects  the  steadiness  and  magnitude  of  the  volt- 
meter reading  and  the  best  position  is  obtained  by  tdal. 

The  two  brushes  are  supported  from  a  movable  arm  the  position 
of  which  is  indicated  by  means  of  a  pointer  moving  over  a  scale. 
Assuming  that  the  machine  supplying  the  circuit  has  four  poles,  a 
displacement  of  10^  of  the  brushes  corresponds  to  a  phase  displace- 
ment of  20**.  If  the  brushes  are  moved  round  in  the  direction  of 
rotation  the  instant  of  contact  is  deferred  and  the  point  obtained 
comes  later  in  the  wave,  whilst  if  the  brushes  are  moved  in  the 
opposite  direction  the  reverse  is  the  case. 

In  making  a  determination  of  the  voltage  wave  the  circuit  is 
connected  according  to  Fig.  78  (a),  the  electrostatic  voltmeter 
measuring  directly  the  instantaneous  pressure  across  the  mains, 
whilst  the  connections  shown  in  Fig.  78  {b)  are  used  when  it  is 
desired  to  make  a  determination  of  the  current  wave.  Here  the 
instantaneous  voltage  drop  across  a  known  non-inductive  resistance 
is  obtained,  enabling  the  instantaneous  current  to  be  calculated. 
The  other  instruments  indicated  in  the  diagram  serve  to  measure 
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the  B.M.S.  values  of  the  quantities  concerned.  An  alternative 
method  of  doing  this  is  to  connect  a  short-circuiting  switch  across 
the  two  brushes  and  use  one  voltmeter  throughout.  A  condenser 
is  also  placed  in  parallel  with  the  voltmeter  in  order  to  maintain 
the  deflection  during  the  period  when  no  electrical  connection  is 
made  at  the  contact.  The  magnitude  of  the. condenser  should  be 
determined  by  trial,  but  the  best  value  will  in  most  cases  be  found 
to  be  somewhere  under  a  microfarad.  By  means  of  a  change-over 
switch  it  can  be  arranged  to  take  readings  on  the  voltage  and  current 
waves  together  as  indicated  in  Fig.  78  (c). 


r©-|     r^Sh 


Krh 


Load 
ih) 
For  Carrent  Wave.  For  Volt  and  Canent  Wayev. 

Fia.  78. — Connectlona  for  Jonbert  Contact. 

For  the  purpose  of  current  wave  form  determinations,  it  is 
better  to  have  a  low  reading  electrostatic  voltmeter  such  as  the 
Ayrton  and  Mather  type,  or  else  to  set  up  the  voltage  by  the  addition 
of  a  constant  voltage.  This  latter  must  be  very  constant,  as  other- 
wise the  accuracy  of  the  measurement  is  vitiated.  A  convenient 
piece  of  apparatus  for  this  purpose  is  a  battery  of  100  cadmium 
cells  arranged  so  that  they  can  be  switched  in  ten  at  a  time. 


1  2 


CHAPTER  X 

POLYPHASE  CXJBEENTS 

Produetion  of  Two  Phase  Currents. — The  simple  elementary  alter- 
nating current  dynamo  consists  of  a  single  turn  rotating  with  uniform 
speed  in  a  bipolar  magnetic  field.  Such  a  turn  has  a  sinusoidal 
E.M.F.  induced  in  it  if  certain  conditions  are  fulfilled,  and  a  single 


Fio.  79.— Simple  Two  PhMe  A.C.  Dynamo. 

pluise  current  is  the  result  if  the  circuit  is  closed.  Now  imagine  a 
second  turn  rigidly  fixed  to  the  first,  the  planes  of  the  two  coOs 
being  at  right  angles  (see  Fig.  79).  This  second  turn  will  also 
produce  a  sinusoidal  E.M.F.  of  the  same  magnitude  as  the  first, 
the  only  difference  being  that  when  one  coil  has 
its  maximum  E.M.F.  induced,  the  E.M.F.  in 
the  second  is  zero.  In  other  words,  there  is  a 
phase  difference  of  90°  between  the  two  £.M.F.'s 
induced  in  the  two  coils.  The  two  E.M.F.'s 
are  represented  graphically  in  Fig.  80.  Each 
coil  may  be  connected  across  a  non-inductive 
resistance  producing  a  current,  and  these  two 
currents  will  also  have  a  phase  difference  of 
90°,  since  they  are  in  phase  with  their  respective 
E.M.F. 's.  Such  a  circuit  is  termed  a  ttoo  phase  circuit.  If  reactance 
is  included  in  equal  amounts  in  each  circuit  so  that  the  magnitudes 
and  phases  of  the  two  currents  are  equal,  the  two  currents  will  still 
be  90**  out  of  phase  with  each  other.     Such  a  combined  circuit  is 
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£.M.F.'s. 


CB[.  X 


POLYPHASE  CURRENTS 


117 


termed  balanced,  which  |erm  impliee  quadrature  of  phase  and  equal 

magnitudes  of  the  two  currents.     Fig.  81  shows  a  vector  diagram 

of  a  two  phase  circuit  where  each  current 

lags  behind  its   E.M.F.  by  an  angle   ^. 

This  circuit  requires  four  wires  to  transmit 

the  power,  the  two  circuits  being  separated 

from  each  other  and  completely  insulated. 

In  actual  practice  it  is  usual  to  con- 
nect the  two  phases  together  at  one  point 
so  as  to  avoid  the  possibility  of  a  great 
potential  difference  between  the  two  coils. 
The  two  phases  are  then  said  to  be  linked 
together.  This  linking  is  very  often  ac- 
complished by  connecting  the  centre  points 
of  each  phase  together  as  illustrated 
diagrammatically   in   Fig.    82.      Such  a 

system  is  sometimes  called  by  the  alternative  name  of  qtuirter 
phase. 

Instead  of  linking  the  two  phases  together  at  their  centres, 
they  may  be  connected  together  at  the  extreme  end  of  the  coils, 


Fio.  81. — ^Vector  Diagram  of 
Two  Ph«8e  Circiiit, 


Fio.  82.— Two  Phase  Linked 
Circuit. 


Fio.  88.— Two  Phase  Three 
Wire  Circuit. 


in  which  case  they  would  be  represented  diagrammatically  as  in 
Fig.  83.    This  system  of  connections  results  in  the  reduction  of  the 

wires  necessary  for  transmission 
from  four  to  three,  but  labours 
undj6r  certain  disadvantages  from 
which  the  four  wire  transmission 
is  free.  The  third  wire  serves  as 
the  return  for  both  phases  and 
hence  carries  a  current  which  is 
the  vector  sum  of  the  two  phase 
currents.  Since  these  two  currents 
are  in  quadrature,  their  vector 
sum  is  V2  times  the  value  of 
either  of  them,  and  hence  the  third 
wire  must  be  made  larger  in  cross- 
section  to  allow  for  this. 
The  vector  diagram  for  a  two  phase  three  wire  system  is  illus- 
trated in  Fig.  84.    The  current  flowing  inwards  in  the  third  wire 


FI6.  84. 


-Vector  Diagram  lor  Two  Pliaae 
Three  Wire  System. 


118 


ALTERNATING  CURRENTS 


CH. 


is  the  vector  sum  of  the  currentB  in  the  oth^^r  two  wires  ;  therefore 
the  current  flowing  ouiwarda  is  represented  by  the  vector  0/jj,  which 
is  minus  the  current  flowing  inwards,  since  a  reversal  of  the  current 
is  equivalent  to  changing  its  phase  by  180^.  The  phase  difference 
between  the  current  in  the  third  wire  and  either  of  the  other  two  is 
136^.    In  one  case  it  is  a  lead  and  in  the  other  a  lag. 

Power  in  a  Two  Phase  Clrouit. — ^The  power  developed  in  a  two  phase 
circuit  is  the  sum  of  the  powers  developed  in  each  phase  separately 


Fig.  85.— Measurement  of  Power  in  a  Two  Pbaee  Circuit. 

and  can  be  determined  by  two  wattmeters  connected  so  that  each 
measures  the  power  in  one  phase,  as  shown  in  Fig.  85.  Sometimes 
these  two  wattmeters  are  combined  in  one  instrument^  both  tending 
to  deflect  the  pointer  in  the  same  direction,  so  that  the  resultant 
deflection  is  proportional  to  the  total  power.  In  measuring  the 
power  in  this  manner,  it  is  not  necessary  to  have  the  circuits 
balanced. 

If  the  circuits  are  balanced,  the  power  factor  of  each  phase  will 
be  the  same,  but  if  the  circuits  are  unbalanced  the  resultant  power 
factor  will  be  given  by 

Total  Watts 

Volt-amperes  of  phase  I  +  Volt-amperes  of  phase  11. 

Produetion  of  Three  Phase  Currents.— If,  instead  of  placing  two 
coils  at  right  angles  on  the  elementary  alternating  current  dynamo. 


Fig.  86.— Simple  Three  Phase  A.C.  Djmamo. 


three  coils  had  been  placed  on  it  mutually  inclined  at  120^  to  each 
other,  as  in  Fig.  86,  then  the  R.M.S.  voltage  induced  in  all  three 
would  be  the  same,  but  there  would  be  a  phase  difference  of  120^ 
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between  each  pair  of  coils.  Such  a  combination  is  termed  a  ihree 
phase  system,  and  the  three  E.M.F.'8  are  graphically  represented  in 
Fig.  87  both  in  curve  form  and  in  a  vector  diagram. 

A  three  phase  cironit  may  be  represented  diagrammatically  in 


Fio.  87.— Three  Phase  E.M.F/S. 

the  way  shown  in  Fig.  88,  where  the  three  coils  of  the  simple  A.C. 
dynamo  are  independently  connected  to  three  equal  resistances. 
According  to  this  method  of  connection,  six  wires  are  required  for 
the  transmission  of  the  power,  but  all  the  return  leads  can  be 
combined  in  one  without  upsetting  the  electrical  conditions,  since 
they  are  only  joined  on  one  pole.    Thus  the  six  wires  can  be  reduced 

A.C.Dynamo  LoadHcsblaiwe 


<^^>%Y- 


Fia.  88.— Three  Phase  ClrcuiU. 

to  four.  The  current  returning  through  this  fo\ui>h  wire  is  the 
vector  sum  of  all  the  currents  flowing  oviwards  in  the  other  three 
wires.  Assuming  that  the  system  is  balanced,  these  three  currents 
will  be  equal  and  will  have  a  phase  displacement  of  120^  with  each 
other,  ^us  the  current  returning  by  the  fourth  wire  can  be  repre- 
sented by  the  expression 

»=:/8intf  +  /sin(tf-  120^)  +  /  sin  (tf  -  240^). 

This  can  be  expanded  with  the  following  result : — 

»  =  /  [sin  ^  +  sin  tf  cos  120**  —  cos  ^  sin  120^ 

+  sin  ^  cos  240''  —  cos  ^  sin  240''] 

I  a/5  1  a/3 

=  I[8m^  -  ^sin^  -  y  cosd  -  gsin  tf  +  ^oob5] 

=  0. 
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Thus  at  every  instant  the  current  returning  by  way  of  the  fourth 
wire  is  zero,  and  consequently  this  wire  can  be  dispensed  with* 

In  this  way,  the  important  result 
is  arriyed  at  that  only  three  wires 
are  necessary  to  transmit  power 
by  means  of  a  three  phase  system. 
In  certain  cases  in  practice,  how- 
ever, where  unbalanced  circuits 
are  dealt  with,  four  conductors  are 
used,  the  earth  being  commonly 
used  for  the  fourth  conductor. 

The  three  line  wires  may  also 
be  regarded  from  the  point  of  view 
that  each  in  turn  serves  as  the 
return  wire  for  the  other  two,  for 
it  is  seen  that  the  instantaneous 
current  flowing  outwards  in  any 
one  is  always  equal  and  opposite  to  the  vector  sum  of  the  instan- 
taneous ciurents  flowing  outwards  in  the  other  two.  This  can 
also  be  seen  from  the  vector  diagram  shown  in  Pig.  89,  where,  con- 
sidering the  vertical  components,  ab  +  cd  is  equal  to  ef  and,  con- 
sidering the  horizontal  components,  oa  is  equal  to  oc  +  oe. 

Star  System  of  Conneetion. — ^In  developing,  the  circuits  shown  in 
Fig.  88,  the  first  operation  was  to  join  all  the  inner  ends  together 


Fig.  80.— Veotor  Diagram  of  Three  Phase 


ACDynamo 
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Fio.  90.— Three  Phaae  Star  Connecttona. 

into  what  is  known  as  a  star  point  and  then  to  omit  the  fourth 
wire.  The  resulting  system  of  connections,  shown  in  Fig.  90,  is 
known  as  a  star  connected  circuit,  or  sometimes  as  a  Y-connected 
circuit. 

An  important  relationship  to  be  established  is  that  existing 
between  the  volts  per  coil,  or  the  phase  volts,  and  the  volts  between 
any  two  line  wires,  or  the  line  volts.  Referring  to  the  vector 
diag?:am  (see  Fig.  91),  it  is  seen  that  the  voltage  between  lines  is 
equal  to  the  vector  difference  of  the  two  phase  voltages  concerned, 
for  the  vectors  represent  the  E.KF.'s  acting  away  from  the  star 
pomt.  Reversing  E^,  therefore,  and  adding  the  voltage  thus 
obtamed  to  E^  the  vector  E^  is  obtained,  and  it  is  seen  that  there 
is  a  phase  difference  of  30°  between  E^  and  E^^.     By  dropping  a 
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perpendioular  from  E-^  on  to  OEj^  it  is  seen  that  -~  is  equal  to 


Bj  cos  30*"  =  ^^v   ^^^  therefore  E^  is  equal  to  VSE^.     The 


important  fact  is  therefore  established  that  the  line  voltage  is 
V'S  times  the  volts  per  ooil  or  per  phase,  and  that  there  is  a 
difierence  of  phase  of  90°  in  each  case. 

If  the  load  at  the  receiving  end  of  the  line  consists  of  three 
non-inductive  resistances  arranged  in  star,  then  the  current  through 
each  resistance  will  be  in  phase  with  the  voltage  across  it,  and  the 


Fio.  91. — Line  and  Phase  Volts  for 
Star  Connection. 


FXQ.  92< — Vector  Diagram  showing  Currents 
in  Star  Connected  System. 


same  will  hold  good  at  the  generator  end  of  the  line.  But  since 
there  is  a  phase  difference  of  30°  between  the  coil  volts  and  the 
line  volts,  it  follows  that  in  a  non-inductive  load  there  is  a  phase 
difference  of  30^  between  the  line  current  and  the  line  voltage. 
The  voltage  across  lines  I  and  II  will  lead  the  current  in  I  by  30^, 
whilst  the  voltage  across  lines  I  and  III  will  lag  behind  the  current 
in  I  by  30^,  as  can  be  seen  from  Fig.  91 .  If  the  load  circuit  contains 
reactance  as  well  as  resistance,  the  current  will  lag  behind  the  coil 
voltage  by  an  angle  ^,  as  shown  in  the  vector  diagram  in  Fig.  92. 
The  angle  of  phase  difference  between  current  and  line  voltages 
wiU  be  30*^  +  ^  and  30**  -  f 

Mesh  System  of  Connection. — ^An  alternative  method  of  connecting 
the  three  coils  of  the  simple  alternating  current  djniamo  is  to  connect 
the  rear  end  of  I  to  the  front  end  of  II,  the  rear  end  of  11  to  the 
front  end  of  IQ,  and  the  rear  end  of  IQ  t6  the  front  end  of  I,  thus 
making  a  closed  local  circuit.  The  three  line  wires  are  connected  to 
the  tluee  joining  points  (see  Fig.  93).  Such  a  system  is  called 
a  menh  connected  or  ddtti  (from  the  Greek  letter  A)  connected  system. 
At  first  sight  it  appears  as  if  there  is  a  short  circuit  formed  by  the 
three  coils,  since  they  are  all  connected  in  series  with  one  another 
and  the  circuit  is  closed.  But  if  the  three  E.M.F.'s  are  added 
together  at  any  instani  it  will  be  found  that  they  always  add  up  to* 
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zero.  In  other  words,  the  sum  of  the  E.M.F.'s  of  any  two  coils  is 
always  equal  and  opposite  to  the  E.M.F.  of  the  thirii.  Here  the 
line  voltage  is  obviously  equal  to  the  phase  voltage,  but  the  current 
in  each  line  wire  is  the  sum  of  the  currents  in  two  coUs.    Again,  it 
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Fia.  03.— Thne  Phase  Mesh  or  Delta  Cooneetloiui. 


will  be  seen  that  the  current  flowing  out  of  line  A  is  the  vector 
difierence  of  the  currents  in  coils  I  and  III.  In  order  to  determine 
what  this  is,  reverse  /,  and  add  it  to  7^,  when  the  resulting  line  current 
wUl  be  found  to  be  equal  to  VS/x  in  the  same  way  that  the  line 
voltage  was  found  to  be  equal  to  VS  times  the  coil  voltage  for  a 
star  connected  system.  U  three  non-inductive  resistances  are 
connected  up  in  the  same  manner  at  the  receiving  end,  they  wUl 
each  take  a  current  which  is  in  phase  with  the  voltage  across  their 
respective  terminals.  If  reactance  is  present  in  equal  amounts  in 
the  three  circuits  the  current  will  lag  behind  the  voltage  by  an 

angle  ^,  and  combining  each  pair  of 
phase  currents  the  three  line  currents 
are  obtained,  the  resulting  vector  dia- 
gram being  shown  in  Fig.  94. 

The  two  systems  of  connection  de- 
scribed above  are  interchangeable  and 
it  is  possible  to  have  a  star-connected 
generator  with  a  mesh-connected  load 
and  vice  versa* 

Power  in  a  Star-conneeted  GIreuit. — 
The  power  given   out   by  the    simple 
alternating  current  dynamo  when  star- 
connected  is  the  sum   of    the   powers 
given  out  by  the  three  coils.    Assuming 
that  both  resistance  and  reactance  are 
present  so  as  to  make  the  current  lag  by  an  angle  ^  behind  the  coil 
voltage,  it  is  seen  that  the  power  output  of  each  coil  is  EjJp  cos  <f>, 
where  Ep  is  the  phase  voltage  and  Ip  is  th/e  phase  current,  which  is 

also  equal  to  7^,  the  line  current.  But  Ep  =  ^Tk  -^i,  where  El  is 
the  line  voltage,  and  therefore 


FIG.  94.— Vector  Diagram  of  Three 

Phase  Mesh  or  Delta  Connected 

System. 
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=  V3EJl  COS  ^. 

It  iB  to  be  remembered  that  the  power  factor  is  the  cosine  of  the 
angle  of  phase  difference  between  the  coil  voltage  and  the  current, 
not  the  line  voltage  and  the  current. 

Power  in  a  Mesh-eonneoted  System. — Here  again  the  total  power  is 
the  sum  of  the  powers  in  the  three  separate  phases  and  is  therefore 
equal  to 

SEpIp  cos  (f>. 

But  the  line  current  is  equal  to  VS/p  and  consequently  the  total 
power  can  be  rewritten 

3El~^oob6 
V3 

=  V3J52i//iCOS^, 

the  same  as  before. 

Thus  the  power  in  a  three  phase  system  is  the  same  for  both 
star  and  mesh  if  the  line  voltage,  line  current,  and  power  factor  are 
the  same.  In  the  one  case  the  line  voltage,  is  V3  times  the  phase 
voltage,  whilst  in  the  other  the  line  current  is  VS  times  the  phase 
current. 

Measurement  of  Power  in  a  Tliree  Pliase  System. — ^The  first  obvious 
method  of  measuring  the  power  in  a  three  phase  system  is  to  use 
three  wattmeters  so  that  each  measures 
the  power  developed  or  absorbed  by 
one  phase.    The  connections  for  doing 
this  in'  the  case  of  a  star  system  are 
shown  in  Fig.  95,  and  at  first  sight  it 
appears  as  if  it  is  necessary  to  bring 
out  a  fourth  wire  from  the  star  point. 
But  the  three  ends  of  the  volt  coils  of    ^    ^^    ^      „ 
the  wattmeters  form  a  star  pomt  m  star  system, 

themselves,  and,  considering  them  as  a 

very  small  load,  it  is  seen  that  no  current  flows  through  the  fourth 
wire,  so  that  it  may  be  omitted.  In  other  words,  the  potential 
of  the  star  point  formed  by  the  wattmeter  volt  coils  is  the  same 
as  that  at  the  generator  or  load  ends. 

If  the  system  were  balanced  one  wattmeter  would  be  sufficient 
if  the  star  point  were  available,  the  reading  being  multiplied  by  3. 
If  a  lead  is  brought  out  from  the  generator  star  point  the  connec- 
tions would  be  those  shown  in  Fig.  96  (a).  But  forming  an  auxiliary 
star  point  by  means  of  three  high  resistances  the  connections  shown 
in  Big.  96(6)  could  be  adoptcl.     This  obviates  the  necessity  of 
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Fio.  96. — Wattmeter  Connections 
for  Balanced  Three  Phaee  System. 


bringing  a  fourth  wire  out  from  the  generator.     But  since  the 
resistance  of  the  volt  coil  will  be  comparable  with  each  of  these 

fine  wire  resistances,  the  value  of  the 
resistance  in  parallel  with  the  volt  coil 
must  be  chosen  higher  than  the  other 
two,  so  that  when  placed  in  parallel 
with  the  volt  coil  the  joint  resistance 
is  equal  to  each  of  the  other  two.  A 
further  simplification  can  be  made  as 
shown  in  Rg.  96  (c).  Here  the  volt 
coil  is  itself  used  as  one  of  the  three 
resistances,  the  values  of  the  other  two 
each  being  made  equal  to  it. 

Wattmeters  are  sometimes  provided 
with  these  two  extra  resistances  so  that 
they  can  measure  directly  the  power  in 
a  balanced  three  phase  circuit. 

In  the  case  of  a  mesh-connect«d 
system  three  wattmeters  could  be  used 
as  in  the  previous  case,  but  this  would 
necessitate  opening  the  three  branches 
of  the  mesh  for  the  purpose  of  intro- 
ducing the  three  current  coils  as  shown 
in  Fig.  97,  and  this  would  be  very  inconvenient,  apart  from  the 
fact  that  it  could  only  be  done  at  either  the  generator  or  the  load 
end  of  the  line.  But  since  the  power  in  a 
mesh  system  is  the  same  as  that  in  a  star 
system,  there  is  no  need  to  resort  to  this 
arrangement,  and  the  other  more  convenient 
methods  can  be  adopted. 

Two  Wattmeter  Method  of  Measuring  Power. — 
By  far  the  most  commonly  used  method  of 
measuring  the  power  in  a  three  phase  system 
is  that  knowp  as  the  ttoo  uxUtmeter  method. 
Each  wattmeter  has  its 
current  coil  in  a  differ- 
ent lead,  whilst  the  two 
volt  coils  are  connected 
at  one  end  to  their  respective  ciurent  coils, 
the  other  ends  being  connected  to  the  third 
lead,  which  has  no  current  coil  in  it,  as  shown 
in  Fig.  98.  It  will  now  be  shown  that  the 
sum  of  the  two  wattmeter  readings  gives  the 
total  power,  and  that  this  measurement  is 
independent  of  balance  and  wave  form  if 
the  wattmeters  are  themselves  accurate. 

Let  the  instantaneous  volts  measured  from  the  star  point  to 


Fio.  97. — ^Power  Measuie- 
ment  in  a  Mesh  System. 


Fio.  08.— Two  Wattmeter 

Method  of  Measmlng 

Power. 
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the  three  line  wires  be  e^,  e^  and  63  regpectively  and  let  the 
currents  flowing  outwards  in  the  thiee  arms  be  t^,  i^  and  i^ 
respectively.  Then  wattmeter  W^  measures  (e^  —  e,)  ii  and  watt- 
meter TF2  measures  (63  —  62)  I's*  Th^  ^^^  o'  ^^^  ^^'^  readings  is 
theiefore 

(«l-««)h  +  («8-««)»3 
=  «1»I   -  ««  (h  +  »s)  +  V3- 
But  h  =  -  (h  +  »8)- 

Therefore  the  sum  of  the  two  readings  is 

which  is  the  total  power  at  that  instant,  and  the  wattmeters  will 
indicate  the  average  value  of  this  quantity,  in  which  no  assumption 
as  to  balance  or  wave  form  is  made 


\Cwk/  Vsj^*^^         Vs^*^/ 


Fio.  99.— Wattmeter  Change-over  Switch. 

The  same  reasoning  holds  good  for  a  mesh  connection,  for  it 
does  not  matter,  as  far  as  the  wattmeters  are  concerned,  whether 
the  power  is  generated  in  a  mesh  or  star  system. 

By  the  use  of  a  specially  designed  change-over  switch  one 
wattmeter  can  be  used  for  making  the  necessary  measurements. 
The  function  of  this  switch  is  to  change  over  the  current  coil  from 
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one  lead  to  the  other  without  opening  the  circuit  even  momentarily. 
One  end  of  the  volt  coil  is  attached  to  the  current  coil  and  is  changed 
over  with  it,  whilst  the  other  end  of  the  volt  coil  remains  untouched. 
Fig.  99  shows  a  diagrammatical  sketch  of  the  switch  and  its  connec- 
tions, together  with  the  five  successive  stages  in  the  operation,  all 
of  which  are  performed  in  the  one  movement  of  the  switch. 

Veetor  Diagram  for  Two  Wattmeter  Method. — It  is  interesting  to 
observe  what  each  wattmeter  is  really  doing  in  this  measurement, 
and  this  can  be  seen  by  a  reference  to  the  vector  diagram  in  Fig.  100. 


Fig.  100. — Vector  DUgram  for  Two  Wattmeter  Method. 

Assuming  ^gain  a  balanced  circuit  and  sinusoidal  wave  forms,  it 
is  seen  that  wattmeter  Wi  measures  the  product  of  I^,  El^  and  the 
cosine  of  the  angle  of  phase  difference  between  them.  If  El^  had 
been  drawn  in  exactly  the  opposite  direction,  it  would  have  been 
more  than  90^  out  of  phase  with  I^  and  would  correspond  to 
a  negative  power  and  a  backward  reading  of  the  wattmeter. 
Similarly  wattmeter  W2  measures  the  product  of  /^,  Ei^  and  the 
cosine  of  the  angle  of  phase  difference  between  them.  The 
quantities  which  the  wattmeters  recoid  are  shown  separately  in 
Fig.  100,  where  it  is  seen  that 

TFi  =  i?/cos(^  +  30^) 

and  TTj  ==  EI  cos  (<f>  —  30^) . 

Therefore 

TTj  +  TT,  =  EI  {cos  (if>  +  W)  +  cos  (^  -  30")} 

^EI  X  2cos^oos30° 

=  VSElGo&*(f>, 

which  is  again  equal  to  the  total  power. 

When  <l>  attains  a  value  of  over  60°,  cos  {{f>  +  30**)  becomes 
negative  and  wattmeter  W^  conmiences  to  read  backwards.  In 
order  to  make  the  measurement,  therefore,  either  the  current  coil 
or  the  volt  coil  must  be  reversed,  and  the  forward  reading  thus 
obtained  must  be  subtracted  from  that  of  the  other  wattmeter  in 
order  to  obtain  the  total  power.     In  the  same  way,  when  the 
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angle  of  lead  becomes  greater  than  6(f  the  wattmeter  W^  com- 
xnences  to  read  backwards  and  the  same  procedure  must  be 
adopted. 

Measurement  of  Power  Faetor  from  Wattmeter  Readings. — On  a 
sine  wave  hypothesis  the  measurement  of  the  power  factor  devolves 
into  a  determination  of  cos  ^,  and  this  can  be  obtained  from  the 
two  wattmeter  readings  mentioned  above,  for 

IFj  -  PFj  =  EI  {cos  {</>  +  aO*')  -  cos(^  -  30°)} 
=  —  JP/  X  2  sin  ^  sin  30** 
=  —  J?/  sm  ^. 

Therefore  Wi—  W^  ^  -  EI  An  (f> 

Wi+Wt      V3EIoo8<f> 

—  sin^ 
=  —7= — - — » 
V  3  cos  <f> 

and  cos  <f>  = 


V^+<I:  ;■;:)* 


IF 
Letting  r  equal  ~  and  dividing  top  and  bottom  of  the  part 

in  the  round  brackets  by  TT,  we  get 

COSA  =  ;- :-       ' 

W 
It  is  convenient  to  divide  by  the  larger  reading  so  that  =^ 

is  always  less  than  unity. 

^Another  way  of  stating  this  relationship  is  obtained  by  multi- 
plying top  and  bottom  of  the  above  equation  by  (r  +  l).    Then 
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C08^  = 


r  +  1 


V{^ 


r  +  1 


V>  +  l)»  +  3(f-l)« 

= ♦"ti         , 

2y/r*-r  +  l' 

When  the  angle  of  lag  is  60°  the  wattmeter  TFj  is  measaring 

^/oo8(60°  +  30°)  =  0, 

and  thus,  when  the  power  factor  falls  to  0-5  =  cos  60°,  the  indica- 
tion of  the  first  wattmeter  is  zero.  This  result  is  also  obtained  by 
putting  r  equal  to  zero  in  the  last  equation.  If  the  jwwer  factor 
is  less  than  0-5  it  follows,  from  the  same  equation,  that  r  must 
have  a  negative  value,  indicating  that  one  wattmeter  is  reading 
backwards. 

Again,  when  the  angle  of  lead  is  60°  the  wattmeter  W^  measures 

.B/cos(-60°-30°)  =  0, 

and  for  power  factors  of  less  than  0*6  with  the  current  leading  the 
second  wattmeter  gives  a  negative  indication. 
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Fig.  101  shows  in  curve  form  the  relation  between  the  power 
factor  and  the  ratio  of  the  two  wattmeter  readings,  this  ratio  always 
having  a  fractional  value.  The  power  factors  under  which  the  two 
wattmeters  themselves  are  working  are  also  shown,  it  being  seen 
that  each  of  them  reverses  in  sign  over  a  portion  of  the  range. 

Three  Phase  Load. — ^The  conditions  necessary  for  a  three  phase 
load  to  be  balanced  are  that  the  resistances  of  the  three  arms  must 
be  aU  equal,  the  inductive  reactances 
must  be  all  equkl  and  the  capacity 
reactances  must  be  ail  equal.  It  is 
not  sufficient  that  the  impedances 
should  be  equal,  as  this  result  might 

be  attained  with  di^erent  proportions    

of  resistance  and  reactance.  5^^  j^j^^ 

The  same  impedances  arranged  in   ^^^  ao2.~im»5d«ices  in  star  and 
mesh  produce  a  larger  current  for  a  Mesh. 

given    E.M.F.   than  when  arranged 

in  star,  for  consider  the  general  case  where  the  impedance  of  each 
branch  is  Z  and  the  line  volts  are  E  (see  Fig.  102). 

_.  E 

When  arranged  in  star,  the  voltage  across  each  branch  is  —y=^ 

and  the  current  is  -7-— ,  but  when  they  are  arranged  in  mesh  the 
V3Z 

current  per  branch  is  ^ ,  so  that  the  line  current  is  V3^ ,  or  three 
Z/  Zf 

times  the  previous  value.    Thus  the  equivalent  impedance  of  the 

system  is  reduced  to  one-third  of  its  original  value  by  changing 

over  from  star  to  mesh. 

Unlmlaneed  Three  Phase  Cireuit. — ^An  unbalanced  system  is  pro- 
duced when  the  impedances  in  the  different  branches  are  unequal. 
The  three  currents  may  be  of  different  magnitude  and  may  also  lag 
behind  their  respective  E.M.F.'s  by  different  amounts,  but  the 
vector  sum  of  all  the  currents  flowing  outwards  must  add  up  to 
zero  if  there  are  only  three  wires.  In  order  that  this  condition  may 
be  brought  about,  the  voltage  is  usually  distributed  in  an  unsym- 
metrical  manner  over  the  three  branches,  the  general  effect  being 
to  reduce  the  voltage  on  thct  heavily  loaded  side.  One  result  of 
this  is  that  the  potential  of  the  unsynmietrical  star  point  is  different 
from  what  it  would  be  if  the  system  were  balanced. 

The  average  power  factor  is  a  term  which  has  rather  a  dubious 
meaning,  but  it  may  be  defined  as  the 

Total  power ^ 

Sum  of  the  volt-amperes  for  all  phases 

This  will  not  necessarily  be  the  same  as  the  average  of  the  three 
individual  power  factors. 

K 
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Efleet  of  Third  Harmonie. — ^AU  the  harmonics  which  are  divisible 
by  3  are  absent  in  a  balanced  three  phase  system,  providinp^ 
no  fourth  conductor  is  used.  The  voltage  between  any  two  lines 
is  the  vector  difference  of  two  phase  voltages  acting  away  from  the 
star  point,  and  these  voltages  differ  in  phase  by  a  third  of  a  period. 
But  if  a  third  harmonic  is  present  in  the  E.M.F.  wave,  there  will 
be  a  phase  difference  of  one  complete  period  between  these  harmonic 
voltages  in  the  two  phases,  and  hence  they  will  always  be  equal 
and  opposite.  This  can  be  graphically  demonstrated  by  subtracting 
two  equal  voltages  containing  third  harmonics,  as  in  Fig.  103,  the 
phase  difference  being  120®.  The  resulting  curve  shows  no  third 
harmonic. 


Fig.  103. — Disappearance  of  Third  Harmonic  in  Three  Phase  System. 

It  can  also  be  seen  by  adding  together  the  voltages  as  follows  : — 
ei  =  JPi  sin  ^  +  ^3  sin  (3^  +  a) 
e,  =  JPisin(^  -  120**)  +  JS?8sin{3(^  -  120^)  +  a} 

=  E^mn{e-  120°)  +  ^8  8m(3^  +  a  -  360°) 

==  Jfi8in(^  -  120°)  +  E^An(S0  +  a) 
Cj  -  €2  =  Ei{da0  -  sin(^  - 120°)}  +  ^a{sin(3^  +  a)  -  sin (3^  +  a)} 

=  ^1  {sm  ^  -  sin  (^  -  120°)} 

=  2^1  cos  (^-60°)  sin  60° 

=  V3Jg?iCOs(^-60°) 

=  VaBiSin(^  +  30°). 

The  third  harmonic  has  obviously  disappeared. 

In  a  similar  manner,  the  ninth,  fifteenth,  etc.,  harmonics  dis- 
appear, so  that  the  only  ones  possible  in  a  three  phase  system  are 
the  fifth,  seventh,  eleventh,  thirteenth,  etc. 

This  is  not  necessarily  the  case  when  a  fourth  wire  is  employed 
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to  join  the  star  points,  for  although  no  third  harmonic  can  exist  in 
the  voltage  between  lines,  yet  it  can  exist  between  any  line  wire 
and  the  fourth  conductor,  and  its  presence  may  produce  a  harmonic 
current  flowing  roimd  the  circuit  consisting  of  the  line  wire  and  the 
fourth  conductor  together  with  the  apparatus  joining  them. 

Six  Phase  Currents. — Six  phase  currents  can  be  obtained  in  the 
same  way  as  two  and  three  phase  currents  by  having  six  coils 
spaced  60^  apart  on  the  simple  alternating  current  dynamo.  But 
coil  No.  4  is  exactly  the  same  as  coil  No.  1,  with  the  exception  that 
it  is  reversed,  and  thus  six  separate  phases  can  be  obtained  from  a 
three  phase  source  provided  they  are  kept  insulated.  By  means 
of  transformers  (see  Chapters  XTTT-XV)  it  is  possible  to  produce  > 
six  connected  phases  from  a  three  phase  supply,  and  in  most  cases 
in  practice  where  six  phase  currents  are  employed  they  are  obtained 
from  a  three  phase  source.  They  are  used  in  connection  with  certain 
types  of  apparatus  (e.g.  rotary  converters,  see  (3iapter  XXIII)  the 
operation  of  which  is  improved  by  the  use  of  a  large  number  of 
phases. 

Nine  and  twelve  phase  currents  are  also  occasionally  met  with 
in  practice,  but  here  again  their  application  is  limited  to  certain 
particular  types  of  apparatus. 
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Moving  Iron  Ammeters  and  Voltmeters. — This  large  class  of  am- 
meters is  divided  into  two  main  groups,  (1)  where  there  is  only 
one  iron  which  is  attracted  into  a  solenoid  carrying  the  current 
to  be  measured,  and  (2)  where  there  are  two  irons,  one  fixed  and 
the  other  movable,  both  of  them  being  magnetised  by  the  current 
to  be  measured. 

The  general  action  can  be  understood  by  considering  a  simple 
case  of  the  second  type.  The  two  irons  lie  parallel  to  the  axis  of 
the  coil,  and,  assuming  their  permeabilities  to  be  constant,  the  pole 
strengths  will  be  proportional  to  the  current.  The  force  of  repul- 
sion will  therefore  be  proportional  to  the  instantaneous  square  of 
the  current  and  will  always  be  in  the  same  direction.  The  square 
root  of  the  deflecting  torque  will  be  proportional  to  the  R.M.S. 
value,  so  that  these  instruments  will  work  all  right  on  A.C.  circuits. 
Unfortunately,  the  assumption  of  the  constancy  of  the  permeability 
cannot  by  any  means  be  justified  in  practice,  and  this  introduces 
modifications.  When  the  iron  gets  highly  saturated  the  deflecting 
torque  falls  away  from  the  square  law  and  becomes  more  nearly 
proportional  to  the  first  power  of  the  current.  The  result  of  this 
is  that  the  indications  of  the  instruments  are  considerably  affected 
by  wave  form  and  they  should  be  calibrated  on  a  wave  form  sindlar 
to  that  on  which  they  are  to  be  used.  A  badly  designed  instrument 
may  show  a  difference  of  10  per  cent,  in  extreme  cases,  wheroa.s  a 
well  designed  instrument  should  not  show  a 
greater  difference  than  1  per  cent. 

An  example  of  the  single  iron  type  is 
shown  in  diagrammatic  form  in  Fig.  104. 
It  consists,  in  brief,  of  an  iron  disc  pivoted 
eccentrically  and  fixed  at  one  end  of  the 
magnetising  coil.  When  a  current  flows  the 
iron  is  attracted  into  the  coil,  causing  a  rotation  of  the  spindle. 

The  second  class  is  indicated  in  diagrammatic  form  in  Fig.  105. 
A  fixed  rod  of  soft  iron  repels  another  rod  attached  to  the  moving 
system.     When  the  needle  is  deflected  the  distance  between  the 
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of  Moving  Iron  Inatniment. 
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irons  is  increased  and  the  square  law  no  longer  holds.  This  has 
the  effect  of  improving  the  scale,  the  contracted  nature  of  which 
in  the  lower  parts  is  one  of  the  disadvantages  of  the  moving  iron 
instrument. 

The  irons  are  often  shaped  in  a  particular  fashion  so  as  to  improve 
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Fio.  105. — Double  Iron  Type  of  Moving  Iroi>  Instrument. 


the  shape  of  the  scale,  and  in  a  good  modern  instrument  this  should 
be  moderately  uniform  from  about  one-fifth  to  full  scale  deflection. 

These  instruments  operate  equally  well  either  as  ammeters  or 
voltmeters.  It  is  only  a  case  of  varying  the  number  of  turns  and 
the  size  of  the  wire  in  the  magnetising  coil,  the  ampere-turns  being 
kept  the  same.  They  can  also  be  used  for  both  continuous  and 
alternating  currents.  The  contraction  of  the  lower  part  of  the 
scale  is  not  so  important  in  the  case  of  voltmeters,  since  only  the 
voltage  in  the  region  of  the  normal  is  of  great  Importance  in  the 
majority  of  cases,  and  the  instrument  can  be  designed  so  that  this 
comes  in  the  open  part  of  the  scale. 

In  the  majority  of  moving  iron  instruments  a  gravity  control  is 
adopted,  the  moving  system  being  balanced  on  the  zero  by  means 
of  two  counterpoise  weights.  These 
weights  consist  of  small  nuts  which 
travel  on  two  screwed  rods  at  right 
angles,  as  shown  in  Fig.  106.  When 
the  pointer  is  on  the  zero  the  nut  B 
lies  vertically  underneath  the  centre 
and  its  movement  does  not  affect  the 
position  of  the  pointer.  The  zero 
adjustment,  therefore,  is  obtained  by 
means  of  A,  In  order  to  vary  the 
magnitude  of  the  reading,  an  adjust- 
ment of  .B  is  made,  since  this  will 
have  an  effect  when  the  pointer  is 
touched  now,  as  this  would  alter  the  zero.  If  B  is  moved  nearer 
to  the  centre,  the  deflection  for  a  given  current  will  be  increased. 
The  control  is  not  uniform^  since  the  centre  of  gravity  is  raised  bv 
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FlQ.  106. — Gravity  Control. 

deflected.    A  must  not  be 
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diflferent  amounts  for  equal  deflections  at  different  parts  of  the 
scale.  The  controlling  torque  is,  in  fact,  proportional  to  the  sine 
of  the  angle  of  deflection. 

Moving  iron  ammeters  and  voltmeters  suffer  from  the  dis- 
advantage of  a  comparatively  large  power  consumption,  and  unless 
shielded  they  are  affected  by  stray  fields.  The  temperature  error 
in  low  range  voltmeters  is  also  considerable. 

Air  damping  is  usually  provided  either  by  a  piston  working  in 
a  cylinder  or  simply  by  means  of  a  vane  attached  to  the  moving 
system. 

Dynamometer  Ammeters  and  Voltmeters. — ^In  these  instruments 
there  are  two  coils  connected  in  series  carrjdng  the  whole  or  a  propor- 
tional part  of  the  current.  These  two  doils  are  set  with  their  axes 
inclined  to  one  another,  one  being  fixed  and  the  other  movable.  The 
instantaneous  torque  is  proportional  to  the  square  of  the  instan- 
taneous current  and  the  average  torque  is  therefore  proportional 
to  the  mean  square  of  the  current.  Owing  to  the  variation 
of  the  distance  between  the  two  coils,  however,  the  scale  does  not 
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Fio.  107. — Connections  for  Dynamometer  Type  Ammeter. 


obey  a  strict  square  law,  but  is  usually  a  little  contracted  at  the 
top  end  as  well  as  being  very  contracted  at  the  beginning. 

In  the  case  of  ammeters,  the  whole  current  cannot  be  led  into 
and  out  of  the  moving  system  by  means  of  the  controlling  springs, 
and  to  get  over  this  difficulty  the  connections  shown  in  Fig.  107 
are  sometimes  used.  The  two  fixed  coils,  (7,  (7,  are  placed  in  series 
with  one  another  and  a  resistance,  R,  across  the  terminals,  T^,  T^- 
The  moving  coil,  M.C,  is  connected  in  series  with  the  resistance,  r, 
also  across  the  terminals,  T^i  T^.  The  ratio  of  resistance  to  reactance 
in  each  branch  circuit  must  be  the  same,  so  that  the  phase  relation- 
ships are  not  disturbed. 

They  are  affected  by  stray  magnetic  fields,  but  to  counteract 
this  they  can  be  effectively  screened  and,  if  necessary,  they  can  be 
wound  astatically. 

Most  instruments  of  this  type  are  provided  with  a  spring  control 
and  an  air  damping  device. 

The  spring  control  produces  a  restoring  torque  proportional  to 
the  angle  of  deflection,  and  is  similar  to  that  used  on  moving  coil 
instruments,  whilst  the  various  air  damping  devices  adopted  arc 
similar  to  those  used  on  moving  iron  instruments. 
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The  Kelvin  Balance  and  the  Siemens  Dynamometer  are  examples 
of  instruments  of  this  type  which  are  suitable  for  use  on  continuous 
as  well  as  alternating  currents. 

lEgh-class  dynamometer  instruments  are  only  affected  to  a 
very  small  degree  by  changes  of  wave  form  and  frequency  and 
sometimes  not  at  all. 

Indaetion  Ammeters  and  Voltmeters.— The  main  class  of  induction 
instruments  are  designed  upon  the  shielded  pole  principle  and  were 
originally  due  to  Ferraris. 

A  specially  shaped  aluminium  disc,  D  (see  Fig,  108),  is  arranged 
to  rotate  between  the  poles  of  an  electromagnet,  M,  energised  by 
the  current  to  be  measured.  Two 
copper  discs,  (7,  G,  partially  shield  the 
poles,  so  that  part  of  the  fiux  goes 
straight  across  the  aluminium  disc, 
and  part  goes  through  the  copper  discs 
on  the  way.  Due  to  the  fact  that  the . 
flux  is  alternating,  eddy  currents  are 
set  up  in  both  copper  and  aluminium 
discs,  and  since  these  currents  are 
flowing  in  the  same  direction  at  any 
given  instant  of  time,  they  will 
attract  each  other.  A  clockwise  ro- 
tation of  the  movable  disc  is  therefore 
set  up,  this  being  opposed  by  a  spiral 
spring.  By  suitably  shaping  the  alu- 
minium disc,  a  deflection  of  300^  can 
be  obtained,  the  long  scale  being  one 
of  the  distinctive  features  of  the  in- 
strument. The  deflecting  torque  at  any  instant  is  proportional 
to  the  square  of  the  instantaneous  current,  and  consequently  the 
instruments  will  indicate  R.M.S.  values,  but  owing  to  the  action 
of  the  eddy  currents  they  are  very  sensitive  to  changes  of  frequency 
unless  this  is  compensated  for.  The  indications  are  practically 
independent  of  wave  form,  but  temperatmre  errors  are  considerable 
unless  these  are  also  compensated  for. 

Another  type  of  induction  ammeter  or  voltmeter  is  the  split 
phase  instiament.  This  splitting  is  done  by  making  one  phase 
non-inductive  and  the  other  highly  inductive,  the  infetrument  acting 
after  the  manner  of  the  induction  wattmeter. 

Iron  Cored  Ammeters  and  Voltmeters. — ^This  class  of  instrument,  in 
which  shunt  electromagnets  are  used,  has  been  developed  by  Dr. 
Sumpner.  The  voltmeter  consists  of  an  electromagnet,  if,  with  a 
laminated  iron  core  shaped  as  shown  in  Fig.  109.  This  is  excited 
by  means  of  the  E.M.F.  to  be  measured,  whilst  the  moving  coil, 
M.C.,  is  connected  in  series  with  a  condenser,  (7,  across  the  same  two 
points  as  the  shunt  coil.    The  instantaneous  value  of  the  deflecting 
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Fig.  109.>-Iron  Cored  Voltmeter. 


torque  is  propbrtional  to  the  product  of  the  instantaneous  values  of 
the  flux  and  the  current  in  the  moving  coil.     On  the  assumption 

that  the  resistance  drops  in  the  two  coils 
are  negligible,  the  flux  lags  behind  the 
impressed  E.M.F.  by  90°,  and  the  current 
in  the  moving  coil  leads  the  E.M.F.  by 
90**  on  account  of  the  condenser.  These 
two  will  therefore  have  a  phase  differ- 
ence of  180°,  or  by  reversing  one  of 
them  they  can  be  considered  as  being 
in  phase.  Moreover,  both  the  current 
in  the  moving  coil  and  the  flux  are  pro- 
portional to  the  p.d.,  so  that  their 
product  is  proportional  to  the  instan- 
taneous square  of  the  voltage,  and  the  instrument  can  be  calibrated 
to  read  the  R.M.S.  value  without  being  affected  by  wave  form  or 
frequency. 

Hot  Wire  Ammeters  and  Voltmeters. — ^These  instruments  depend 
upon  the  elongation  of  a  wire  the  temperature  of  which  is  raised, 
due  to  the  passage  of  the  current  to  be  measured.  The  wire  rises 
in  temperatmre  until  the  heat  radiated  per  second  is  equal  to  the 
heat  produced  per  second,  the  resulting  sag  of  the  hot  wire  which 
is  stretched  between  two  fixed  points  being  used  to  actuate  the 
pointer.  Since  the  rate  of  production  of  heat  is  proportional  to 
the  square  of  the  current,  the  instrument  tends  to  obey,  with  slight 
modifications,  the  square  law  common  to  all  alternating  ammeters 
and  voltmeters,  and  consequently  indicates  II.M.S.  values.  In 
fact  the  A.C.  ampere  is  defined  as  being  that  alternating  current 
which  produces  the  same  heating  effect  as  one  apipere  of  continuous 
current.  Obviously,  wave  form,  frequency  and  stray  magnetic 
fields  have  absolutely  no  effect  on  the  indications,  but  the  instru- 
ments suffer  from  other  inherent  disadvantages  which  render  them 
not  so  accurate  as  some  of  the  other  types  described. 

The  construction  of  ammeters  and  voltmeters  is  practically 
the  same,  the  voltmeters  having  a  large  non-inductive  resistance 
placed  in  series  with  the  hot  wire,  whilst  the  ammeters  are  shunted 
for  currents  more  than  a  few  amperes. 

The  general  arrangement  is  shown  in  Fig.  110,  the  hot  wire  being 
made  of  platinum-iridium  or  platinum-silver,  and  in  some  cases 
even  of  eureka.  This  is  maintained  in  a  state  of  tension  between 
the  two  supports,  Tj,  T^,  one  of  which  is  made  adjustable  in  order 
to  give  a  zero  adjustment  which  is  performed  by  means  of  the 
screw,  Z.  Attached  to  the  point  i4  is  a  second  wire  of  phosphor- 
bronze  held  rigidly  at  the  other  end,  B.  This  second  wire  is  kept 
in  tension  by  means  of  a  fine  silk  fibre  one  end  of  which  is  attached 
to  the  phosphor-bronze  wire  at  C,  whilst  the  other  end  is  carried 
round  a  small  bone  pulley,  P,  and  is  attached  to  the  end  of  a  flat 
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steel  spring,  8,  which  has  the  effect  of  keeping  the  whole  system  in 
tension.  When  the  hot  wire  expands  a  certain  amount  of  sag  is 
produced  at  A,  which  causes  a  sag  of  greater  amount  in  the  phosphor- 
bronze  wire.  This  action  is  repeated  by  the  silk  fibre,  which,  by 
its  movement,  causes  the  pulley  to  rotate,  producing  a  deflection 
of  the  pointer,  to  which  it  is  rigidly  attached.  Since  the  amount  of 
sag  which  is  produced  is  very  large  compared  with  the  actual  increase 
in  length  of  the  hot  wire,  a  double  magnification  is  obtained,  the 
displacement  of  the  silk  fibre  being  some  500  times  the  actual 
elongation  of  the  hot  wire. 

Attached  to  the  moving  system  is  an  aluminium  vane  moving 
between  the  jaws  of  a  permanent  magnet.  When  a  deflection  takes 
]>lace  eddy  currents  are  produced  in  the  vane  and  a  damping  action 
ensues. 

In  order  to  prevent  a  readiug  being  obtained  due  to  variations 
in  the  atmospheric  temperature,  the  base  plate  is  made  of  two 
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materials  so  proportioned  that  its  coefficient  of  expansion  is  equal 
to  that  of  the  wire  itself.  This  can  be  done  by  making  the  main 
part  of  copper  with  an  iron  extension  as  shown,  or  the  base  might 
be  made  of  iron  and  the  auxiliary  plate  of  nickel  steel.  When  the 
instrument  is  switched  off  after  it  has  been  in  circuit  for  some  time, 
the  wire  cools  down  almost  instantly,  whilst  the  base  plate  has  a 
considerable  time  lag.  For  this  reason,  the  pointer  seldom  returns 
accurately  to  zero  and  the  instrument  has  a  tendency  to  read  low. 
Those  instruments  which  have  a  platinum-silver  hot  wire  are  more 
uncertain  with  regard  to  the  zero  than  those  having  a  hot  wire  of 
platinum-iridium.  The  temperature  rise  involved  with  the  latter 
is  so  high  that  no  serious  errors  occur  due  to  the  room  temperature. 
Tiatinum-iridium  has  another  advantage  over  platinum-silver  in 
its  greater  tensile  strength.  This  enables  a  thinher  wire  to  be  used, 
rendering  the  instrument  less  sluggish  in  its  action. 

A  great  disadvantage  possessed  by  hot  wire  instruments  is  their 
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inability  to  withstand  even  comparatively  small  overloads.  This 
is  dae  to  the  wires  being  worked  at  as  high  a  temperature  as  possible 
in  the  first  case,  in  addition  to  the  fact  that  the  production  of  heat 
is  proportional  to  the  square  of  the  current.  Fuses  are  sometimes 
employed  to  protect  the  instruments,  but  they  are  not  very  satis- 
factory, as  very  often  the  hot  wire  fuses  first,  due  to  the  rapidity 
with  which  its  temperature  ris^. 

ThermHunetion  Ammeters  and  Voltmeters. — Another  type  of 
thermal  instrument  is  the  moving  coil  millivoltmeter  supplied  from 

a  thermo- junction  heated  by  the 
alternating  current  to  be  measured. 
In  the  Paul  instrument  of  this  type, 
the  thermo-junction  and  heater  are 
contained  in  a  glass  bulb  about 
_„  ,,,    ^       ^.       .™,u— .1      25  mm.   diameter  exhausted  to   a 

Fra.  111.— Connections  of  Thermal        ,.   ,      ,  -  t»   ^i     ^i 

Converter.  high  degree  of  vacuum.      Both  the 

heater  and  the  thermo-junction, 
which  consists  of  an  iron-eureka  couple,  are  supported  on  platinum 
leading  in  wires  and  are  lightly  soldered  together.  Only  a  pro- 
portional part  of  the  current  is  used  to  heat  the  thermo-junction,  J 
(see  Pig.  Ill),  the  remainder  being  carried  by  the  shunt,  S.  A 
small  resistance,  R,  is  used  for  purposes  of  adjustment.  These 
**  thermal  converters,"  as  they  are  called,  can  be  used  in  conjunc- 
tion with  shunts  on  ammeters  as  well  as  on  voltmeters. 

In  the  Duddell  thermo-ammeter  the  heater  consists  of  a  sheet 
of  platinised  mica,  the  platinum  being  scraped  away  in  places  so 
as  to  form  a  kind  of  grid.  In  this  way  high  resistances  are  readily 
obtained  in  a  very  small  space.  The  thermo-junction  lies  just 
above  the  heater,  and  is  part  of  the  moving  system  of  the  instru- 
ment, so  that  no  current  passes  through  the  controlling  spring. 

These  instruments  are  particularly  suitable  for  high  frequency 
work,  since  they  are  absolutely  independent  of  frequency.  They 
are  also  suitable  for  the  measurement  of  small  alternating  currents. 

Electrostatic  Voltmeters. — ^These  instruments  can  only  be  used 
as  voltmeters,  since  they  act  like  condensers  and  only  take  a  small 
capacity  current.  They  can  be  divided  into  two  main  types  : 
(1)  where  a  pair  of  plates  or  quadrants  are  charged  to  different 
potentials,  whilst  a  movable  vane  to  which  a  pointer  is  attitched  is 
connected  to  one  or  other  of  the  fixed  vanes  or  is  charged  to  some 
intermediate  potential ;  and  (2)  where  the  moving  vanes  are  con- 
nected to  one  terminal  and  the  fixed  vanes  are  connected  to  the 
other,  the  moving  system  being  attracted  bodily  to  the  fixed  system, 
causing  a  rotation  round  its  axis. 

One  of  the  best  known  electrostatic  instruments  is  the  Kelvin 
multicellular  voltmeter,  so  named  because  a  number  of  cells  act 
together  on  a  common  spindle.  The  working  parts  are  represented 
diagrammatically  in  Fig.  112,  where  a  number  of  movable  vanes, 
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if.  V,,  are  threaded  on  to  a  spindle  carrying  the  pointer,  P,  and  are 
interleaved  between  a  number  of  fixed  vanes,  F.  V. 

The  moving  system  is  suspended  by  means 
of  a  fine  wire,  S,  from  the  underneath  side  of  a 
coach  spring,  G,  to  prevent  injury  due  to  acci- 
dental vibration.  The  zero  is  adjusted  by 
means  of  a  torsion  head,  T,H.,  and  tangent 
screw,  T.S.,  attached  to  the  suspension.  The 
underneath  side  of  the  moving  system  ends  in 
a  vertical  perforated  paddle,  P,  moving  in  a 
glass  vessel  containing  oil,  this  serving  as  the 
damping  device.  To  avoid  injury  during  transit, 
the  moving  system  is  clamped  against  a  collar. 

These  instruments  are  only  used  on  low 
tension  circuits ;  for  high  tension,  a  different 
pattern  is  used.  In  this  case  the  vanes  are 
vertical  and  the  moving  system  is  supported  on 
knife  edges. 

The  Ayrton-Mather  voltmeter  consists  of  a 
number  of  vanes  which  are  portions  of  concen- 
tric cylinders  of  different  radii  (see  Pig.  113). 
The  movable  vanes  are  attracted  into  the  space 
between  the  fixed  ones  when  a  difference  of 
potential  is  set  up,  thus  causing  a  deflection.  In 
low  voltaee  instruments   a    spring    control    is 

used,  but  for  the     Electrostatic  Voltmeter. 

MouingVanes  medium   volt- 
ages  and  high   tension  a  gravity 
control  is  adopted.     Eddy  current 
damping  is  provided  by  means  of 
a  permanent  magnet. 

For  very  high  voltage  work, 
Dam/nnglhne  ^^^  Kelvin  Volt  Balance  may  be 
Magnet  ^^^'  This  consists  of  a  metal 
scale  pan  balanced  over  a  fixed 
plate,  which  is  covered  with  a 
layer  of  mica  insulation  to  prevent 
any  accidental  short-circuiting  (see 
Fig.  114).  The  scale  pan  and 
pointer  are  counterpoised  so  that 
the  whole  system  is  balanced  with 
the  pointer  at  zero.  When  a  p.d. 
is  set  up,  attraction  between  the 
two  plat^  ensues  and  a  deflection 
is  obtained.  Such  a  voltmeter  is  very  bulky,  the  outer  case  of  a 
100,000^volt  instrument  standing  some  5  feet  high  with  a  diameter 
of  about  3  feet. 
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Electrostatic  voltmeters  have  been  constructed  so  as  to  read 
up  to  200,000  volts,  but  there  is  great  difficulty 
in  accurately  calibrating  such  instruments. 

Where   oil   damping  is   used,  these  instru- 
ments are  sluggish  in  their  action,  due  to  the 
\iflf  ^"*^^'*'A       moving  mass  being  necessarily  large,  whilst  the 
secif/hn- — x^      working  force  is  small. 

ffim  «.!/<• --._^  The  scales  are  usually  short  and  often  some- 

^/ITnlir^ '        what  unevenly  divided,  the  range  being  extended 

HLLrcd  --^        in  some  cases  by  means  of  subdivided  resistances 

x^.«  .1.     1^  1  t    VI*    fl'^d  in  others    by    means  of   subdivided   con- 

FlO.  114.— Kelvin  Nolt       ,  -^ 

Balance.  densers. 

Wattmeters. — Wattmeters  consist  of  two  es- 
sential elements,  viz.,  a  pressure  and  a  current  coil,  these  two 
parts  being  connected  in  the  circuit  as  a  voltmeter  and  an 
ammeter  respectively.  The  simplest  type  of  wattmeter  to  under- 
stand is  the  dynamometer  type,  where  the  current  passes  through 
the  fixed  current  coils  and  the  voltage  is  applied  to  the  moving 
volt  coil,  producing  a  current  proportional  to  the  voltage. 

The  torque  which  is  produced  at  any  moment  is  proportional 
to  the  product  of  the  instantaneous  values  of  voltage  and  current, 
and,  assuming  that  the  current  lags  behind  the  voltage  by  an 
angle  ^,  the  average  value  of  this  product  is  EI  cos  <f>.  In  the 
ideal  wattmeter,  the  volt  coil  must  have  negligible  inductance  and 
capacity  compared  with  its  resistance,  so  that  the  current  flowing 
through  it  shall  be  in  phase  with  the  voltage  across  it.  lii  actual 
instruments,  however,  a  certain  amount  of  inductance  is  bound  to 
be  present,  although  it  can  be  reduced  to  very  small  amounts,  and 
the  result  is  that  the  current  lags  in  the  shunt  circuit  by  some 

small  angle  a  where  tan  a  =  - ,  r  being  the  resistance  and  x  the 

reactance  of   the  shunt   coil.     The  presence  of   the  reactance   x 

causes  two  eflFects,  (1)  the  shunt  current  is  reduced  in  the  ratio 

r 
.       .      ,  and  (2)  the  shunt  current  is  made  to  lag  by  an  angle  a. 
Vr*  +  x^ 

The  reduction  of  the  shunt  current  is  constant  in  magnitude  and 

can  be  allowed  for  in  the  design  of  the  instrument.    The  alteration 

in  the  phase   of   the   shunt  current,    however,   causes    different 

variations  at  different  power  factors  and  needs  to  be  examined 

further. 

Instead  of  mea>suring  at  any  instant 

EJL^  cos  B  cos  (6  —  <^) 

the  wattmeter  will  now  measure 

^,„/,„  cos  {6  —  a)  cos  {0—  <l>)  X     ,,  / 
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=  E^I^  (cos  0  cos  a  +  sin  ^  sin  a)  (cos  0  cos  <f>  ~\-  sin  0  sin  <^)  cos  a 

=  ^^/^  (cos*  ^  cos  a  cos  ^  +  J  sin  2^  cos  a  sin  ^ 

+  |sin2dsinacos^  +  sin*  ^  sin  a  sin  <^)  cos  a. 

Patting  the  average  values  of  cos*d,  sin*d  and  sin  2d  as  |,  | 
and  0  respectively,  the  wattmeter  indication  will  be  proportional  to 

^m^m  (i  cos  <k  cos  a  +  I  sin  ^  sin  a)  cos  a 
=  EI  cos  {<{>  —  a)  cos  a. 

The  effect  is  the  equivalent  of  advancing  the  current  in  phase 
by  an  angle  a. 

Let  the  true  power,  P,  be  equal  to  k  x  W,  where  W  is  the 
wattmeter  reading  and  k  the  correction  factor. 


Then 


EI  cos  ff>  ==  kEI  cos  (^  —  a)  cos  a 


and 


k  = 


cos^ 


COS  (<f>  —  a)  cos  a 
cos^ 


(cos  <f>  cos  a  +  sin  <^  sin  a)  cos  a 

^ 1^ 

(cos  a  +  tan  <)>  sin  a)  cos  a 

^  1 

(1  4-  tan  <^  ^n  a)  cos*  a 
^      l^+tan*^ 
1  +  tan^  tan  a 

The  value  of  this  correction  factor  is  plotted  in  Kg.  116  for 
various  values  of  a,  the  angle  of  lag  in  the  shunt  circuit.    A  simple 
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Fio.  115.— Wattmeter  Correctfon  Factors. 
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approximation  to  the  correction  factor  is  obtained^by  neglecting 
tan^  a,  since  a  is  small.     Then 

i  = 1 

1  +  tan  <f}  tan  a 
=  1  —  tan  <f>  tan  a. 

This  constant  k  is,  however,  dependent  upon  the  frequency  and 
wave  form  to  a  certain  extent,  since  these  affect  the  value  of  a. 

As  the  power  factor  decreases  the  error  increases  at  a  greater 
and  greater  rate,  so  that  an  instrument  which  is  only  subject  to  a 
0-6  per  cent,  error  on  a  power  factor  of  0*8  would  be  liable  to  a 
7  per  cent,  error  on  a  power  factor  of  0*1.  This  source  of  error  is 
very  prominent  when  low  power  factors  are  dealt  with,  and  has 
led  to  the  development  of  a  number  of  wattmeters  having  no  iron 
in  their  construction,  the  object  being  to  reduce  the  inductance  of 
the  pressure  circuit.  High  voltage  wattmeters  are  easier  to  deal 
with  in  this  respect,  since  a  large  non-inductive  resistance  can  be 
placed  in  series  with  the  moving  coil.  These  series  resistances  are 
wound  back  on  themselves,  as  in  Fig.  116,  so  as  to  make  them 


(a)  (b) 

Fig.  116.— Non-inductive  Winding  in  Sections. 

non-inductive ;  but  this  introduces  a  capacity  effect,  since  there 
are  conductors  at  different  potentials  lying  close  to  one  another 
and  separated  by  a  dielectric. 

To  reduce  this  capacity  effect  and  still  have  a  non-inductive 
winding  the  coil  is  divided  into  sections  £ks  in  Fig.  116  (&).  This 
reduces  the  average  p.d.  between  adjacent  conductors,  the  total 
capacity  being  inversely  proportional  to  the  number  of  sections. 

This  capacity,  if  not  too  great,  tends  to  neutralise  the  effect  of 
inductance,  and  therefore  is  beneficial  up  to  a  certain  amoimt. 
Eddy  currents  also  tend  to  produce  errors,  and  to  minimise  these 
the  case  and  constructional  details  are  made  of  some  insulating 
material  rather  than  metal,  whilst  the  current  coil  is  carefully 
stranded  when  large  currents  are  dealt  with. 

An  inherent  error  in  wattmeter  me€ksuremeint8  lies  in  the  fact  that 
the  instrument  always  includes  in  its  reading  the  power  absorbed 
by  either  the  current  coil  or  the  volt  coil.  In  Kg.  117  (a)  the 
power  lost  due  to  the  voltage  drop  across  the  current  coil  is 
included  in  the  power  measured,  whilst  in  Fig.  117  (6)  the  power 
lost  due  to    the   current  in  the  volt  coil  is   included.     On  a 
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constant  voltage  circuit  the  latter  will  provide  a  constant  error, 
whilst  in  the  former  case  the  error  will  be  diflFerent  for  each  value 
of  the  current.  It  does  not  always  follow,  however,  that  Fig.  117  (h) 
is  the  better  method  of  comiection,  for  when  very  small  currents 
are  being  measured  the  watts  lost  in  the  current  coil  will  be  smaller 
than  those  lost  in  the  volt  coil,  and  in  such  cases  the  connections 
shown  in  Kg.  117  (a)  are  preferable. 


(a)  (b) 

Fig.  117.— Wattmeter  Connection. 


In  some  wattmeters  a  fine  wire  compensating  coil  is  placed 
inside  the  main  current  coil  and  in  opposition  to  it,  so  that  a  negative 
torque  is  produced  reducing  the  deflection  by  the  amount  of  power 
lost  in  the  volt  coil.  The  turns  on  this  compensating  winding  are 
made  equal  to  those  on  the  main  current  coil.  This  unfortunately 
increases  the  inductance  of  the  pressure  circuit,  which  is  so  un- 
desirable. 

Qynamometor  Type  Wattmeters. — ^Dynamometer  type  wattmeters 
form  one  of  the  commonest  classes  met  with  in  practice,  the  moving 
coil  being  used  as  the  pressure  element  and  the 
fixed  coil  or  coils  as  the  current  element.  The 
moving  coil,  V.G.,  is  attached  to  a  spindle,  8,  in 
the  plane  of  the  fixed  current  coil,  O.C,  as  shown 
in  F^.  118.  When  the  current  is  sufficiently  large, 
the  fixed  coil  is  wound  with  copper  strip,  which 
is  forced  apart  at  the  points  where  the  spindle 
comes  through.  Attached  to  the  moving  system 
is  an  air-damping  piston,  D,  to  make  the  instru- 
ment aperiodic.  When  the  pointer  is  on  zero  the 
two  coils  are  inclined  a  little  as  shown,  the 
winding  being  ia  such  a  direction  that  the  coil 
tends  to  turn  in  a  clockwise  direction.  Variations 
of  wave  form  and  frequency  have  very  little  effect 
in  good  dynamometer  wattmeters. 

Indnetion  Wattmeters. — ^Induction  wattmeters 
on  the  Ferraris  principle  are  often  used  for  switch- 
board work,  one  of  their  advantages  being  the 
long  scale,  which  often  extends  over  about  SW. 
The  accuracy  is  not  as  a  general  rule  as  high 
as  in  dynamometer  wattmeters,  but  is  sufficient 
for  switchboard  purposes. 

The  wattmeter  contains  a  volt  coil,F.C,  and  a<;urrent  coil,  C.C, 
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Fia.  118. — Dynamo- 
meter  Type  Watt- 
meter. 
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as  before,  in  addition  to  a  copper  or  aluminium  disc,  D  (see  Fig.  119), 
whilst  damping  is  obtained  by  means  of  a  permanent  magnet. 
The  coils  are  wound  on  to  soft  iron  cores  between  the  pole  pieces 
of  which  the  disc  rotates.  The  pressure  circuit  is  made  very  highly 
inductive,  so  that  the  current  and  flux  produced  by  it  lag  behind  the 
applied  voltage  by  practically  90**.  The  eddy  currents  induced  in 
the  disc  are  further  proportional  to  the  rate  of  change  of  the  flux 


Fig.  110.— Induction  Wattmeter. 


and  are  again  90^  out  of  phase.  The  induced  current  in  the  disc  is 
therefore  in  phase  with  the  line  voltage,  whilst  the  flux  produced 
by  the  current  coil  is  in  phase  with  the  main  current,  since  the  coil 
is  wound  in  series  with  the  line.  The  torque  which  is  developed, 
therefore,  between  the  disc  and  the  current  coil  is  proportional  to 
their  instantaneous  product  and  the  deflection  is  proportional  to 
the  true  power. 

In  practice,  however,  the  flux  produced  by  the  volt  coil  does  not 
l&g  by  exactly  90^  behind  the  voltage  on  account  of  the  resistance, 
nor  is  the  flux  produced  by  the  current  coil  exactly  in  phase  with 
the  current,  since  there  are  power  losses  produced  by  hysteresis  and 
eddy  currents.  The  effects  of  the  error  produced  by  this  phase 
displacement  have  already  been  discussed  (see  p.  140). 

Various  compensating  devices  are  used  to  get  over  this  difficulty, 
and  usually  consist  of  auxiliary  windings  arranged  so  that,  when 
in  conjunction  with  the  main  coil,  a  flux  of  the  desired  phase  is 
produced. 

Frequency  has  a  very  marked  effect  on  the  accuracy  of  the 
instrument,  the  wattmeter  reading  increasing  as  the  frequency  is 
reduced.    Change  of  voltage  and  wave  form  also  affect  the  accuracy. 

Sumpner  Wattmeter. — ^^e  principle  on  which  this  instrument 
works  is  the  same  as  that  in  the  case  of  the  iron  cored  voltmeter, 
except  that  the  moving  coil,  instead  of  having  a  condenser  connected 
in  series  with  it  and  being  supplied  with  the  line  voltage,  is  con- 
nected to  a  piece  of  apparatus  known  as  a  quad/raiure  transformer, 
Q*T.y  with  a  non-inductive  resistance,  JB,  in  series,  as  shown  in 
Fig.  120.  This  quadrature  transformer  (see  p.  192)  produces 
a  current  proportional  to  the  line  current  and  90^  out  of  phase,  so 
that  it  serves  the  same  function  as  the  condenser  did  in  the  case 
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Fia.  120.— Sumpner  Wattmeter. 
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of  the  voltmeter.  Since  the  flux  is  90**  ont  of  phase  with  the  line 
voltage  and  the  ourrent  in  the  moving  coil  is  90^  out  of  phase  with 
the  current,  the  instrument  will  act  as 
a  true  wattmeter. 

Bleetrostatie  Wattmeters.— These  in- 
struments have  a  moving  vane  and  a 
system  of  fixed  vanes  as  in  the  case  of 
electrostatic  voltmeters,  but  instead  of 
the  fixed  vanes  being  connected  to 
points  at  the  same  potential,  opposite 
pairs  are  connected  to  the  two  ends  of 
a  non-inductive  shunt,  the  potential 
difference  between  them  being  propor- 
tional to  the  current  (see  Fig.  121). 
The  moving  vane  is  connected  to  the 
other  line  wire,  so  that  the  full  voltage 
exists  between  the  moving  and  fixed  vanes,  and  it  can  be  shown 
that  the  deflection  is  proportional  to  the  true  watts. 

The  sphere  of  usefulness  of  these  instru* 
ments  lies,  at  present,  in  measurements 
involving  very  high  pressures  and  low 
currents. 

Two  Phase  Wattmeters. — In  the  case  of 
a  two-phase  circuit  the  total  power  is  the 
sum  of  the  powers  in  the  two  phases, 
and  if  two  wattmeters  have  their  moving 
systems  attached  to  the  same  pointer 
the  resulting  deflection  will  depend  upon  the  total  power  in  the 
circuit.  Instruments  are  made  on  this  principle  so  as  to  avoid 
having  to  use  two  separate  wattmeters,  there  being  eight  ter- 
minals in  such  a  case,  as  shown  in  Fig.  122.  Such  wattmeteip 
may  be  used  for  balanced  or 
unbalanced  circuits.  Occasionally 
in  connecting  up  such  instru- 
ments the  two  parts  are  put  in 
opposition,  and  the  wattmeter 
win  then  give  a  small  deflection 
which  is  due  to  the  difference  of 
the  powers  supplied  by  the  two 
phases. 

Three  Phase  Wattmeters.— In  the 
case  of  three-phase  measurements 
it  has  been  shown  that  only 
two    wattmeters    are    necessary, 

and  these  can  be  mounted  on  the  same  spindle  in  the  same  way 
as  in  the  two-phase  case.  Thus  the  total  power  can  be  obtained 
from  a  single  observation  on  one  instrument  which  is  supplied 

L 


Fia.  121.— Klectrostotic  Watt- 
meter Connections. 


Fio.  122.— Two  Phase  Wattmeter 
Connectloni. 
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with  seven  terminals  and  connected  as  shown  in  Fig.  123.     The 
number  of  terminals  in  some  instruments  is  reduced  to  five  by 

suitable  combinations.  When  the 
power  factor  falls  below  0-5  one 
part  of  the  instrument  acts  in 
opposition  to  the  other,  the  result 
being  that  the  deflection  is  due  to 
the  arithmetical  difference  of  the 
powers  measured  by  the  two  com- 
ponent parts  of  the  wattmeter. 
By  reversing  one  half  of  the  instru- 
ment a  reading  is  obtained  giving 
the  value  of  (TTi  -  W^)  (see  p.  127), 
and  this,  in  conjunction  with  the 
total  power  {Wi  +  W^)  enables  the 
power  factor  to  be  determined  from  the  formula 


Fig.  123.— Three  Phase  Wattmeter 

Connect  Iciw. 


Power  factor  = 


V'+3(^:;^:)- 


Care  must  be  observed,  for  when  the  power  factor  is^  less  than  0-5 
one  part  of  the  wattmeter  normally  gives  a  backward  deflection  and 
the  total  power  {Wi  +  W^)  is  the  low  reading,  whilst  the  difference 
{Wi  —  W^)  is  the  larger  reading.  The  question  of  whether  the 
power  factor  is  above  or  below  0-5  can  generally  be  determined  from 
a  knowledge  of  the  circuit  and  the  apparatus  used. 

Drysdale  Double  Standard  Wattmeter. — This  is  a  type  of  pol^'phase 
wattmeter  suitable  for  standardising  or  accurate  testing  work.  It 
consists  of  two  separate  dynamometer  wattmeters  connected  as 
^hown  in  the  previous  paragraph,  and  can  be  used  for  either  two 
or  three  phase  work,  and,  by  connecting  the  two  volt  coils  in  series 
anji  the  two  current  coils  in  series,  it  can  also  be  used  as  a  single- 
phase  wattmeter. 

The  two  movmg  systems  are  each  mounted  on  a  mica  former 
arranged  so  that  they  are  at  right  angles  to  each  other  in  order 
to  avoid  magnetic  interference.  These  are  suspended  by  a  silk 
fibre  and  controlled  by  a  helical  spring  of  German  silver  as  shown 
in  Fig.  124.  It  can  be  seen  from  this  diagram  that  the  coils  are 
wound  astatically,  the  current  being  led  into  and  out  of  the  moving 
system  by  means  of  flexible  strips  of  phosphor  bronze.  A  pointer 
is  attached,  but  since  the  instrument  is  alwa3rs  read  with  the  pointer 
on  the  zero,  the  scale  need  only  be  sufficiently  long  to  indicate  a 
deflection.  The  current  coils  are  arranged  to  surround  the  pressure 
coils  as  shown  in  the  diagram,  these  being  themselves  encased  in 
ivoride  boxes.  The  current  coils  are  built  up  of  ten  separately 
insulated  strands  which  can  be  connected  1,  2,  5  or  10  in  parallel 
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by  means  of  a  commutator,  one  of  which  is  provided  for  each  phase. 
This  stranding  of  the  conductors  also  tends  to  eliminate  eddy 


PHASE  1. 


Mirror. 


6ca£e 


PHASE  2. 


fto.  12<L — Arrangement  of  Coile  in  Dryadale  Double  StandArd  Wattmeter. 

currents,  the  whole  instrument  being  made  of  non-metallic  materials, 
as  far  as  possible,  for  this  same  purpose.    The  torque  set  up  by 
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the  interaction  of  the  current  and  pressure  coils  when  a  load  is 
applied  causes  the  swinging  coil  to  deflect.  This  is  brought  back 
to  zero  by  twisting  the  spring  in  the  opposite  direction  by  means 


FlQ.  125.— nrystlale  Double  Standard  Wattmeter. 

of  a  large  torsion  head,  the  reading  being  obtained  from  a  scale  on 
this  torsion  head.  Fig.  126  shows  the  complete  view  of  the  instru- 
ment. 

The  normal  current  through  the  pressure  coils  should  not  exceed 
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0O2  ampere,  and  since  the  resistanoe  of  each  is  100  ohms,  additional 
resistance  has  to  be  added  externally  to  make  it  suitable  for  use  on 
commercial  voltages. 

The  reading  wiU  always  include  the  loss  in  either  the  pressure 
coil  or  the  current  coil,  but  in  most  cases  it  is  best  to  make  it  include 
the  former,  as  this  can  be  easily  calculated  and  deducted  from  the 
reading.  The  swinging  coil  should  always  be  joined  to  the  nearest 
point  possible  of  the  main  current  coils,  in  order  that  electrostatic 
forces  between  the  two  may  be  minimised  and  to  obviate  any  danger 
of  sparking  between  them. 

Bvtnif  Meters. — ^A  large  number  of  A.C.  watt-hour  meters,  or 
ifUegrtUing^  toaUmeters,  as  they  are  sometimes  called,  have  been 
developed,  but  only  the  principles  of  two  distinct  typea  will  be 
discussed.  Each  one  of  these  types  has  a  number  of  variants,  and 
one  example  from  each  type  is  chosen  for  illustration. 

Indnetion  Motor  Meters. — ^These  meters  depend  for  their  move- 
ment upon  the  interaction  of  a  magnetic  field  and  a  metal  disc 

Sh.    . .    Sk 
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Flo.  126.— Induction  Motor  Meter. 

placed  in  the  field.  They  consist  of  four  main  parts :  (1)  the 
driving  combination,  consisting  of  a  laminated  iron  core  suitably 
wound  with  shunt  and  series  coils ;  (2)  the  moving  system,  or 
rotor  ;  (3)  an  eddy  current  brake ;  and  (4)  the  registering  train. 

The  instruments  do  not  give  an  indication  by  means  of  a  pointer, 
hnt  record  the  total  number  of  revolutions  made,  this  being  an 
indication  of  the  B.T.  units  consumed.  Fig.  126  represents  dia- 
grammatically  a  meter  of  this  type,  manufactured  by  the  British 
Westinghouse  Co.,  Ltd.,  G  being  a  laminated  iron  core  upon  which 
a  shunt  coil,  8h^  and  a  series  coil,  Se^  are  wound.  The  rotor  consists 
of  a  fiat  disc  or  bell  of  copper  or  aluminium  with  a  vertical  spindle 
running  in  a  jewelled  footstep  bearing,  friction  being  reduced  to  a 
minimum  by  making  the  rotor  as  light  as  possible.  The  brake  disc 
rotates  between  the  poles  of  a  permanent  magnet  which  has  been 
aged  artificially  to  ensure  constancy.  The  registering  train  consists 
of  a  system  of  gear  wheels  and  indicators  simply  measuring  the  total 
number  of  revolutions. 
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The  shunt  coil  is  made  as  inductiTe  as  possible,  so  that  the 
flux  lags  by  practically  90^  behind  the  volts,  whilst  the  current  coil 
is  made  of  low  resistance  and  should  be  non-inductive,  so  that  the 
phase  of  the  current  is  not  disturbed  and  will  be  determined  by  the 
circuit.  In  this  way,  two  fluxes  are  produced  differing  in  phase  by 
(90**  —  ^),  where  <ft  is  the  angle  of  lag. 

These  two  fluxes  can  be  considered  as  forming  one  resultant 
flux  which  alters  in  position  and  magnitude  from  instant  to  instant. 
Considering  the  load  to  be  non-inductive,  the  two  fluxes  should  be 
in  exact  quadrature,  and  referring  to  Fig.  127  it  is  seen  that  at  a 
the  series fluxiszero,  whilst  the  shunt  flux  is  at  its  negative  maximum, 

as  represented  in  Fig.  127  (a).    A  little 

later,  at  6,  the  series  flux  has  assumed 

a  positive  value,  whilst  the  shunt  flux  is 

still  negative,  as  indicated  in  Fig.  127  (b). 

At  c,  the  shunt  flux  has  fallen  to  zero, 

except  for  a  little  leakage,  whilst  the 

series  flux  has  attained  its  maximum 

value  [see  Pig.  127  (c)],  whilst  d  and  e 

represent  conditions  occurring  still  a  little  later 

on  in  the  cycle,  where  the  shunt  flux  reverses 

and  the  series  flux  falls  to  zero.    These  events 

occur  every  half-cycle,  with  the  result  that  a 

torque  is  developed  in  the  disc.    Since  the  flux 

moves  from  right  to  left  in  the  air  gap,  the  disc 

tends  to  foUow  it,  thus  producing  a  rotation. 

If  the  current  in  the  series  coil  is  given  a  lag 
of  90®  and  the  events  are  again  traced  out,  it  will 
be  found  that  there  is  no  shifting  of  the  flux  from 
right  to  left,  and  consequently  no  rotation  is 
produced.  For  other  angles  of  lag,  the  effect  is 
intermediate  between  these  two  extremes  and  a 
reduced  speed  of  rotation  is  obtained.  The  speed 
obviously  depends  on  the  power  factor  as  well  as 
on  the  magnitudes  of  the  shunt  and  series  fluxes. 
These  latter  are  proportional  to  the  current  and 
voltage  respectively,  if  the  iron  be  not  saturated. 
The  driving  torque  is  thus  proportional  to 
the  power,  whilst  the  retarding  torque  due  to  the 
brake  wheel  is  proportional  to  the  speed,  for  the 
power  due  to  eddy  currents  is  proportional  to  the  square  of  the 
volts,  i.e.  the  square  of  the  speed  and  hence 

power  due  to  eddy  currents  a  (speed)*, 
retarding  torque  X  speed  a  (speed)*, 
retarding  torque  ...         ...    oc  speed. 


FIG.  127. 

Flux  Variation 

in  Induction 

Motor  Meter. 


and 


XI 


ALTERNATING  CURRENT  INSTRUMENTS      161 


The  speed  will  adjust  itself  so  that  the  driving  and  retarding 
torques  are  equal,  and  when  this  occurs  it  follows  that  the  power 
consumed  is  proportional  to  the  speed  and  that  the  energy  consumed 
18  proportional  to  the  total  revolutions  of  the  disc.  The  dials  can 
therefore  be  calibrated  directly  in  B.T.  imits. 

In  actual  cases  the  two  fluxes  are  not  in  exact  quadrature,  due 
to  the  presence  of  resistance  in  the  shunt  coil  and  reactance  in  the 
series  coil.  This  produces  errors  in  the  same  way  as  in  wattmeters, 
and  to  get  over  this  difficulty  a  compensating  device  has  to  be 
resorted  to.  This  may  be  done  (1)  by  means  of  an  auxiliary  shunt 
winding  so  arranged  as  to  produce  a  resultant  shunt  flux  lagging 
slightly  behind  that  produced  by  the  shunt  winding  itself,  or  (2)  by 
means  of  an  auxiliary  series  winding  so  arranged  as  to  produce  a 
resultant  series  flux  slightly  leading  that  produced  by  the  series 
winding  itself. 

The  first  method  is  carried  out  by  winding  a  second  shunt  winding 
on  the  core  in  opposition  to  the  main  shunt  winding,  a  non-inductive 
resistance  being  placed  in  series  with  it  so  that  the  angle  of  lag  is 


Fio.  128.--F1UJC  Vbctor  Diagram  for 
Shunt  Cbmpensation. 


Fie.  129— Flux  Vector  Diagram  for 
Series  Componsation. 


reduced.  Fig.  128  shows  a  flux  vector  diagram,  ^e  and  8h^  being 
the  fluxes  produced  by  the  series  and  main  shunt  coils  respectively. 
The  auxiliary  shunt  winding  tends  to  produce  a  flux,  Sh2,  which 
when  combined  with  Shi  produces  the  resultant  shunt  flux,  Shy 
lagging  by  exactly  90^  b^iind  the  series  flux,  Se.  The  flnal  adjust- 
ment is  made  by  varying  the  non-inductive  resistance  in  the  auxiliary 
shunt  drouit. 

In  the  second  method  of  compensation,  an  auxiliary  series  coil 
IB  wound  in  opposition  to  the  main  series  coil,  a  certain  amount  of 
extra  inductance  being  included  in  the  circuit.  The  flux  vector 
diagram  is  now  represented  by  Fig.  129,  where  Sh  is  the  shunt 
flux,  Sei  the  main  series  flux  and  Se^  the  auxiliary  series  flux. 
Combining  the  two  latter,  the  resultant  series  flux,  Se,  is  obtained, 
this  being  in  exact  quadrature  with  the  shunt  flux,  Sh. 

Thomson  Motor  Meter. — This  meter,  manufactured  by  the  Bptish 
Thomson-Houston  Co.,  Ltd.,  consists  of  a  little  motor  haying  no 
iron  in  its  construction  (see  Fig.  130).  There  are  two  field  coils, 
FF,  wound  with  thick  copper  wire  and  connected  in  series  with 
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eaoh  other  and  one  of  the  mains.  In  between  these  two  field  coils 
is  situated  the  armature,  A,  rotating  on  a  vertical  spindle.  The 
armature  forms,  the  volt  coil  together  with  a  high  non-inductive 
resistance,  R,  which  is  connected  in  series  with  it.  This  makes  it 
carry  a  small  current  proportional  to  the  voltage.  Connection  is 
made  to  the  armature  by  means  of  two  light  springs  pressing  on 
to  a  small  silver  commutator,  C  Underneath  the  armature  is  a 
thin  copper  disc,  Z>,  attached  to  the  same  vertical  spindle,  this 
rotating  between  the  poles  of  two  or  more  permanent  magnets,  Jf . 
Eddy  currents  are  induced  in  this  disc,  causing  a  retarding  torque 
to  be  set  up  proportional  to  the  speed.  The  driving  torque  at  any 
instant  is  proportional  to  the  current  x  volts  at  that  instant,  the 
average  value  of  which  product  is  the  power.  When  constant  speed 
is  attained  the  driving  and  the  retarding  torques  are  equal  and 
therefore,  since 

Driving  torque       ex  watts, 

Retarding  torque  a  speed, 

Watts    ...         ...  oc  speed. 

The  total  revolutions  are  therefore  proportional  to  the  total  energy 
transmitted)  and  this  is  registered  on  a  dial  system  driven  by  a  train 
of  wheels  from  the  spindle. 

^ToTraini^  Wheels 


Fio.  130.— Thomaon  Motor  Meter. 

In  all  motor  meters  a  certain  starting  current  is  necessary  to 
overcome  the  statical  mechanical  friction,  and  compensation  for 
this  is  sometimes  accomplished  by  means  of  an  auxiliary  winding 
placed  inside  the  series  coil,  but  connected  in  series  with  the  shunt 
coil.  The  torque  thus  produced  by  the  shunt  circuit  alone  is 
arranged  to  be  just  sufScient  to  overcome  the  statical  friction,  but 
it  must  not  cause  the  meter  to  register. 

Another  way  of  overcoming  the  starting  friction  is  to  connect 
the  pressure  coil  on  to  the  load  side  of  the  current  coil.  The  current 
through  the  pressure  coil  then  flows  through  the  current  coil  also 
and  compensates  for  the  statical  friction. 
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Polyphase  Supply  Meters. — ^These  are  constructed  for  two  and 
three  phase  circuits  in  the  same  way  as  wattmeters,  viz.  two  separate 
instruments  operate  on  the  same  spindle.  Insteeul  of  adding  the 
deflections,  the  speeds  are  added  so  that  the  total  revolutions  of 
the  disc  are  proportional  to  the  sum  of  the  B.T.  units  measured  by 
each  portion  of  the  instrument.  The  connections  are  the  same 
as  have  been  already  shown  in  Figs.  122  and  123  in  connection  with 
wattmeters. 


CHAPTER  XII 


ALTERNATING  CUBBENT  INSTBUMENTS  (COfUtflUtd) 


Galvanometers. — ^A  number  of  the  sensitive  and  aecurate  galvano- 
meters which  have  been  devised  are  not  suitable  for  A.C.  work, 
since  their  deflections  reverse  with  the  current.  For  A.C.  work,  a 
galvanometer  must  give  a  deflection  which  is  in  some  way  propor- 
.tional  to  the  square  of  the  current  in  order  that  it  shall  indicate 
B.M.S.  values.  Due  to  considerations  of  space,  not  more  than 
one  example  of  each  of  the  leading  types  of  galvanometer  will  be 
described. 

Irwin  Astatie  Dynamometer. — ^This  instrument,  as  its  name  implies, 
is  constructed  upon  the  dynamometer  principle,  there  being  two 

fixed  coils  contained  in  ebonite  boxes, 
one  attached  to  the  farame  and  the 
other  removable.  These  coils  are 
connected  in  opposition,  so  that  the 
field  between  them  is  radial  in  char- 
acter (see  Fig.  131).  The  moving 
system  consists  of  a  mica  disc  on 
each  side  of  which  is  a  D-shaped  coil 
as  shown  at  A  and  B.  The  disc  and 
coils  are  suspended  by  a  phosphor 
bronze  strip  so  as  to  be  capable  of 
rotation  in  the  radial  field.  A  phos- 
phor bronze  spiral  and  the  suspension 
serve  to  lead  the  current  into  and  out 
of  the  moving  system.  Owing  to  the 
peculiar  shape  of  the  moving  coils, 
they  each  tend  to  move  in  the  same 
direction  across  the  radial  field  when 
the  current  flows.  Moreover,  the  shape  of  the  moving  coil  renders 
inappreciable  the  effect  of  stray  magnetic  fields  even  when  these 
are  not  uniform.  EfScient  air  damping  is  obtained,  since  the 
clearance  between  the  edge  of  the  mica  disc  and  the  damping 
chamber  is  small.  The  deflection  obtained  is  proportional  to  the 
square  of  the  current  in  accordance  with  the  dynamometer  prin- 
ciple.   Fig.  132  shows  a  view  of  the  complete  instrument  which 
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Tia.  ISl. — Construction  of  Irwin 
Astatic  DTnamometer. 
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can   be   made  suitable   for  the  measurement  of  either  current, 
voltage  or  power. 


Fio.  1S2. — Irwin  Astatlo  Dynamometer. 


Sompner  Iron  Cored  Dynamometer. — The  principle  upon  which 
this  instrument  works  is  the  same  as  that  in  the  iron  cored  volt- 
meter (see  p.  136).  The  electromagnet  is  constructed  of  thin  iron 
laminations,  upon  which  three  coils  are  wound  for  the  purpose  of 
obtaining  different  ranges,  these  windings  having  negligible  resist- 
ance, so  that  the  flux  is  proportional  to  and  exactly  in  quadrature 
with  the  applied  voltage.  The  moving  coil  consists  of  but  a  few 
turns  suspended  in  the  two  air  gaps  of  the  electromagnet,  so  that 
both  its  resistance  and  inductance  are  negligible  when  connected 
in  series  with  a  suitable  condenser.  The  electrical  connections  are 
the  same  as  shown  in  Fig.  109,  but  these  can  be  varied  by  means 
of  the  different  coils  so  as  to  obtain  different  sensitivities.  Air 
damping  is  provided  by  means  of  a  vane  attached  to  the  moving 
system  and  fitted  in  a  closed  chamber. 

The  sensitivity  can  be  increased  by  separately  exciting  the 
magnets  from  the  same  source  and  applying  the  voltage  to  be 
measured  to  the  moving  coil  with  its  condenser  in  series.  In  this 
way,  it  is  possible  to  detect  pressiu'es  of  the  order  of  a  micro- volt. 

This  instrument  can  be  used  in  a  variety  of  ways ;  it  can  be 
used  as  a  voltmeter  over  the  extensive  range  between  1  micro-volt 
and  200  volts,  and  it  can  be  used  as  a  low  reading  wattmeter. .  Also, 
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if  the  instrument  has  been  previously  calibrated,  it  can  be  used  to 
measure  very  small  capacities  by  inserting  these  in  the  moving  coU 
circuit. 

DaddeU  Thenno-Galvanometer. — ^The  operation  of  this  instrument 
depends  upon  the  measurement  of  the  thermo-electric  E.M.F.'s 
set  up,  due  to  the  heating  of  a  conductor  by  the  passage  of  a  small 

, ,  .    current.     The  working  part  of  the  instrument 

consists  of  a  single  loop  of  silver  wire,  L  (see 
Fig.  133),  joined  at  the  lower  end  to  a  bismuth- 
antimony  thermo-couple.  This  loop  is  suspended 
between  the  pole  pieces,  A^5f,  of  a  permanent 
magnet  by  means  of  a  quartz  fibre,  Q,  the  latter 
being  joined  to  the  loop  by  means  of  a  glass 
stem,  Gy  carrying  the  mirror,  M, 

A  resistance  known  as  the  Aeo/ffr  is  fixed 
immediately  underneath  the  thermo-couple  so 
V  A-L  y/  ^®  *^  ^®^*  ^^  \iO^  by  radiation  and  convection. 
\::::-^  Al-^^  The  heater  is  made  in  the  form  of  a  fine  fila- 
ment of  metal  wire  for  resistances  up  to  40 
ohms,  and  of  platinised  quartz  fibre  when  high 
resistances  are  desired.  The  E.M.F.  generated 
by  the  thermo-couple  causes  a  unidirectional 
current  to  flow  round  the  moving  coil,  produc- 
ing a  deflection  in  the  magnetic  field.  Since 
the  heater  consists  of  a  straight  filament  only 
3  or  4  mm.  long  connected  to  the  terminals  by 
two  straight  wires,  the  inductance  and  capacity 
are  exceedingly  small. 

It  is  very  necessary  to  avoid  even  small 
changes  of  temperature,  owing  to  the  sensitive- 
ness of  the  instrument,  and  for  this  purpose 
the  suspension,  silver  loop  and  heater  are  en- 
closed in  a  heavy  brass  block  of  which  the  front 
E  (see  Fig.  134)  is  removable.  This  brass  block  slides  over  the 
studs  DI),  where  it  is  clamped  into  position.  The  heaters  are 
made  so  that  they  can  be  quickly  interchanged,  the  distance  from 
the  thermo-couple  being  adjusted  by  means  of  the  milled  head, 
¥^  and  the  position  underneath  the  thermo-couple  being  adjusted 
by  means  of  the  set  screws,  O, 

A  pin,  By  screwing  into  the  brass  block,  claraps  and  unclamps 
the  moving  system,  whilst  the  zero  is  adjusted  by  means  of  the 
torsion  head,  L,  working  in  the  collar,  X,  the  mirror  being  attached 
at  ff .  A  brass  cover  is  held  in  position  over  the  whole  by  screws 
at  AAy  so  as  to  keep  the  instrument  at  as  uniform  a  temperature  as 
possible. 

This  galvanometer  is  very  sensitive  and  can  be  used  for  both 
C.C.  and  A.C.,  frequency  and  wave  form  having  no  eflfect  at  all. 


Heater 


Fia.  133. — CoDstniction 
;^of  Duddell  Thermo- 
Galvsnometer. 
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On  the  other  hand,  the  zero  is  somewhat  unstable  and  should  be 
checked  after  each  observation.  External  magnetic  fields  have 
practically  no  effect  at  all. 


Fig.  131.    Duddell  Thermo- Galvanometer. 


The  heat  produced  per  second  is  proportional  to  the  square  of 
the  current,  and  since  the  E.M.F.  and  current  in  the  moving  system 
are  practically  proportional  to  the  rise  of 
temperature,  it  follows  that  the  deflection 
is  very  nearly  proportional  to  the  square 
of  the  current. 

Drysdale  Vibration  Galvanometer. — ^The 
principle  involved  in  vibration  galvano- 
meters is  that  of  resonance,  the  suspended 
system  of  a  special  moving  needle  gal- 
vanometer being  set  in  vibration  by  the 
alternating  current  in  this  instance.  This 
needle  is  controlled  by  means  of  a  per- 
manent magnet,  the  strength  of  the  field 
being  adjusted  by  a  magnetic  shimt,  and 
by  means  of  the  latter  the  moving  system 
can  be  brought  into  mechanical  resonance  with  the  electrical 
circuit.     The  sj^ot  of  light  then  appears  as  a  broad  band,  the  width 


FIO.  135.— I)r>'sdale  Vibration 
Galvanometer.     Front  Elevation. 
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of  which  is  taken  as  the  deflection.     Figs.  135  and  136  show  a  front 
and  side  elevation  of  the  instrument  respectively,  whilst  Pig.  137 


\  FiQ.  136. — Drysdale  Vibration  Oulvanometer.    Side  Elevation. 

shows  a  general  view.     The  magnetising  coil,  MC,  actuates  the 
needle,  N8y  which  is  supported  by  the  suspension  piece,  SP,  the 


Fia.  187. — DnrsdAle  Vibration  Oalyanometer.    General  View. 

vibrations  being  recorded  by  means  of  the  mirror,  M,    The  mag- 
netic shunt,  M8y  is  moved  up  and  down  the  permanent  magnet, 
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PJf ,  by  means  of  the  tuning  screw,  T8,  which  is  adjusted  for  each 
partici^r  frequency  so  as  to  give  the  maximum  deflection.  The 
magnetising  coils  are  removable,  thus  enabling  coils  of  different 
reaistanoe  to  be  used  ^  but  a  coil  of  about  40  ohms  suits  most 
requirements,  although  they  can  be  constructed  over  a  very  wide 
range.  Vibration  galvanometers  are  extremely  sensitive  to  changes 
of  frequency,  this  practically  precluding  their  use  as  deflectional 
instruments,  although  they  are  of  great  value  in  zero  methods 
of  test. 

Osefllographs. — These  instruments  are  employed  for  the  purpose 
of  obtaining  the  exact  shape  of  a  pressure  or  current  wave  form. 

All  oscillographs  are  in  reality  only  galvanometers,  the  moving 
systems  of  which  are  capable  of  following  the  extremely  rapid 
variations  of  the  p.d.  or  current,  enabling  these  to  be  reproduced 
on  the  screen.  There  are  three  main  types  at  present  in  use  operating 
on  the  moving  coil,  moving  iron  and  hot  wire  principles.  These 
will  each  be  described  in  turn,  but  the  general  arrangements,  apart 


Screen 


Syndinmous 
Motor 


Vibraling 
Mirror 


Mirror  aduiOedby  Cam 
Opaque  Screai 


Fio.  138. — Optical  Arrangement  of  OsdllograpU. 


from  the  details  of  construction  of  the  galvanometer  part  of  the 
oscillograph,  are  more  or  less  the  same  for  all  t3rpes. 

The  galvanometer  part  gives  a  rapidly  varying  deflection  which 
appears  as  a  straight  line.  The  beam  of  light  is  then  given  a  move- 
ment in  a  direction  at  right  angles  to  this,  and  the  spot  of  light  now 
traces  out  a  curve.  This  second  movement  is  so  arranged  that  the 
spot  of  light  is  deflected  over  equal  distances  in  equal  times,  so 
that  the  curve  which  is  plotted  automatically  is  the  relation  between 
deflection  and  time  and  is,  consequently,  the  wave  which  it  is 
desired  to  record.  The  optical  arrangements  are  shown  in  Fig. 
138,  where  the  light  from  an  arc  is  paissed  through  a  cylindrical 
lens  before  impinging  on  the  vibrating  mirror  of  the  galvanometer. 
The  light  is  focussed  on  to  this  mirror,  and  the  reflected  ray  is 
made  to  vibrate  at  right  angles  to  the  plane  of  the  paper.  The 
ray  of  light  then  impinges  on  a  plane  mirror  or  a  totally  reflecting 
prism,  which  is  made  to  vibrate  in  such  a  direction  as  to  give  a 
movement  to  the  ray  at  right  angles  to  the  movement  already 
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impressed  on  it.  The  reflected  ray  then  passes  through  another 
cylindrical  lens  before  reaching  the  screen,  where  it  has  a  move- 
ment in  the  plane  of  the  paper  proportional  to  the  time  and  a 
movement  at  right  angles  to  the  plane  of  the  paper  proportional 
to  the  instantaneous  value  of  the  current  or  voltage.  The  second 
mirror  is  actuated  by  means  of  a  cam  driven  from  a  four  pole 
synchronous  motor  (see  Chapter  XXI.),  which  is  a  motor  rotating 
exactly  once  for  every  two  periods  of  the  alternating  current.  The 
cam  is  of  peculiar  design  and  is  so  arranged  that  during  one  and 
a  half  periods  the  mirror  is  turning  with  uniform  angular  velocity. 


Fig.  130.— Synchronous  Motor  with  Vibrating  Mirror. 

whilst  during  the  remaining  half-period  the  mirror  executes  a 
quick  return  swing,  an  opaque  screen  being  interposed  to  cut  off 
the  light  and  avoid  confusing  the  diagram.  An  example  of  such  a 
motor  with  a  vibrating  mirror  is  shown  in  Fig.  139. 

Duddell  Moving  Coll  Oseillograph. — ^The  first  instruments  of  this 
type  were  due  to  M.  Blondel,  but  the  successful  development  has  been 
brought  about  by  the  late  Mr.  Duddfell.  The  oscillograph  consists 
of  a  powerful  permanent  electromagnet,  NS  (see  Fig,  140),  with  a 
narrow  air  gap  in  which  are  stretched  two  parallel  conductors,  ««, 
formed  of  a  strip  of  phosphor  bronze  bent  round  an  ivory  pulley,  P. 


xn       ALTERNATING  CtJERENT  INSTRUMENTS      16i 

A  suitable  tension  is  kept  on  the  strips  by  means  of  a  spiral  spring 
attached  to  the  pulley.  When  a  current  passes  through  the  strips, 
one  is  urged  forward  and  the  other  back,  so  that  the  mirror,  M,  is 
deflected.  Very  often  two  such  vibratora,  as  they  are  called,  are 
placed  side  by  side  for  the  purpose  of  recording  the  current  and 
voltage  waves  simultaneously.  The  guide  piece,  L,  serves  to  limit 
the  length  of  the  vibrating  portion,  which  is  inmiersed  in  an  oil- 
bath  for  the  purpose  of  damping  the  movement  and  making  it 
dead  beat.     There  is  also  a  thiid  mirror  for  the  purpose  of  recording 


na.  140.'-Du(ldoll  Moving  Coil  Osdllograph. 


the  zero,  the  other  mirrors  being  brought  to  zero  by  an  adjustment 
of  the  guide  piece,  L.  The  clearance  between  the  edge  of  the 
strip  and  the  walls  of  the  magnet  face  is  very  small,  varying  from 
<H>4  to  0-15  mm. 

The  inductance  possessed  by  this  type  of  oscUlograph  is  quite 
negligible,  so  that  it  can  be  shunted  as  an  ammeter,  the  safe  working 
enrrent  being  0*1  ampere  in  some  instances  and  0*5  ampere  in  others. 

Biondel    Moving    Iron    OsoUlograph. — A    powerful    permanent 
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Fia.  141.— Blondel  Movlns 
lion  OscUlograpb. 


U-8haped  magnet,  fitted  with  laminated  tapering  pole  pieces  and  an 
iron  core,  provides  the  magnetic  field,  one  or  two  air  gaps  being  em- 
ployed, depending  upon  whether  the  oscillograph  is  single  or  double 
(see  Kg.  141).  A  very  thin  and  narrow  strip  of  soft  iron  is  placed  in 
each  gap  so  that  the  lines  of  force  pass  from 
I — 1 1 — i  (^g^  side  to  side  across  the  width.  These  strips 
I — TTl  fnTfTrn  *^®  '^^P*  ^^  tension,  so  that  the  natural  rate 
Ljj)  ILII  \u — I  of  torsional  vibration  is  very  high,  reaching 
■  ' '      ' '      '  at  times  40,000  per  second.    The  strips  are 

therefore  able  to  follow  the  vibrations  of 
lower  frequency  due  to  the  current  the  wave 
form  of  which  is  to  be  determined.  Two 
small  coils  per  gap,  one  on  each  side,  provide 
the  deflecting  force  at  right  angles  to  the 
field  of  the  permanent  magnet.  When  a 
current  flows  through  these  coils,  the  field 
is  distorted  and  the  strip  tends  to  take  up 
a  new  position  along  the  axis  of  the  result- 
ant field  which  is  produced.  The  strip  is 
therefore  twisted  and  the  mirror,  which  is 
attached  to  the  middle  of  it,  indicates  a 
deflection.  The  twisting  strips  are  immersed 
in  a  castor-oil  bath  so  as  to  damp  out  any  ripples  which  might 
appear  due  to  the  strips  themselves. 

Irwin  Hot  Wire  08elllograph.~The  ordinary  hot  wire  galvano- 
meter gives  a  deflection  which  is  proportional  to  the  square  of  the 
current,  and  arrangements  have  to  be  made  in  this  oscillograph  in 
order  to  produce  a  deflection  which  is  directly  proportional  to  the 
first  power  of  the  current.  This  is  effected  by  superposing  a  con- 
tinuous current  on  the  alternating  current  under  consideration 
after  the  manner  shown  in  Fig.  142.  Two  hot  wires,  SS,  are  con- 
nected in  series  and  form  one  element,  being  connected  at  their 
centre  point  to  a  battery,  B,  which  is  also  connected  to  each  end 
by  means  of  two  equal  resistances, 
jB  B,  The  currents  in  the  two  wires 
will  therefore  be  the  sum  of  the 
alternating  and  continuous  currents 
in  one  case  and  the  difference  ixx  the 
other.  Let  i  and  /  represent  the 
instantaneous  value  of  the  alternat- 
ing and  the  continuous  currents  re- 
spectively. The  heating  of  the  two 
hot  wires  will  be  proportional  to 
(i  +  /)V  and  {i  —  /)*r,  where  r  is  the  resistance  of  one  hot  wire. 
The  difference  of  the  heating  of  the  two  wires  will  be 
(t  +  /)V  -  (t  -  /)«r 

=  air. 


Fxa.  142. — ^Principle  of  Irwin  Hot  Wli^ 
Oscillograph. 
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Ito.  148.— ArrangemeDi  of 

Hot  Wires  in  Irvriii  Hot  Wire 

OsdUogrftph. 


Uy  therefore,  the  continuous  current,  J,  be  kept  constant,  the 
difference  of  the  heating  and  consequently  the  difference  of  their 
elongations  will  be  directly  proportional  to  the  instantaneous  value 
of  the  alternating  current,  and  the  instrument  is  designed  so 
that  the  deflection  is  proportional  to  this 
quantity. 

The  two  hot  wires,  ABCD  and  EFOH 
(see  Fig.  143),  pass  over  an  ivory  pulley 
and  are  fixed  at  their  lower  ends,  AD  and 
EH.  Two  horizontal  wires,  BG  and  FO 
(aihown  at  the  side  in  the  diagram),  prevent 
any  horizontal  movement,  whilst  aUowing 
an  upward  movement  when  the  wires  be- 
come elongated,  due  to  their  rise  in  tem- 
perature. These  cross  wires,  which  do  not 
touch  each  other,  also  serve  to  confine  the 
current  practically  to  the  lower  portions  of 
the  hot  wires.  Farther,  the  two  hot  wilres 
are  tied  together  at  X  and  T  by  means  of 
an  insulating  loop  of  thread,  so  as  to  avoid 
any  electrical  connection,  and  a  mirror  is 
fixed  across  the  wires  near  these  points.  The  whole  system  is  kept 
in  tension  by  means  of  a  spiral  spring  attached  to  the  pulley  and 
is  immersed  in  an  oil-bath  almost  up  to  the  level  of  the  mirror. 
The  two  strips  are  electrically  connected  together  and  to  one  pole 
of  the  battery  at  D  and  J7,  the  current  being  led  into  and  out  of 
the  system  at  A  and  E.  Due  to  the  difference  of  the  elongations 
of  the  two  parts,  the  system  is  twisted  at  ZF,  thus  causing  the 
mirror  to  deflect. 

Owing  to  the  time  lag  which  is  experienced  in  hot  wire  instru- 
ments, some  method  of  accelerating  the  heating  has  to  be  employed. 
The  only  way  of  doing  this  is  to  advance  the  phase  of  the  current 
flowing  through  it,  and  this  is  effected  by  putting  a  shunted  con- 
denser in  series  with  the  hot  wires. 

Oseillogniph  Conneetions. — ^Fig.  144  indicates  the  method  of 
connecting  up  a  double  strip  oscillograph,  the  current  strip,  /, 
together  with  the  resistance,  R^  measuring  the  p.d.  across  the 
known  resistance,  R^.  The  resistance,  R^  is  included  so  as  to  avoid 
overrunning  the  strip  and  to  enable  the  deflections  to  correspond 
to  some  suitable  number  of  amperes  per  division.  The  volt  strip, 
E,  is  connected  in  series  w;th  a  high  resistance,  R^,  across  the  mains. 
A  most  important  pdint  is  to  have  one  end  of  this  strip  directly 
connected  to  the  same  main  as  the  current  one,  so  as  to  avoid  any 
large  difference  of  potential  between  the  two  strips  themselves. 
If  this  point  is  neglected,  a  short  circuit  between  the  two  is  most 
likely  to  occur  owing  to  the  small  clearances  employed.  The  value 
of  £)  can  also  be  rc^gulated  so  as  to  obtain  a  convenient  volt  scale 
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on  the  curve.  A  fuse,  /,  and  a  switch,  8^  are  further  included  in 
each  circuit,  whilst  the  synchronous  motor, /Sif,  is  run,  in  series  with 
the  resistance  B^,  across  the  mains. 


Fko.  144.— OMiUogrftpli  Oonneotlons. 

In  some  cases  the  wave  is  reflected  on  to  a  glass  screen,  where 
it  can  be  observed  by  eye  or  traced  by  hand  by  placing  a  sheet  of 
paper  over  the  screen.  Where  a  photographic  record  is  desired, 
a  falling  plate  camera  is  used,  the  plate  falling  directly  across  the 
path  of  the  ray  which  is  reflected  from  the  oscillograph,  the  syn- 
chronous motor  with  the  vibrating  shutter  being  removed.  If  the 
plate  falls  from  the  height  of  a  few  feet  the  speed  remains  very 
nearly  constant  during  the  interval  of  time  in  which  the  record  is 
made. 

Apparatus  is  also  made  to  enable^a  cinematograph  record  to  be 
obtained. 


:^: 
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Scetton  on  xy. 


Fio.  145.— -Kathode-Bay  Oadllosraph. 

Kathode-Ray  OseiUograph. — This  instrument  does  not  possess 
perhaps  the  accuracy  of  the  types  already  described,  but  has  a 
great  advantage  on  the  score  of  cost  and  simplicity  in  construction, 
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and  for  many  ptirposes  is  convenient  and  easy  to  manipulate. 
The  oscillograph  consists  of  a  kathode-ray  tube  of  special  design,  a 
pencil  of  kathode  rays  producing  a  bright  spot  on  a  fluorescent 
screen  (see  Fig.  146).  If  an  alternating  current  be  passed  through 
a  pair  of  coils,  Ci  C^,  the  rays  are  deflected  and  the  spot  appears  as 
a  straight  line.  Another  pair  of  coils,  C^  0%^  produces  a  deflection 
at  right  angles  to  the  first,  and  in  this  way  the  two  axes  are  obtained. 
If  the  two  pairs  of  coils  are  used  together,  the  spot  either  traces  out 
an  inclined  line  or  a  closed  curve,  from  which  the  wave  form  is 
obtained.  The  divergent  beam  of  kathode  rays  strikes  an  aluminium 
diaphragm,  d,  and  by  means  of  the  coil,  (7,  supplied  with  continuous 
current  and  giving  about  2,600  ampere-turns,  the  spot  is  focussed 
on  to  the  screen,  8.  The  coil,  (7,  requires  to  be  very  nicely  adjusted 
to  get  the  best  result,  and  its  position  has  to  be  found  by  trial.    The 


Fio.  146.— KAtliode-Bay  OidUosmii  and  Wave  Form. 


kathode  end  of  the  tube,  J,  is  thickly  coated  with  paraffin  wax, 
which  has  the  effect  of  steadying  the  spot,  whilst  connection  is 
made  to  the  tube  by  means  of  a  piece  of  high  tension  flexible  wire. 
A  palladium  wire  sealed  through  the  tube  at  r  is  used  to  get  rid  of 
the  **  hardening  "  of  the  tube,  which  is  done  by  gently  heating  the 
wire. 

The  kathode-ray  tube  may  be  excited  either  from  an  influence 
machine  or  by  means  of  an  induction  coil  with  a  rapid  make  and 
break. 

To  determine  the  sliape  of  a  particular  wave,  it  is  convenient 
to  apply  a  sinusoidal  E.M.F.  to  one  pair  of  deflecting  coils  and  the 
£.M.F.  of  unknown  wave  form  to  the  other.  The  resulting  diagram 
id  of  the  form  shown  in  Eig.  146,  which  also  shows  the  construction 
for  obtaining  the  wave  form.    When  the  sine  wave  has  zero  value. 
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the  magnitude  of  the  unknown  is  00.  and  the  value  of  the  curve 
6^  later  is  given  by  the  point  P.^  ^ 

Idle  Cumnt  Ammeton  and  Wattmeton. — ^These  idle  current  instru- 
ments measure  the  idle  component  of  the  current  or  volt-amperes 
only,  viz.  I  sin  ^  or  Elmn^,  where  ^  is  the  angle  of  lag.  Such 
instruments  are  useful  on  the  switchboard  for  noting  how  near  to 
unity  power  factor  the  plant  is  operating,  but  the  true  power  factor 
indicators  have  largely  supplanted  them. 

The  principle  of  the  iron-cored  Sumpner  instruments  (see  p.  135) 
is  applied  in  one  form  of  idle  current  anmieter.  The  supply  voltage 
must  be  kept  constant,  and  is  used  to  excite  the  shunt  electromagnet 
as  before,  whilst  the  moving  coil  is  connected  across  a  low  non- 
inductive  resistance  placed  in  series  with  the  mains  like  an  ammeter 
shunt.  If  the  angle  of  lag  in  the  main  circuit  is  ^,  the  instantaneous 
deflecting  torque  is  proportional  to 

FBia(0-9O'')  x/sin{d-^) 
=  —  Foos0  X  /(sintfcos^  —  oos^sin^) 
=  -FJ(Jsin2dcos^-oos«tfsin^). 

The  average  value  of  em20  being  zero  and  the  average  value 
of  cos*^  being  0-6,  the  average  value  of  the  torque  is  propor- 
tional to 

iFIemtf>, 

and  if  JP"  is  constant  the  deflection  is  proportional  to  /  sin  ^,  which 
is  the  idle  component  of  the  current.  This  assumes  a  constant 
maximum  flux  and  a  constant  voltage.  If  the  latter  varies,  the 
instrument  measures  EI  sin  ^,  acting  as  an  idle  current  wattmeter. 
Power  Faetor  Indleators. — ^These  instruments  can  be  constructed 
on  the  dynamometer  principle,  the  spring  control  being  removed. 
There  is  a  fixed  coil,  CG  (see  Fig.  147),  connected  in  series  with  the 
line,  and  two  moving  coils,  MC^t  and  MClj  connected  across  the  mains 
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Fxa.  147. — Fower  Factor  Indicator. 


like  pressure  coils,  the  first  MC^  having  a  non-inductive  resistance 
and  the  second  MCl  a  choking  coil  connected  in  series  with  it.  The 
magnitude  of  the  resistance  and  reactance,  as  well  as  the  turns  on 
the  coils,  are  so  adjusted  that  the  ampere-turns  of  the  two  coils 

»  JSHectrieian,  Nov.  7,  1913,  p.  172, 
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are  exactly  equal.  The  two  moving  coils  are  further  rigidly  attached 
at  right  angles  to  one  another  on  the  same  spindle. 

If  the  line  ciirrent  is  in  phase  with  the  line  voltage,  the  moving 
coil,  MCi,y  will  endeavour  to  set  itself  vertically.  The  fixed  coils, 
CCy  act  like  choking  coils,  and  consequently  produce  a  flux  which 
is  in  phase  with  that  produced  by  MCj,.  The  combination  of  these 
two  fluxes,  trying  to  take  up  as  short  a  path  as  possible,  tends  to 
pull  the  coil  into  the  vertical  position. 

When  the  main  current  lags  behind  the  volts  by  90°,  the  reverse 
is  the  case,  and  the  moving  system  takes  up  the  position  with  MCjt 
vertical.  For  intermediate  angles  of  lag,  the  moving  system  takes 
up  an  intermediate  position,  the  pointer  (not  shown  on  the  diagram) 
moving  over  a  scale.  For  leading  currents,  the  moving  system  would 
deflect  the  other  way,  with  the  result  that  these  instruments  fre- 
quently have  very  long  scales. 

Instruments  working  on  this  principle  can  also  be  constructed 
for  three-phase  circuits,  the  moving  system  being  woimd  with  three 
coils  star-connected  on  to  the  mains. 

Flrequeney  Meters. — The  first  type  which  will  be  described  is  based 
upon  the  fact  that  when  a  steel  reed  is  brought  near  to  the  poles 
of  an  alternating  current  electromagnet  it  is  set  into  resonant 
vibration  at  one  particular  frequency,  this  being  independent  of 
the  voltage  or  wave  form.    In  the  frequency  meter  made  by  Messrs. 


Fio.  148.— Besoiunoe  FreqveiiCT  Meter. 


Everett,  Edgcumbe  &  Co.,  Ltd.,  there  are  a  number  of  such  reeds, 
each  timed  to  vibrate  at  a  particular  frequency,  the  reeds  themselves 
being  tipped  with  a  white  enamelled  flag.  These  flags  appear  in 
an  arc  ol  a  circle  on  the  dial  of  the  instrument,  the  frequency  corre- 
sponding to  each  reed  being  marked  on  the  scale  opposite  to  it. 
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These  reeds  are  very  sharply  tuned,  %,e.  they  only  vibrate  for  the 
particular  frequency  which  they  are  supposed  to  indicate,  the  indica- 
tions dying- away  very  rapidly  indeed  as  the  frequency  is  slowly 
changed. 

In  most  power  stations  the  frequency  only  varies  over  very 
narrow  limits  and  a  short  range  on  the  scale  is  all  that  is  desired. 
Fig.  148  shows  such  an  instrument  reading  from  47  to  53  at  intervals 
of  J  cycle  per  second. 

If  a  continuous  current  equal  to,  or  slightly  greater  than,  the 
maximum  value  of  the  alternating  current  be  passed  through  the 
winding  at  the  same  time,  one  half  of  the  wave  will  be  neutralised 
whilst  the  other  half  will  be  strengthened.  The  reed  which  happens 
to  be  vibrating  will  therefore  be  attracted  only  once  per  period 
instead  of  twice,. and  will  be  thrown  into  resonance  by  double  the 
frequency  which  originally  made  it  indicate.  This,  therefore, 
provides  a  simple  means  of  doubling  the  range  of  the  instrument. 

A  frequency  meter  on  a  totally  different  principle  is  that 
manufactured  by  the  Weston  Electrical  Instrument  Co.    There 


Pia.  140. — ^WaftOQ  Fraqaencj  Meter. 


are  two  fixed  coils,  CC  (see  Fig.  149),  one  slipped  inside  the 
other  and  at  right  angles  to  it.  The  moving  system  consists 
of  a  needle,  N,  a  pointer  and  a  damper,  and  is  free  to  rotate. 
The  various  coils  are  connected  in  the  form  of  a  Wheatstone 
bridge,  which  is  balanced  at  normal  frequency.  One  fixed 
coil  has  a  resistance,  B^,  and  the  other  a  reactance,  X^,  in  series 
with  it,  these  being  placed  opposite  to  the  reactance,  X^, 
and  the  resistance,  B^,  respectively.  A  third  reactance,  X3,  is 
placed  in  series  with  the  whole,  for  the  purpose  of  damping  out  th^ 
higher  harmonics.  When  a  change  in  the  frequency  occurs,  the 
values  of  the  reactances  change,  causing  the  system  to  become  un- 
balanced to  a  certain  extent.  This  results  in  an  increase  in  the 
current  in  one  coil  and  a  decrease  in  the  other.  The  axis  of  the 
resultant  field  is  therefore  displaced  and  the  needle  takes  up  a  new 
position,  this  being  an  indication  of  the  frequency. 

Another  type  of  frequency  meter  consists  of  two  coils  placed 
vertically  over  one  another,  one  being  connected  in  series  with  a 
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non-inductive  lesisianoe,  whilst  the  other  is  connected  in  series 
with  a  choking  coil.  The  combination  is  then  connected  across 
the  mains  like  a  voltmeter.  Two  pieces  of  soft  iron  are  attached 
to  a  spindle,  one  opposite  to  each  coil,  the  resulting  pulls  tending 
to  make  the  spindle  rotate  in  opposite  directions.  At  normal 
frequency  the  opposing  pulls  balance,  but  if  the  frequency  is 
raised  or  lowered,  the  current  in  the  inductive  circuit  is  weakened 
or  strengthened  as  the  case  may  be,  thus  causing  an  unbalanced 
pull  on  the  spindle  which  takes  up  a  new  position.  The  pointer 
is  attached  to  this  spindle  and  indicates  the  frequency. 

Leakage  Indleators. — ^In  order  to  determine  the  state  of  the  insu- 
lation of  a  system  of  mains,  leakage  indicators  are  installed,  these 
usnally  taking  the  form  of  electrostatic   voltmeters   connected 


Fio.  160. — Single  Phase  Leakage  Detector. 


between  each  line  wire  and  earth.  When  high  tension  circuits  are 
being  dealt  with,  condensers  are  inserted  in  series  with  the  volt- 
meters, so  that  no  part  of  the  instrument  shall  be  directly  connected 
to  the  high  tension  line. 


151.— Three  Phase  Leakage  Detector. 


On  single-phase  circuits  it  is  common  to  have  two  sets  of  fixed 
vanes,  one  set  being  connected  to  each  line  wire.  The  moving 
vane  is  connected  to  earth  (see  Fig.  160). 

For  three-phase  systems  there  are  three  voltmeters  used,  all 


170  ALTERNATING  CURRENTS  oh.  xn 

the  moving  systems  being  connected  together  and  earthed.  Fig.  151 
shows  in  diagrammatic  form  such  a  three-phase  instrument,  all 
the  three  scales  being  close  together  to  facilitate  inspection.  When 
the  insulation  between  one  main  and  earth  deteriorates,  the  leakage 
goes  up  and  the  voltage  between  that  main  and  earth  automatically 
falls,  this  being  shown  by  the  leakage  indicator. 


CHAPTER  Xm 


TRANSFORMERS.— PRINCIPLES  AKD  CONSTRUCTION 


General  Prineiple. — ^When  a  choking  coil  is  supplied  with  8*11 
alternating  voltage,  a  back  E.M.F.  is  set  up,  due  to  the  continual 
rate  of  change  of  flux.  This  E.M.F.  is  due  to  the  turns  of  the  Tdnding 
linking  with  the  flux,  and  if  some  other  turns  are  placed  side  by 
side  with  the  original  winding  but  insulated  from  it  dectrically,  the 
turns  of  the  second  winding  will  also  have  an  E.M.F.  set  up  in  them, 
due  to  the  same  cause.  Neglecting  for  the  moment  any  losses  that 
might  occur,  the  back  E.M.F.  in  the  first  or  primary  winding  must 
equal  the  applied  E.M.F.  Each  turn  will  provide  its  own  propor- 
tion of  the  total  voltage,  and  if  there  are  T^  turns  on  the  primary, 

JBI 

the  back  volts  per  turn  will  be  ~,  where  E^  is  the  primary  applied 

voltage.     Each  turn,  on  the  other  or  secondary  winding  will  also 

E 
have  the  same  E.M.F.  induced  in  it,  viz.,  ^  volts,  and  if  there  are 


T,  total  turns  in  series  on  the  secondary,  the  total  induced  voltage 
The  ratio  of  the  voltages  in  the  two  windings  is 


will  be  1^1  X  ^^ 


therefore  seen  to  be  the  same  as  the  ratio  of  the  turns,  and  a  simple 
means  is  thus  provided  of  transforming  from  one  voltage  to  another. 
Such  a  piece  of  apparatus  is  known  as  a  transformer. 

Flux  in  a  Transformer. — Consider  a  rectangular  core  built  up  of 
laminations  wound  with  a  primary 
and  secondary  winding,  shown  on 
opposite  limbs  in  Fig.  152  for  the 
sake  of  clearness.  U  the  applied 
voltage  follows  a  sine  law,  the 
back  voltage,  the  rate  of  change 
of  flux  and  the  flux  itself  must 
also  each  follow  a  sine  law.  Let 
the  maximum  value  of  the  flux 
induced   in   the   iron  core   be   <I> 

lines.  The  total  lines  cut  per  cycle  by  each  turn  is  therefore  4<I>, 
since  the  whole  flux  dies  away  in  a  quarter  of  a  period,  and  the 
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total  lines  out  per  second  by  each  turn  is  4/4E>,  where  /  is  the 
frequency.    The  average  E.M.F.  induced  in  each  turn  is  therefore 

4/*  X  10-«  and,  since  the  form  factor  f  =  R'M.S.  value  \  .^  ^^^ 
^  \     average  value/ 

for  a  sine  wave,  the  R.M.S.  voltage  induced  per  turn  is 

111  X  4/4>  X  10- •. 

The  total  induced  voltage  in  the  primaiy  is 

E\  =  4-44/4>ri  X  10-«  volts. 

Another  way  of  arriving  at  this  result  is  to  consider  the 
maximum  rate  of  change  of  the  flux,  which  is  2irJ<b  lines  per 
second,  since  the  flux  is  sinusoidal  in  character.  The  maximum 
E.M.F.  induced  per  turn  is  therefore  27r/^  X  10*'  volts,  and  the 
total  R.M.S.  voltage  induced  in  the  complete  winding  is 

^'^f^T^  XlO-«  volts 

v2 

=  4-44/4>ri  X  10- •volts, 

the  same  as  before. 

This  flux  links  with  both  the  primary  and  the  secondary 
windings,  so  that  the  total  R.M.S.  voltage  induced  in  the 
secondaiy  is 

4'44f^T^  X  10- •  volts. 

The  frequency  of  the  E.M.F.  is  obviously  the  same  in  both 
cases. 

The  maximum  value  of  the  flux  in  the  ideal  transformer  can 
therefore  be  expressed  as 

.  _  E\  X  10«  ^  E^  X  10» 
""    4-44/^1  4-44/!rj  ' 

Bfleot  of  Secondary  Current — ^If  the  secondary  winding  be  left 
on  open  circuit,  the  primary  will  act  like  an  ordinary  choking  coil 
and  will  take  a  small  current  due  to  its  high  impedance,  this  being 
called  the  no-load  current.  This  no-load  current  will  consist  of  a 
small  power  component  and  a  relatively  large  idle  component. 
The  former  is  necessary  to  account  for  the  PB  and  iron  losses,  whilst 
the  latter  is  due  to  the  interlinking  flux  making  the  winding  inductive. 

Since  there  is  an  E.M.F.  induced  in  the  secondary  winding,  a 
current  will  flow  if  the  terminals  are  connected  to  the  ends  of  a 
non-inductive  resistance.  Assuming  for  the  moment  that  this 
winding  contains  no  resistance  or  reactance,  the  secondary  current 
will  be  in  phase  with  the  secondary  E.M.F.  But  this  current  tends 
to  produce  a  flux  in  the  opposite  direction  to  that  already  existing 
in  the  core,  and  the  momentary  effect  is  to  reduce  the  flux,  thus 
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causing  a  reduction  in  the  primary  reactance.  This  causes 
an  increased  current  to  flow  in  the  primary  until  a  state  of 
equilibrium  is  attained,  when  the  flux  will  reach  its  original  value. 
llie  secondary  ampere-turns  must  be  count-erbalanced  by  an  equal 
and  opposite  number  of  ampere-turns  in  the  primary,  so  that  the 
total  primary  current  will  be  the  vector  sum  of  the  no-load  current 
and  tiie  additional  curr^it  required  to  counterbalance  the  current 
in  the  secondary.  Neglecting  the  effect  of  the  no-load  current,  it 
is  seen  that  the  ampere-turns  of  both  primary  and  secondary  must 
be  equal,  and  consequently  the  currents  must  be  in  the  inverse  ratio 
of  the  turns,  or,  since 

tbecef ore  7i  _  T, 

This  can  also  be  seen  from  considerations  of  the  conservation  of 
energy,  for,  since  the  power  factor  is  unity  and  there  are  no  losses, 

and  :?!  =  :^  =  ?« 

Bfleet  of  Lagging  Current  in  Seeondary.— If  the  secondary  winding 
be  closed  through  a  partially  inductive  resistance,  the  current  will 
lag  behind  the  secondary  E.M.F.  by  some  definite  angle,  and  in 
order  that  the  ampere-turns  thus  set  up  shall  be  counterbalanced 
at  every  instant,  it  is  necessary  that  the  corresponding  primary 
ampere-turns  shall  have  a  phase  exactly  opposite  to  them.  This 
is  apparent  when  it  is  considered  that  for  two  sine  waves  to  neutralise 
each  other  completely  at  every  instant  they  must  be  exactly  equal 
and  opposite  in  phase.  The  effect  of  a  lagging  current  in  the 
secondary  is,  therefore,  to  cause  a  lagging  current  to  flow  in  the 
primary.  The  actual  angle  of  lag  in  the  primary  will  usually  be 
greater  than  that  in  the  secondary,  since  the  no-load  current  itself 
has  a  very  lai^  angle  of  lag,  thus  tending  to  make  the  power  factor 
of  the  primary  a  little  less  than  that  of  the  secondary. 

In  the  case  of  a  leading  current  being  taken  from  the  secondary, 
the  primary  current  will  consist  of  a  component  leading  the  primary 
voltage  by  the  same  amount  together  with  the  no-load  current 
lagging  by  an  angle  approaching  to  90^.  A  certain  amount  of 
resonance  will  therefore  be  set  up  in  the  primary,  with  the  result 
that  the  power  factor  is  slightly  higher  than  that  in  the  secondary. 

Effect  of  Ohmie  Reslstanee. — ^A  transformer  with  its  secondary  on 
open  circuit  may  be  likened  to  a  choking  coil,  the  applied  voltage 
being  divided  into  two  components,  overcoming  the  resistance  and 
reactance  respectively.  The  same  thing  occurs  when  the  trans- 
former is  giving  out  a  secondary  current.  Part  of  the  primary 
applied  voltage  is  absorbed  by  the  IR  drop  in  the  winding,  the 
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remaining  component  (obtained  by  vectorial  subtraction)  producing 
the  flux  which  generates  the  voltage  in  the  secondary.  When  the 
secondary  is  on  open  circuit,  the  primary  current  is  very  small  uid 
there  is  practically  no  difference  between  the  applied  voltage  and 
the  voltage  producing  the  flux,  particularly  since  the  IB  drop, 
small  in  itself,  is  almost  in  qua^ature  with  the  applied  voltage  as 
the  current  lags  by  nearly  90**,  When  a  current  is  taken  from  the 
secondary,  the  primary  current  goes  up  and  the  IB  drop  is  increased, 
so  that  it  may  no  longer  be  negligible  and  must,  consequently,  be 
taken  into  account.  But  the  flux  is  proportional  to  the  voltage 
remaining  after  the  IB  drop  has  been  allowed  for  (see  p.  84),  and, 
consequently,  falls  very  slightly  as  the  load  on  the  secondary  goes 
up.  Neglecting  this  slight  variation,  the  flux  remains  constant  for 
all  values  of  the  load  on  the  transformer. 

In  a  similar  way,  due  to  the  ohmic  resistance  of  the  secondary 
winding,  the  secondary  terminal  voltage  is  rather  less  than  the 
total  inducefl  secondary  E.M.F.  when  it  is  delivering  current;  and 
hence  the  ratio  of  transformation  does  not  remain  strictly  constant 
as  the  ratio  of  the  turns,  but  varies  somewhat,  due  to  the  resistances 
of  the  two  windings  and  the  currents  flowing. 

Hagnetie  Leakage. — ^The  major  portion  of  the  magnetic  flux  pro- 
duced by  the  primary  current  passes  through  the  iron  core,  but  since 

the  air  also  has  a  deflnite  permeability, 
although  very  much  less  than  that  of 
the  iron  used,  a  certain  number  of  lines 
of  force  will  traverse  an  air  path-  as 
indicated  in  Fig.  153.  These  air  paths 
are  in  parallel  with  the  iron  paths,  but 
whereas  the  lines  of  force  traversing  the 


Primary       Main       Secondary  UTon  cut  the  secondary  winding,  those 
Lwucage        mux        ^^     following  air  paths  serve  no  useful  pur- 

FiQ.153.~MalnandLMkage        VO^^^liA  iOTms,  ^ 

Fluxes  In  Traoaformer.  contradistmction  to  the  main  flux  fol- 

lowing an  all  iron  piiath  and  linking 
with  both  windings.  In  a  similar  way,  the  secondary  current 
tries  to  set  up  a  back  flux  opposing  the  existing  main  flux,  but 
the  primary  automatically  takes  a  larger  current  to  provide 
sufficient  ampere-turns  to  overcome  this  effect  as  far  as  the  main 
flux  is  concerned.  Notwithstanding  this,  a  certain  number  of  lines 
of  force  are  set  up  by  the  secondary  winding  following  leakage  air 
paths  for  the  most  part,  and  these  lines  of  force  constitute  what 
is  known  as  the  secondary  leakage  flux. 

The  effect  of  the  primary  leakage  flux  is  to  add  a  certain  amount 
of  reactance  to  the  primary  winding,  which  serves  no  useful  purpose 
and  uses  up  a  certain  amount  of  the  primary  applied  voltage  in  the 
same  way  that  the  resistance  of  the  primary  winding  does. 

The  secondary  leakage  flux  acts  in  much  the  same  manner  and 
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t&as  the  effeot  of  diverting  more  and  more  of  the  main  flux  into 
leakage  paths  as  the  current  is  increased,  for  inside  the  secondary 
innnding  the  leakage  flux  is  in  exact  opposition  to  the  main  flux. 
As  the  currents  in  the  two  windings  increase,  the  difference  in  the 
ampere-turns  of  the  two  windings  does  not  alter  very  much,  the 
main  flux  actually  decreasing  idightly.  The  leakage  fluxes  are, 
however,  practically  proportional  to  the  currents  in  the  respective 
-windings,  and  so  the  total  leakage  of  the  transformer  increases  as 
the  load  goes  up  until  on  very  heavy  overloads  the  majority  of  the 
flux  has  been  diverted  into  leakage  paths. 

The  effect  of  magnetic  leakage  upon  the  ratio  of  transformation 
is  to  reduce  the  secondary  terminal  voltage  for  a  given  primary 
applied  voltage. 

Equivalent  Cireolts. — ^A  commercial  transformer  may  be  repre- 
sented, for  purposes  of  explanation,  as  consisting  of  an  ideally 
perfect  transformer  having  no  losses  or  magnetising  current,  together 
with  various  additions  to  allow  for  these  effects.  In  Fig.  154  is 
shown  such  an  ideal  transformer  having  a  resistance,  jB^,  and  an 
inductance,  £|,  in  series  with  the  primary  winding,  representing  the 

Ri         Li 


iJ^  /J 


Fro.  154 — EqnlTileiit  Transformer  Circuits. 

resistance  and  inductance  due  to  leakage  of  the  primary  respec- 
tively. Another  resistance.  Be,  and  an  inductance,  Lff^,  are  shown 
connected  in  parallel  with  the  primary.  The  resistance,  B^  is  such 
that  when  connected  to  the  supply  voltage  the  power  absorbed  is 
equal  to  the  core  loss  in  the  iron  consisting  of  hysteresis  and  eddy 
currents,  whilst  the  inductance,  L^  is  such  that  it  takes  a  purely 
idle  lagging  current  equal  to  the  magnetising  current  of  the  trans- 
former. Further,  a  resistance,  B^,  and  an  inductance,  2^,  are 
shown  in  series  with  the  secondary  circuit,  to  account  for  the 
resistance  and  leakage  reactance  of  the  secondary  winding  respec- 
tively. 

If  desired,  the  resistance  and  reactance  of  the  secondary  can 
be  combined  with  those  of  the  primary  to  form  one  resistance  and 
one  reactance.  This  combination  does  not  consist  of  simple  addi- 
tion, but  necessitates  taking  into  consideration  the  ratio  of  trans- 
formation. For  example,  in  the  case  of  a  step  down  transformer 
the  impedance  of  the  secondary  is  made  less  than  that  of  the  primary, 
because  it  deals  with  larger  currents,  and  it  must  be  multiplied  by 
the  ratio  of  transformation  in  order  to  refer  it  to  the  primary 
side. 
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In  order  to  determine  the  equivalent  impedance  of  a  trans- 
former, the  secondary  is  short-circuited  and  a  low  voltage  applied 
to  the  primary.  The  ratio  of  the  applied  voltage  to  the  primary 
current  gives  the  equivalent  impedance  referred  to  the  primary- 
side.  In  order  to  obtain  the  equivalent  impedance  referred  to  the 
secondary  side,  the  primary  is  short^ircuited  and  the  voltage  is 
applied  to  the  secondary  winding. 

Veetor  Diagnuns. — ^In  drawing  the  vector  diagram  of  a  trans- 
former, it  is  convenient  to  start  with  the  flux  vector,  4>,  as  being 
the  connecting  link  between  primary  and  secondary,  and  for  ease 
of  illustration  it  is  convenient  to  choose  a  transformer  having  a 
ratio  of  transformation  of  1:1.  Neglecting  the  resistance  and 
reactance  of  the  two  windings,  the  primary  appUed  voltage,  Vp^ 
is  exactly  the  same  as  the  voltage  overcoming  the  induced  back 
E.M.F.  in  the  primary  winding,  J?,  (see  Fig.  155),  and  leads  the  flux 
by  W,  The  induced  secondary  E.M.F.,  J?,,  is  18(f  out  of  phase 
with  J^i,  and  is  the  same  as  the  secondary  terminal  voltage,  Vs* 
On  no-load,  the  primaiy  current  will  consist  of  a  very  small  power 


Vp'Et  h  Ic  0  h    E/Vs 

Fia.  156.— Veetor  Dltgrtm  aesleotlng  SeiSttaiioe  and  Beaotoace. 


component,  /e,  necessary  to  supply  the  core  loss,  consisting  of 
hysteresis  and  eddy  currents,  together  with  a  relatively  much 
larger  idle  component,  I^  necessary  for  magnetising  the  core. 
These  two  combined  form  the  total  no-load  current,  /o,  this  again 
being  small  compared  with  the  full  load  current  of  the  transformer. 
Assuming  that  the  secondary  is  delivering  current  to  a  non- 
inductive  resistance,  the  secondaiy  current,  7^,  will  be  in  phase 
with  Vb  and  will  cause  a  corresponding  current,  /j,  to  flow  in  the 
primary.  Combining  this  with  the  no-load  current,  the  total 
primary  current,  Ip,  is  obtained,  the  angle  of  lag  being  <f>p.  It  is 
thus  seen  that  the  primary  is  operating  with  a  ix)wer  factor 
slightly  less  than  unity,  although  the  secondary  power  factor  is 
exactly  unity. 

Very  frequently  in  practice  transformers  are  made  with  a  ratio 
of  transformation  of  the  order  of  60  or  100  to  1,  and  if  both  the 
primary  and  secondary  sides  of  the  vector  diagram  were  drawn  to  the 
same  scale,  either  one  would  be  cumbrously  large  or  the  other 
impracticably  small.  In  order  to  make  both  sides  of  the  diagram 
of  approximately  equal  size,  the  usual  convention  is  to  draw  all 
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voltages  on  the  secondary  side  to  a  scale  n  times  that  of  the  voltages 
on  the  primary  side,  n  being  the  ratio  of  transformation,  the  reverse 
being  the  case  with  all  the  current  vectors. 

Taking  into  consideration  the  resistances  of  the  two  windings, 
but  not  the  leakage  reactances,  the  diagram  appears  in  the  form 
shown  in  Eig.  156,  which  illustrates  the  case  where  the  secondary 
load  is  non-inductive.  The  induced  secondary  voltage,  E^,  is  stiU 
90^  behind  the  flux,  and  in  phase  with  E^  is  the  secondary  current, 
Jj.     The  voltage,  I^Rf,  is  that  absorbed  by  the  resistance  of  the 
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only. 


seeondaiy  winding,  and  consequently  the  secondary  terminal 
voltage,  Va$  is  the  vector  difference  of  E^  and  I^Rf.  The  primary 
current,  7p,  is  made  up  as  before  of  Jj  and  7o,  but  the  voltage  drop 
due  to  the  primary  resistance,  //JSi,  must  be  in  phase  with  7p,  so 
that  the  primary  applied  voltage,  Vp,  must  be  tiie  vector  sum  of 
J?i  and  IjJii.  The  angle  of  1^,  Ap,  is  slightly  less'  than  it  was 
jneviously,  and  the  primary  applied .  voltage,  Fp,  is  no  longer 
aotly  180^  out  of  phase  witii  the  secondary  terminal  voltage,  F5. 


Vtt.  157.— VMtor  nUonutk  for  Lagging  Conent.    Beaetanoe  neglwtad. 

Assuming  a  lagging  secondary  current  and  again  neglecting  the 
reactance  in  both  windings,  the  diagram  takes  the  form  shown  in 
Fig.  157.  Here  it  is  seen  that  not  only  is  Vg  different  from  E^  in 
magnitude,  but  also  in  phase,  the  ;K)wer  factor  of  the  secondary 
being  cos  ^9.  The  primary  current,  Ip,  is,  as  before,  built  up  of 
/j  and  /o,  and  the  primary  power  factor  is  given  by  cos  ^p.  This 
time  neither  Vp  nor  F5  is  in  exact  quadrature  with  the  flux  <t>. 

The  next  case  to  be  considered  is  the  one  where  both  resistance 
and  leakage  reactance  are  taken  into  account,  dealing  first  with  a 
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non-inductive  load.  The  vector  diagram  is  shown  in  Pig.  168. 
Although  the  secondary  load  power  factor  is  unity,  the  secondary 
terminal  voltage,  F^,  is  not  in  phase  with  E^,  for  the  reason  that 
there  is  a  certain  amount  of  reactance  in  the  winding  itself,  and 
consequently  the  power  factor  of  the  complete  secondary  circuit 
is  less  than  unity,  notwithstanding  the  fact  that  the  external  circuit 
is  non-inductive.  The  voltage  drop  in  the  secondary  winding 
consists  of  a  power  component,  I^2f  *^  overcome  the  resistance,  and 
an  idle  component,  /gZ„  to  overcome  the  leakage  reactance.  The 
two  combined  form  the  voltage  I^Z^,  overcoming  the  impedance 
of  the  winding,  and  /jZj  and  Vg  added  vectorially  give  the  total 
E.M.F.,  i?„  generated  in  the  secondary.  Since  /jjR,  is  in  phase  with 
/j,  and  this  phase  is  not  known  when  commencing  to  draw  the 
vector  diagram,  the  position  of  the  lines  must  be  found  by  trial  and 
error,  so  that  I^  is  coincident  in  phase  with  Vs-    The  primary 


Fig.  158. — Transformer  Vector  Diagram.    Non-inductive  Load. 

current,  /p,  is  found  in  the  same  way  as  previously,  after  which  the 
resistance  and  reactance  drops,  IpRi  and  IpX^,  can  be  marked  off 
along  Ip  and  at  right  angles  to  it  respectively.  In  this  way,  the 
primary  impedance  drop,  IpZ^,  can  be  determined,  and  adding  this 
vectorially  to  Ei  the  primary  applied  voltage,  Vp,  is  obtained. 
The  primary  power  factor,  cos  <f>p,  is  given  by  the  cosine  of  the  angle 
between  Vp  and  Ip, 

As  the  load  increases,  both  the  phase  and  magnitude  of  Va  will 
alter  slightly,  due  to  the  increase  of  I^^  5  ^^  ^^^^  ^^  *^®  phase 
and  magnitude  of  Vp,  But  the  conditions  under  which  a  trans- 
former works  in  practice  are  that  the  primary  applied  voltage  is 
constant,  and  not  the  flux,  as  has  been  assumed  in  the  above 
diagram.  Since  the  change  is  but  a  small  one,  the  necessary  correc- 
tion can  be  made  by  choosing  a  new  scale  of  voltage  for  each  load, 
obtained  by  making  Vp  represent  the  constant  applied   voltage 
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in  each  case.  This  change  will  not  aflfeot  the  current  vectors,  but 
will  aflfeot  all  the  voltage  vectors  and  the  flux  vector  proportionally. 
Thus  the  flux  is  seen  to  decrease  slightly  as  the  load  goes  up,  and 
alao  to  lag  a  Uttle  more  than  90**  behind  the  primary  applied  voltage. 
The  conditions  arising  when  the  load  is  partially  inductive  will 
next  be  dealt  with.  Fig.  169  showing  the  vector  diagram,  both 
resistance  and  reactance  being  taken  into  account.  This  diagram 
^  7®^.  similar  to  the  previous  one,  the  secondary  power  factor 
being  given  by  cos  ^g-  One  eflfect  of  the  lag  in  the  secondary  circuit 
is  to  bring  the  two  currents  more  nearly  into  phase  opposition  and 
to  increase  those  components  of  IpZ^  and  I^^  which  are  in  phase 
with  Vp  and  E^  respectively.  This  causes  a  reduction  in  the 
secondary  terminal  voltage  as  the  secondary  power  factor  is 
decreased,  other  things  being  equal,  and  increases  the  ratio  of 


Jio.  169.— TraoBfomier  Vector  Diasnun.    Indaotlve  Load. 

transformation,  this  eflFect  being  largely  due  to  the  presence  ot 
magnetic  leakage.  The  primary  power  factor  is  always  less  than 
that  of  the  secondary,  except  when  it  is  less  than  that  on  no-load, 
which  is  not  likely  to  occur  in  practice.  Another  point  of  interest 
with  respect  to  magnetic  leakage  is  that  neither  the  primiary  nor 
the  secondary  leakage  flux  is  in  phase  with  the  main  flux,  since  the 
leakage  fluxes  are  in  phase  with  the  primary  and  secondary  currents 
which  produce  them. 

The  vector  diagram  for  the  case  where  the  secondary  current  is  a 
leading  one  is  shown  in  Fig.  160.  The  same  construction  is  adopted 
as  before,  but  this  diagram  differs  from  the  previous  one  inasmuch 
as  the  power  factor  of  the  primary  is  higher  than  that  of  the 
secondary,  due  to  the  no-load  magnetising  current  neutralising  a 
portion  of  the  capacity  current  required  to  balance  the  secondary. 
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In  fact,  for  one  particular  value  of  the  secondary  current  the  primary 
poT^er  factor  would  be  unity,  although  the  secondary  current  is  a 
leading  one.  For  lower  values  of  the  secondary  cturent  the  primary 
current  would  lag,  whilst  that  in  the  secondary  leads. 

Another  point  of  note  is  the  fact  that  the  ratio  of  transformation 
is  much  more  nearly  constant  for  varying  values  of  the  load  than 
was  the  case  when  the  load  was  inductive.  This  is  readily  under- 
stood, because  the  arithmetical  difference  between  Vp  and  E^  and 
between  E^  and  Vs  is  obviously  less  in  Kg.  160  than  in  Pig.  169. 

Safety  Devlees— Earthed  Shields.— Since  the  majority  of  power 
transformers  are  used  in  connection  with  voltages  which  are  highly 
dangerous,  it  is  necessary  to  adopt  certain  measures  for  ensuring  the 
safety  of  the  operator,  not  only  for  the  normal  working  of  the  trans- 
former,  but  also  for  its  abnormal  working.    Transformers  are  usually 
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used  for  stepping  down  from  a  high  to  a  low  voltage,  the  secondary 
side  being  connected  to  the  distributing  network,  and  very  often 
the  transformer  itself  is  protected  from  breakdown  to  earth  by 
being  immersed  in  an  insulating  oil-bath,  the  whole  being  enclosed 
in  a  cast  iron  case.  But,  in  addition  to  this,  it  is  necessary  that 
any  accidental  electrical  connection  between  primary  and  secondary 
should  be  avoided,  as  this  may  result  in  a  hi^  potential  being  given 
to  the  secondary,  which  may  make  its  presence  felt  with  disastrous 
results  at  any  point  on  the  system.  High  insulation  between  the 
windings  is  therefore  adopted  as  well  as  high  insulation  to  earth,  but 
if  a  f aiilt  should  occur  in  this  the  danger  is  as  great  as  before.  To 
nullify  the  effect  of  such  a  fault,  an  earAed  shield  is  sometimes  used. 
This  consists  of  a  layer  of  copper  gauze  or  thin  brass  sheet  placed 
between  the  two  insulated  windings,  this  shield  being  connected  to 
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the  transformer  case,  which  is  earthed.  If  a  fault  on  the  H.T. 
(high  tensiob)  side  should  occur,  the  primary  would  be  earthed  before 
it  could  do  any  damage  to  the  secondary,  thus  calling  into  play 
the  fuses  or  circuit  breakers  on  the  primary  side  and  cutting  out 
the  faulty  transformer.  But  the  primary  and  secondary  windings, 
being  separated  by  a  dielectric,  constitute  a  kind  of  high  potential 
condenser,  with  the  result  that  electrostatic  phenomena  may  be 
produced  in  the  secondary,  this  effect  being  in  no  way  due  to  in- 
sufficient insulation.  This  dij£culty  is  overcome  by  earthing  the 
secondary  winding  either  on  one  pole  or  in  the  middle,  and  this 


star  to  star 
Ratio  of  Imiafoniiatlon  -  n. 


Meeh  to  Mesh 
Ratio  of  Traosfonnatioa> 


Meeh  to  Star  ^ 

Ratio  of  Traiiflformation=-7^ 

(c) 


(•)  (6) 

Fia.  161. — Single  Phase  Transformers  on  Three  Phase  Circuits. 


practice  removes  the  necessity  of  the  earthed  shield,  which  weakens 
the  insulation  to  some  extent.  On  these  grounds,  the  efficient 
earthing  of  the  secondary  winding  is  preferable  to  the  use  of  earthed 
shields  and  is  now  largely  adopted. 

Polyphase  Transformers. — ^Two  phase  currents  can  be  transformed 
by  means  of  two  similar  single  phase  transformers,  the  secondaries 
being  independent  or  interconnected  according  to  choice.  Simi- 
larly, three  phase  currents  can  be  transformed  by  means  of  three 
similar   single  phase   transformers,   the   secondaries   either   being 
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Fio.  162.— Tliree  Pbaae  Trazufonner. 


independent  or  connected  in  star  or  mesh.  It  is  also  possible  to 
connect  the  primaries  in  mesh  and  the  secondaries  in  star,  and 
vice  verm,  the  ratio  of  transformation  of  the  line  voltages  being,  of 
course,  affected  by  the  connections.  Fig.  161  (a),  (b),  and  (c) 
illustrates  some  of  the  methods  of  connection. 

If  the  three  pcimary  windings  were  wound  on  the  same  simple 
core  which  has  been  already  described,  a  single  phase  alternating 
flux  would  be  produced  and  the  three  secondary  windings  would 
have  equal  voltages  of  the  same  phase  induced  in  them,  so  that  only 

a  single  phase  supply  could  be  ob- 
tained from  their  combination.  But 
by  adopting  a  three-limbed  core  of  the 
type  shown  in  Fig.  162,  and  winding 
each  phase  on  to  a  separate  limb,  it  is 
possible  to  build  one  transformer  which 
will  transform  three  phase  currents  by 
itself.  The  phase  of  the  flux  bears  the 
same  relationship  to  that  of  the  volt- 
age in  each  of  the  three  phases,  and 
consequently  the  sum  total  of  the  flux 
either  upwards  or  downwards  is  zero 
at  every  instant  (see  Chap.  X).  In  other  words,  the  flux  in  any 
limb  is  always  the  sum  of  the  fluxes  in  the  opposite  direction  in 
the  other  two  limbs.  By  winding  a  secondary  coil  on  to  each, 
limb,  a  three  phase  supply  can  be  obtained,  for  in  each  limb  the 
secondary  E.M.F.  will  lag  by  90**  behind  its  respective  flux,  which 
lags  by  90°  behind  the  impressed  voltage. 

Sii^le  Phase  Core  Gonstraetion.— The  simple  type  of  transformer 
in  which  a  laminated  iron  core  is  surrounded  by  copper  coils  is 
called  the  Core  Type,  In  the  case  of  small  transformers,  the  iron 
core  is  built  up  of  two  shapes  of  stampings,  one  set  being  U-shaped 
and  the  other  consisting  of  rectangular  strips  to  close  the  iron 
circuit.  The  thickness  of  these  stampings  usually  ranges  from  0*3 
to  0*6  mm.  A  bundle  of  stampings  is  clamped  together  by  bolts 
or  rivets,  the  latter  being  insulated  from  the  core  in  order  to  reduce 
the  eddy  currents.  Since  it  is  difficult  to  make  a  good  magnetic 
butt  joint  without  introducing  additional  eddy  currents,  the  plates 
are  sometimes  dovetailed  into  each  other,  alternate  stampings 
being  cut  long  and  short  for  this  purpose.  For  larger  transformers 
the  stamping  of  the  U-shaped  pieces  involves  a  considerable  waste 
of  material,  and  the  practice  is  to  build  up  such  cores  from  four 
bundles  of  rectangular  strips,  the  thickness  of  the  bundles  all  being 
equal  (see  Fig.  163).  These  are  bolted  together  between  end 
cheeks  at  the  top  and  bottom,  the  latter  also  being  held  tightly  in 
position  by  means  of  tie  rods. 

Cross  Seetion  of  Core. — Since  the  length  of  the  turn  does  not 
influence  its  flux-producing  properties,  it  is  advisable  to  reduce  it 
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to  &  minimum,  both  from  the  point  of  view  of  its  resistance  and  also 
the  amount  of  material  used.  But  with  a  fixed  magnetic  density^ 
the  cross  section  of  the  iron  is  fixed  and  the  problem  resolves  itself 
into  finding  a  figure  which  has  the  minimum  periphery  for  a  given 
croes-sectional  area.    The  ideal  figure  is  the  circle,  but  this  involves 
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710.  168.— Conitrnotioii  of  Core  Type  Tranifonner. 

each  stamping  having  a  different  width,  which  is  impracticable. 
By  having  two  or  three  sizes  of  stampings,  however,  a  good  approxi- 
mation to  the  circle  can  be  obtained,  the  coil  itself  being  made 
circular,  since  it  does  not  follow  exactly  the  outline  of  the  core, 
figs.  164  and  165  show  cross  sections  of  two  cores  built  up  of  two 


Jlfl.  164. — Cron  Section  of  Core. 
Two  Sisflt  ot  Stamptngi. 


Fxo   166.~Croi(i  Section  of  Core. 
Three  Sixes  of  Stampin0i. 


and  three  sizes  respectively.  The  exact  relationship  between  the 
various  dimensions  can  be  worked  out  mathematically,  close 
approximations  being  adopted  from  practical  considerations.  The 
presence  of  vent  spaces  also  affects  the  ideal  dimensions  to  a  slight 
extent,  but  if  the  sizes  of  these  are  given  the  problem  is  easily 
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soluble.    When  no  vent  spaces  are  employed,  the  quantities  are 
connected  together  as  follows  : — 

Two  Sizes  of  Stampings. 
a  =  1-09  X  VArea 


h  =  0-67  X  VArea 
diameter  =  1-28  X  VArea. 

Three  Sizes  of  Stampings. 
a  =  1-11  X  VArea 
6  =  0-87  X  VArea 
c  =  0-52  X  VArea 


diameter  =  1-22  x  VArea.* 

Single  Phase  Shell  Gonslraetlon. — The  core  type  of  transformer 
already  discussed  consist-s  of  an  iron  core  around  which  copper 
coils  are  wound.  The  same  effect  is  produced  if  an  iron  core  is 
wound  round  the  copper  coil,  this  being  the  characteristic  feature 
of  the  shell  t3rpe  transformer.  Fundamentally  there  is  no  difference 
between  the  .two  types,  since  the  principle  involved  in  each  is  the 

*  As  &n  example,  the  relation  between  a  and  h  for  Fig.  164  is  worked  out  as 
follows : — 

Diameter  of  circle    «=  d  =  (a»  -|-  6*)*  =  constant. 

Total  area  «  4  -  afe  +  2-^-6 

=  2ad-6« 

=  2a(ei*  -  o«)«  -  d«  +  o». 
For  maximum  area, 

dA 

^  =  -2a  X  i(rf«  -a*)-«  X  2a  +  2(d^-.  a«)*  -f-  2a  -  0. 

Substituting  h  for  (d«  —  a«)*, 

-2~-f  26  +  2a=  0. 

Rearranging  and  multiplying  by  —  ^> 


a*^ab-b*  = 

0. 

b±Vb^T 

46« 

**                  2 

"=2±    2^" 

.  1- 

since  the  —  sign  is  inadmissible. 

Total  area  =  3*246*  -  6«  =  2-246«. 

/.     6  =  0'67  X  Varea  and  a  =  109  X  Varea. 
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linkage  of  flux  with  ampere-turns.    The  appearance  of  the  two  types, 
however,  difiFers  considerably,  since,  in  the  shell  type  transformer, 
the  coils  are  more  or  less  embedded  in 
the    iron,    which    serves    also    as    a 
mechanical  protection. 

A  common  example  of  the  shell  type 
transformer  is  the  one  having  a  three- 
limbed  core  shown  in  Fig.  166.  The 
iron  section  consi^s  of  two  E-shaped 
stampings  facing  each  other  so  as  to 
form  two  square  holes,  through  which 
the  coils,  both  primary  and  secondary, 
are  threaded.  By  employing  two 
stampings  it  is  possible  to  adopt  former 
wound  coils,  the  stampings  being  cut 
alternately  long  and  short  in  order  to 
minimise  the  effect  of  the  air  gap  at 
the  joint.  There  are  only  three  mag- 
netic joints  in  this  form  of  construction, 
as  opposed  to  four  in  the  simple  core 
type  transformer  built  up  of  four 
rectangular  strips,  and  since  the  flux 
is  divided  outside  the  central  limb,  the 
section  of  the  iron  in  these  parts  need 
only  be  half  that  of  the  central  limb. 

For  large  transformers,  the  core  is 
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Fio.  167.— Shell  Type 
Trnnsformer. 


FIG. 


168.— Shell  Type  Transfonner 
^th  Circiilar  Coll. 


often  built  up  from  two  simple  rectangular  cores  placed  side  by 
side  (see  Fig.  167),  the  coils  being  slipped  into  position  before  the 
top  cross  pieces  are  added. 

Another  example  of  shell  construction  is  that  shown  in  Fig.  168, 


186 


ALTERNATING  CURRENTS 


CH. 


where  a  oircular  coil,  including  both  primary  and  secondary,  is 
linked  with  bundles  of  stampings  which  are  placed  all  the  way 
round.  Each  bundle  consists  of  an  upright  rectangular  strip  inside 
the  coil,  the  magnetic  circuit  being  completed  by  a  U  -shaped  piece. 
From  the  nature  of  the  construction,  the  stampings  leave  air 
spaces  between  them  at  their  outer  edges,  whilst  they  are  crowded 
together  in  the  interior.  This  ensures  a  large  cooling  surface  both 
for  the  copper  and  the  iron. 

Shell  type  transformers  usually  provide  a  shorter  magnetic 
path,  and  hence  the  magnetising  current  is  usually  less  than  in  the 
corresponding  core  type  transformer.  Also  the  amount  of  copper 
required  is  less,  but,  due  to  the  embedding  of  the  coils,  the  natural 
cooling  is  poorer.  A  point  against  the  shell  type  transformer  is 
the  necessity  for  dismantling  the  laminations  when  the  coils  have 
to  be  withdrawn  for  repairs,  this  not  being  necessary  in  the  core  type 
transformer. 

Three  Phase  Constraetion. — ^Theoretically  the  simplest  three 
phase  construction  is  to  have  three  upright  limbs  set  in  a  triangle 
and  joined  at  the  top  and  bottom  by  a  number  of  plate 
stampings,  as  shown  in  Fig.  169.  It  is  also  possible  to 
have  the  three  limbs  arranged  in  a  line;  as  in  Fig.  162, 
without  introducing  any  serious  asymmetry. 

Types  of  Winding. — It  is  not  the  practice  to  wind 
one  Limb  with  the  primary  and  the  other  with  the 

M  secondary,  although  transformers  are  shown  diagram- 
matically  in  this  manner  for  the  sake  of  clearness.  On 
the  contrary,  a  portion  of  each  winding  is  placed  on 
each  wound  limb,  the  L.T.  (low  tension)  side  being 
nearest  the  core.  This  only  necessitates  high  grade 
insulation  on  the  primary  (H.T.)  side  and  between 
primary  and  secondary,  whereas  if  the  H.T.  winding 
were  nearest  the  core  there  would  have  to  be  high  grade 
insulation  on  the  primary  itself,  between  primary  and  core  and 
between  primary  and  secondary.    In  addition,  the  H.T.  winding  is 
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FiQ.  170.— Airangement  of  Windings. 


divided  into  sections  as  shown  in  Fig.  170  (a),  in  order  to  limit  the 
voltage  between  adjacent  turns. 
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Fig.  171.— Sectkm  of 

H.T.  Tenninal  Bmh 

for  Trantfonner. 


Another  method  of  winding  is  to  subdivide  both  primary  and 
secondary  and  sandwich  the  sections,  as  shown  in  Fig.  170  (b). 
This  arrangement  requires  more  insulation  than  the  previous  one 
and  is  not  recommended  for  voltages  above  6,600. 

Insolation  of  H.T.  Transformers. — ^In  addition  to  the  high  grade 
insulation  on  the  H.T.  windings  themselves,  it  is  necessary  to  guard 
against  a  breakdown  to  earth.  A  fruitful  source 
of  trouble  is  experienced  at  the  leading-in  wires, 
and  to  protect  these  special  insulating  bushes  are 
adopted.  For  this  purpose  frequent  use  is  made 
of  porcelain  insulators  built  up  of  a  number  of 
concentric  tubes,  each  one  a  little  shorter  than 
the  next  innermost  one,  as  shown  in  Fig.  171. 
The  outermost  tube,  which  is  the  shortest  of  aU> 
is  carried  by  a  bush  fitting  into  a  hole  in  the 
transformer  case. 

Most  medium  and  large  sized  transformers  are 
immersed  in  oil,  the  whole  being  contained  in  a 
cast  iron  tank.  This  oil  serves  a  double  purpose. 
It  provides  a  better  insulation  than  is  obtained 
by  air  and  incidentally  tends  to  preserve  the 
insulation  on  the  windings,  and,  in  addition,  it  acts  as  a  cooling 
medium.  The  oil  conducts  heat  better  than  air  and  transfers  it 
more  readily  to  the  walls  of  the  tank,  whence  it  is  dissipated 
into  the  atmosphere.  The  oil  which  is  used  is  obtained  by  the 
fractional  distillation  of  petroleum,  and  should  not  have  a  flash- 
point of  less  than  180^  C.  It  is  very  important  that  no  moisture 
should  be  present,  as  this  affects  its  insulating  properties  to  ^an 
enormous  extent. 

Meohanleal  Stresses  on  Winding8.~When  adjacent  primary  and 
secondary  coils  carry  currents,  these  are  opposite  in  direction,  and 
the  two  coils  consequently  exert  a  repelling  force  on  each  other. 
With  normal  currents,  this  effect  is  not  of  much  account ;  but  in 
the  event  of  a  momentary  short  circuit  on  the  secondary  it  may  be 
serious  To  prevent  any  movement  of  the  coils,  therefore,  they  are 
usually  braced  in  position  so  as  to  ensure  mechanical  rigidity.  To 
reduce  the  magnitude  of  the  mechanical  stress  set  up  by  a  short 
circuit  on  a  large  transformer,  the  coUs  are  usually  subdivided. 

Bleetrieal  Stresses  on  End  Turns. — ^When  the  voltage  is  first 
applied  to  the  primary  of  a  transformer,  the  end  turns  have  to  be 
charged  up  to  the  line  potential  before  any  current  can  fiow  into 
the  remainder  of  the  winding,  and  since  the  two  extreme  turns  are 
separated  by  a  dielectric  from  the  earth  and  from  each  other,  they 
constitute  a  kind  of  condenser.  These  extreme  turns  take,  conse- 
quently, a  small  but  definite  charging  current,  and  then  the  next 
turns  receive  the  voltage  and  are  cWged  up  in  the  same  way. 
All  this  occurs  very  rapidly,  but  the  effect  is  to  concentrate  the 


188  ALTERNATING  CURRENTS  oh. 

voltage  on  to  the  end  turns  at  the  moment  of  switching  on.  To 
avoid  possible  breakdowns  of  the  insulation,  the  practice  is  to  put 
extra  insulation  on  the  end  turns  to  enable  them  to  withstand  the 
extra  stress  to  which  they  are  subjected  at  the  moment  of  switching 
on. 

Artifleial  Cooling. — For  small  transformers  natural  cooling  is 
sufficient,  but  for  the  larger  sizes  artificial  means  are  employed  to 
assist  in  the  dissipation  of  the  heat,  since  there  is  no  rotating  element 
to  set  up  ventilation.  Oil  insulation  is  better  than  air  in  this 
respect,  since  the  oil  is  a  better  conductor  of  heat,  but  in  large 
transformers  the  oil  itself  is  sometimes  cooled  by  means  of  a  worm 
through  which  a  continual  stream  of  cold  water  is  pa^ssed.  This 
water  is  forced  through  the  circulating  pipes  by  means  of  a  small 
auxiliary  motor-driven  pump,  this  system  being  frequently  adopted 
when  a  number  of  large  transformers  are  working  together.  Another 
method  of  cooling  consists  of  an  air-blast,  which  is  forced  through 
the  windings  and  ventilating  ducts  of  the  core  by  means  of  a  small 
air-pump.  Air-blast  cooling  is  also  used  in  connection  with  oil 
insulated  tran^ormers,  a  forced  draught  of  air  being  maintained 
in  a  number  of  cooling  tubes  immersed  in  the  oil. 

Polyphase  Transformer  Conneetions. — ^The  connections  of  two  phase 
transformers  or  two  single  phase  transformers  used  on  a  two  phase 
supply  are  quite  simple,  each  phase  being  connected  up  indepen- 
dently and  the  sjrstem  linked  or  not  according  to  desire.  With 
three  phase  transformers,  however,  a  number  of  methods  of  connec- 
tion are  possible,  these  methods  also  being  applicable  when  three 
single  phase  transformers  are  used.  The  several  methods  employed 
are  as  follows  : — 

(a)  Star  or  Y  Connection, — ^Both  primaries  and  secondaries 
are  connected  in  star  [see  Fig.  172  (a)],  but  if  one  phase  should  fail 
it  puts  two  phases  out  of  action,  which  practically  means  a  complete 
shut  down  of  the  transformer. 

(b)  Mesh  or  A  Connection. — Both  primaries  and  secondaries 
are  connected  in  mesh  [see  Fig.  172  (&)],  but  if  one  phase  winding 
should  fail  the  other  two  would  continue  to  supply  a  true  three 
phase  current,  although  the  system  would  become  unbalanced. 
In  this  respect  the  mesh  connection  is  preferable  to  the  star.  The 
new  system  is  called  the  V-connection  or  open  A. 

(c)  V  or  open  A  Connection, — Only  two  transformers  are 
needed  [see  Fig.  172  (c)],  but  since  the  phase  difference  between 
the  two  secondaries  is  the  same  as  that  between  the  two  primaries, 
the  three  phase  supply  is  maintained.  The  current  in  the  common 
wire  is  the  vector  sum  of  the  currents  in  the  other  two,  so  that  the 
system  is  unbalanced,  but  the  two  transformers  should,  of  course, 
be  similar. 

(d)  T'Connection. — Only  two  transformers  are  needed  in  this 
system  of  connection  [see  Fig.  172  (d)],  but  the  voltages  which  are 
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axiplied  to  their  terminals  are  slightly  different,  that  transformer 
^which  is  connected  to  the  middle  point  of  the  other  only  being 

V3 
supplied  with  -^  =  0'866  times  the  voltage  between  line  wires. 

The  ratio  of  transformation  of  both  transformers  is  the  same,  so 
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Tie.  ITS.— ThiM  PhiM  Tnuiifonner  Oonnaettoni. 


that  a  tme  three  phase  supply  is  obtained  at  the  free  terminals  of 
the  secondaries. 

Seott  System  of  Transformation. — ^The  Scott  system  of  transforma- 
tion is  a  method  whereby  the  supply  may  be  changed  from  three 
phase  to  two  phase,  or  vice  versa.  Two  transformers  have  their 
primaries  T-connected  on  to  the  three  phase  supply,  whilst  their 
secondaries  are  connected  independently  and  deliver  a  true  two 


Fia.  178  — Soott  System  of  TransformatloD. 

phase  supply  (see  Eig.  173).  The  primaries  of  these  two  trans- 
formers  are  wound  for  voltages  in  the  ratio  of  1 :  -^,  since  the 

primary  of  the  second  one  only  receives  this  fraction  of  the  line 
voltage.  As  is  seen  from  the  vector  diagram,  CD  is  90*^  out  of 
phase  with  AB,  and  consequently  OH  is  W  out  of  phase  with 
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BF,  11  the  ratio  of  transformation  were  the  same  in  the  t^ro 
transformers,  however,  the  voltage  of  the  second  phase  would  be 
too  low,  and  so  the  voltage  given  by  the  secondary  of  the  second 
transformer  is  increased  relatively  to  that  of  the  first  one  in  the 

.      2 
ratio  ~y^.    This  equalises  the  voltages,  which  are  already  90**  oat 

of  phase  with  each  other. 

Auto-Transformers* — ^In  an  ordinary  transformer  there  is  no 
electiicaJ  connection  between  primary  and  secondary,  but  since 
the  volts  per  turn  are  the  same  in  each  case  there  is  no  funda- 
mental reason  why  the  two  windings  should  not  lie  side  by  side 
without  any  intervening  insulation.  Carrying  this  idea  further, 
the  same  wire  might  be  used  for  carrying  the  two  currents.  Since 
it  is  presumed  that  one  winding  has  more  turns  than  the  other, 
this  superposition  only  exists  in  that  part  of  the  winding  which  is 
common  to  both  primary  and  secondary.  Fig.  174  illustrates  in 
diagrammatic   form  the  principle   of  the   auto-transformer,   the 
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FKa.  174.— Anto-TnuisfoniMr. 

voltage  being  reduced  in  this  instance,  although  the  reverse  is  also 
possible.  Since  the  primary  and  secondary  currents  act  in  opposi- 
tion, the  resultant  current  in  BO  is  the  vector  sum  of  the  two, 
this  being  very  nearly  the  arithmetic  diflference.  Thus  suppose  the 
primary  voltage  and  current  were  100  volts  and  10  amperes  respec- 
tively and  the  secondary  voltage  and  current  10  volts  and  100 
amperes  respectively,  AC  would  carry  10  amperes  whilst  BO  woul^ 
carry  100  —  10  =  90  amperes. 

The  auto-transformer  is  not  merely  a  potential  divider,  although 
it  does  act  in  this  capacity,  but  there  is  true  transformer  action, 
for  the  secondary  current  exceeds  the  primary  when  the  ratio  of 
transformation  is  greater  than  unity. 

There  is  a  distinct  saving  in  copper  in  an  auto-transformer  as 
compared  with  an  ordinary  one,  which  can  be  shown  as  follows  : — 

Let  n  be  the  ratio  of  transformation  and 

^1  =  nE^,    Ti  =  nTjj,  and  /,  =  td^  (see  Fig.  174). 
CJurrent  in  common  portion  of  winding  =  /,  —  J^  =  /^  (n  —  1). 
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A  maiming  a  oonstant  current  density,  £,  and  a  constant  length 
of  torn,  I,  in  both  auto-  and  oidinaiy  transformer,  the  volume  of 
copper  in  the  ordinary  transformer  wouId.be 

=  -^xlnT,  +  ^xfT, 
=  2^^xinT,. 
The  volume  of  (topper  necessary  in  the  auto-transformer  is 

=  2^p{n-l)T,. 
Therefore 

Volume  of  copper  m  auto-transformer     _  ^_o 

Vohime  of  copper  in  ordinary  transformer  „  {i  i_m 

o 

"*  n 

Ifnhe  given  the  values  2,  3  and  4,  the  lesultant  saving  in  copper 
works  out  at  50  per  cent.,  33 J  per  cent,  and  25  per  cent,  respec- 
tively, but  if  n  is  50  the  saving  is  only  2  per  cent.,  the  weight  of 
the  active  iron  being  affected  in  much  the  same  way.  Thus  the 
saving  is  only  of  importance  in  the  cases  where  the  ratio  of  trans- 
formation is  low. 

Another  great  disadvantage  of  the  auto-trapsformer  is  that 
there  is  a  direct  electrical  connection  between  the  primary  and 
secondary.  If  the  primary  is  supplied  at  H.T.,  there  is  a  possi- 
bility of  a  dangerous  voltage  reaching  the  secondary  circuit  in 
the  event  of  a  fault  occurring  in  the  winding,  and  tl]ds  precludes 
the  use  of  an  auto-transformer  in  such  circumstances.  Its  useful- 
ness is  therefore  limited  to  cases  where  the  voltages  and  ratios  of 
transformation  are  low. 

One  very  useful  application  is  as  a  starter  for  induction  motors. 
A  number  of  tappings  are  made  on  the  winding  so  as  to  obtain  a 
variable  voltage  on  the  secondary,  these  tappings  being  brought 
out  to  contacts  after  the  manner  of  an  ordinary  C.C.  motor  starter. 
Such  a  piece  of  apparatus  is  termed  a  CompenscUor,  for  it  allows 
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the  motor  to  take  an  excess  current  without  putting  a  heavy  over- 
load on  the  mains.  In  the  majority  of  small  compensators  there 
is  only  one  tapping  corresponding  to  only  one  starting  stop  in 
addition  to  the  full  running  position. 

Potential  and  Current  Transformers. — Small  transformers  are 
often  used  in  conjunction  with  voltmeters  for  voltage  measure- 
ments on  H.T.  lines.  The  primary  is  wound  with  many  turns  of 
fine  wire,  whilst  the  secondary  is  designed  to  give  a  low  voltage 
which  is  applied  to  the  terminals  of  the  voltmeter  [see  Kg.  175  (a)], 
the  scale  being  arranged  in  most  cases  to  read  the  voltage  on  the 
primary  side.  Such  a  transformer  is  called  a  polentiai  transformer 
and  works  under  a  small  constant  load  due  to  the  voltmeter  itself. 
The  ratio  of  transformation  must  be  determined  with  the  instru- 
ment connected  in  position,  for  the  voltage  drop  is  such  that  a 
considerable  difference  would  be  made  if  the  voltmeter  were  removed 
or  if  another  one  of  different  impedance  were  substituted. 

In  a  similar  way,  small  instrument  transformers,  called  current 
transformers,  are  used  in  conjunction  with  ammeters.    The  connec- 
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Fio,  176.— Polmiua  and  Onnont  TnnitoniMn. 

tions  of  an  ammeter  with  a  current  (or  series)  transformer  are  shown 
in  Fig.  176  (b).  In  this  case  the  primary  current  is  determined  by 
what  current  is  flowing  in  the  mains  rather  than  by  the  impedance 
of  the  winding,  and,  with  the  secondary  circuit  closed,  the  secondary 
current  is  such  that  the  primary  and  secondary  ampere-turns 
balance  each  other,  neglecting  magnetic  leakage.  The  currents 
are  therefore  approximately  in  the  inverse  ratio  of  the  turns  and 
the  ammeter  can  be  calibrated  to  read  the  primary  current,  provided 
that  the  same  instrument  is  always  used  in  conjunction  with  the 
same  current  transformer.  This  arrangement  takes  the  place  of 
the  shunt  in  C.C.  measurements  and  enables  heavy  currents  to  be 
measured  without  the  trouble  of  designing  instruments  with  heavy 
leads,  since  the  instrument  transformer,  which  is  only  small,  can 
be  placed  in  the  path  of  the  main  lead,  whilst  the  small  secondary 
leads  can  be  carried  to  the  instrument,  which  may  then  be  situated 
wherever  convenient. 

A.C.  wattmeters  may  also  be  used  in  conjunction  with  both  a 
potential  and  a  current  transformer. 

Quadrature  Transformers. — ^A  quadrature  transformer  is  one  in 
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which  the  secondary  current  is  90**  out  of  phase  with  the  primary 
current  instead  of  the  usual  1 80°.  They  are  used  in  making  measure- 
ments with  certain  A.C.  instruments,  e.g.  the  Sumpner  wattmeter, 
the  connections  being  those  of  an  ordhiary  current  transformer. 
A  peculiar  construction  is  adopted,  a  long  air-gap  being  included 
in  the  magnetic  circuit  to  make  it  as  leaky  as  possible.  In  fact  a 
wholly  non-magnetic  core  might  be  used,  but  this  tends  to  increase 
the  size  and  is  not  necessary.  The  secondary  circuit  has  a  high 
non-inductive  resistance  placed  in  series  with  it,  so  as  to  cause  only 
a  small  secondary  current  to  flow,  this  being  in  phase  with  the 
secondary  E.M.F.  Since  the  load  on  the  transformer  is  low  and 
the  no-load  ampere-turns  are  comparatively  large,  the  primary 
current  will  lag  by  practically  90**  behind  the  voltage  across  its 
terminals.  The  secondary  current,  which  is  in  phase  with  the 
secondary  voltage,  will  lag  by  practically  180**  behhid  the  primary 

voltage,  and  consequently  by  90®  behind  the  primary  current. 
Boosting   Transformers.— ^metimes  a  transformer  is  used  for 

boosting  up  the  supply  pressure,  in  which  case  the  primary  is 

connected   across   the   mains,  whilst   the 

low  voltage  secondary  is  placed  in  series 

with  the  mains  as  in  Fig.  176.    A  number 

of  tappings  are  taken  from  different  points 

along  the  secondary  to  the  contacts  of  a 

multi-way   switch,   the  handle  of  which 

is  connected  to  the  line.  The  switch  blade 

is    made    in    two    insulated    parts    con- 
nected   by    a    low    resistance    after   the 

manner  of  a  battery  switch,  so  that  in 

moving  from  one  contact  to  another  the 

circuit  is  never  opened,  nor  is  one  section 

of   the  secondary  momentarily  short-cir- 
cuited.    In  this  way,  a  variable  boost  is 

obtained   depending   upon   the   position   of    the   switch    handle. 

Looked  at  from  another  point  of  view,  such  a  transformer  may  be 

regarded  as  a  step-up  auto-transformer. 
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FIG.  170.— Boosting 
Tianafonner. 


CHAPTER  XIV 

TRAKSFOBMEBS.— PEKFOBJfAl^CE  AND  TEBTIK6 

No-load  Current. — ^Ihe  no-load  current  of  a  transformer  consists 
of  a  small  power  component  necessary  on  account  of  the  iron  loss 
in  the  core  and  a  comparatively  large  idle  component  which  supplies 
the  magnetising  ampere-turns.  The  total  no-load  current  is  the 
vector  sum  of  these  two  components.  The  transformer  may  be 
supplied  on  either  the  high  or  low  tension  side,  the  two  different 
no-load  currents  being  in  the  inverse  ratio  of  the  number  of  turns 
on  the  two  windings.  Neglecting  the  small  IB  drop,  the  flax 
produced  is  proportional  to  the  applied  voltage,  so  that  if  the 
relation  between  magnetising  current  and  voltage  be  plotted  for 
various  applied  voltages,  the  resulting  curve  shoidd  have  the  same 
shape  as  the  B — H  curve  for  the  iron.  In  order  to  avoid  excessive 
iron  losses  and  magnetising  current,  transformers  are  always  worked 
below  the  knee  of  the  magnetisation  curve. 

If  the  applied  voltage  be  kept  constant  and  the  frequency  varied, 
it  is  seen  from  the  general  equation  that  a  high  frequency  corre- 
sponds to  a  low  no-load  current,  for 

(see  p.  172).  The  flux  is  inversely  proportional  to  the  frequency, 
an  increase  in  which  means  a  reduction  of  the  flux  and  consequently 
of  the  magnetising  current. 

The  hysteresis  loss  is  proportional  to  fB^'',  so  that  an  increase  in 
frequency  causes  B^'"'  to  decrease  more  rapidly  than  /  increases. 
The  hysteresis  loss  therefore  decreases  as  the  &equency  is  raised. 
The  eddy  current  loss  is  proportional  to  f^B^,  and  the  increase  in 
one  balances  the  decrease  in  the  other,  the  loss  being  independent 
of  frequency.  Thus  the  total  losses  are  reduced,  and  the  power 
component  of  tlie  current  as  well  as  the  magnetising  component 
decreases  with  an  increase  in  frequency  which  enables  a  smaller  core 
to  be  used  in  a  transformer  for  a  given  duty  resulting  in  a  lowering 
of  the  first,  cost. 

No-load  Losses. — The  no-load  losses  of  a  transformer  consist  of  a 

104 


OH.  XIV 


TRANSFORMERS 


195 


v^ery  small  PB  loss  and  an  iron  loss  due  to  h3rsteresi8  and  eddy 
currents.  The  latter  can  be  determined  in  the  way  indicated  in 
Chapter  VJLUL  by  simply  measuring  the  power  input  to  the  primary 
by  means  of  a  wattmeter.  The  iron  losses  can  be  separated  by 
the  method  involving  a  constant  flux  obtained  by  var3ring  the 
applied  voltage  and  the  frequency  at  the  same  rate  (see  p.  86). 
Ordinarily,  the  wattmeter  reading  includes  the  small  PB  loss,  but 
if  it  is  desired  to  take  account  of  this,  the  connections  shown  in 
Fig.  177  can  be  adopted,  the  pressure  coil  of  the  wattmeter  being 
connected  across  the  secondary.  The  wattmeter  reading  multiplied 
by  the  ratio  of  transformation  gives  the  iron  loss  o^y,  for  the 
voltage  actually  used  for  transformer  action  is  only  what  is  left 
after  the  small  IB  drop  has  been  subtracted  vectorially.  The 
voltage  required  is  therdFore  the  secondary  voltage  multiplied  by 
the  ratio  of  transformation. 


Fio.  177.— Ooonaotloiii  for  Metimliig  Iran  Lom. 

Bffeet  of  Wave  Form  on  Iron  Loss. — ^When  the  applied  E.M.F. 
wave  form  is  not  sinusoidal  the  flux  is  given  by 

where  k  is  the  form  factor.  Thus  a  high  form  factor  causes  a 
reduction  in  the  flux  and  results  in  a  decrease  in  the  hysteresis 
loss,  for  the  work  done  in  carrying  the  iron  through  a  complete 
magnetic  cycle  is  independent  of  the  rate  at  which  this  ia  done. 
At  first  sight  it  would  appear  as  if  the  eddy  current  loss  is  also 
reduced,  but  this  is  not  so,  for  although  the  maximum  value  of 
the  flux  is  reduced,  the  slope  of  the  E.M.F.  curve  must  be  increased 
in  certain  places,  since  the  B.M.S.  value  is  assumed  to  be  unaltered. 
This  tends  to  increase  the  eddy  current  loss  by  increasing  the  induced 
eddy  voltage.  The  net  result  is  that  these  two  effects  balance  one 
another  and  leave  the  eddy  current  loss  unaffected  by  wave  form. 
The  constancy  of  this  loss  can  also  be  seen  when  it  is  considered 
that  the  R.M.S.  value  of  the  eddy  voltage  is  dependent  on  the 
K-M-S.  value  of  the  applied  voltage,  which  is  unaltered. 

The  total  iron  loss  is  therefore  slightly  reduced  when  a  peaked 
E.M.F.  wave  form  is  employed,  since  in  such  cases  the  form  factor 
is  greater  than  that  of  a  sine  wave.  Alternatively,  a  flat-topped 
wave  causes  a  slight  increase  in  the  iron  loss. 

O  2 
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The  disadvantage  of  a  peaked  wave  is  that  it  imposes  a  greater 
strain  on  the  insulation,  and,  as  a  oompromise,  the  sinusoidal 
wave  form  is  usually  aimed  at. 

Abnormal  Current  Rushes  when  Switching  on.— When  a  ohoking 
coil  is  connected  to  the  supply,  the  current  lags  normally  by  nearly  90* 
behind  the  voltage,  but  at  the  moment  of  switching  on  the  current 
must  start  from  zero.  Neglecting  the  power  component  of  the 
current,  this  corresponds  to  the  maximum  value  of  the  volt  wave 
in  normal  conditions,  and  if  the  switch  is  closed  at  this  instant, 
the  current  would  commence  in  a  normal  manner.  But  it  the 
voltage  happens  to  be  switched  on  at  the  instant  when  it  passes 
through  zero,  certain  abnormal  conditions  are  momentarily  set 
up.  At  every  instant  the  applied  voltage  must  be  balanced  by  au 
equal  and  opposite  induced  voltage  which  is  proportional  to  the 
rate  of  change  of  flux,  which  is,  in  its  turn,  proportional  to  the 
rate  of  change  of  the  current  if  there  is  no  iron  in  the  core  of  the 
choking  coil.  As  long  as  the  applied  voltage  is  in  the  positive 
direction,  the  rate  of  change  of  the  current  must  be  positive,  which 
means  that  the  current  must  be  increasing.  But  the  voltage  is 
positive  for  a  complete  half-period,  and  so  the  current  will  only 
preach  its  maximum  value  in  the  time  taken  to  go  through  half  a 
period  instead  of  a  quarter,  as  is  the  case  in  normal  conditions. 
The  current  in  the  first  half -period  will  rise,  therefore,  to  double 
its  normal  maximum.  If  the  switch  is  closed  at  a  point  in  between 
the  zero  and  the  maximum  value  of  the  volt  wave,  the  first  half- 
wave  of  the  current  will  rise  to  a  maximum  value  which  is  less 
than  twice  the  normal  maximum. 

A  transformer  on  no-load  corresponds,  however,  to  a  choking 
coil  with  an  iron  core,  and  in  this  case  the  effect  is  accentuated. 
The  instantaneous  applied  voltage  must  still  be  balanced  at  every 
instant  by  an  equal  and  opposite  induced  voltage  which  is  pro- 
portional to  the  rate  of  change  of  flux,  but,  due  to  the  presence  of 
the  iron,  this  is  no  longer  proportional  to  the  rate  of  change  of  the 
current.  In  fact,  when  the  iron  is  approaching  saturation  the 
rate  of  change  of  the  current  has  to  increase  greatly  due  to  the 
decrease  in  the  permeability.  This  means  that  the  first  half-period 
of  the  current  wave  is  still  further  increased. 

There  is  yet  another  factor  which  helps  to  cause  these  current 
rushes.  The  core  may  have  been  left  strongly  magnetised  from 
the  time  when  it  was  last  switched  off,  thus  increasing  the  flux 
density  and  decreasing  the  permeability. 

These  current  rushes  consist  of  very  large  positive  half-waves, 
which  may  rise  to  ten  or  twenty  times  the  normal  maximum,  followed 
by  very  small  negative  half -waves,  each  succeeding  wave  approaching 
more  nearly  to  the  normal  until,  after  a  few  cycles,  the  two  half- 
waves  become  equal. 

This  effect  may  be  considered  as  being  due  to  the  fact  that  the 
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voltage  and  ourrent  waves  oommenoe  at  the  same  instant  and  that 
the  voltage  has  got  to  gain  a  quarter  of  a  period  on  the  ourrent 
before  normal  conditions  are  set  up. 

These  current  rushes  are  not  accompanied  by  any  pressure  rises, 
but  they  may  occasion  large  mechanical  stresses  between  adjacent 
coils,  which  ought  to  be  avoided. 

Regulation  of  a  Transformer. — By  the  regulation  of  a  transformer 
is  meant  the  drop  in  the  secondary  terminal  voltage  ^experienced 
when  full-load  current  is  taken  from  the  transformer  and  is  usually 


Fio.  178.— Regidatlon  Test  of  m  Traotformer. 

expressed  as  a  percentage  of  the  open  circuit  secondary  voltage. 
It  is  usual,  also,  to  specify  the  power  fa^ctor  of  the  load,  as  this  has 
a  most  important  effect,  the  voltage  drop  being  considerably  greater 
for  low  power  factors.  At  no-load  the  ratio  of  transformation  is 
practically  equal  to  the  ratio  .of  the  number  of  turns  on  the  two 
windings,  but  as  the  load  comes  on,  the  secondary  terminal  voltage 
drops,  the  applied  primary  voltage  being  assumed  constant.  The 
ratio  of  transformation,  therefore,  is  no  longer  the  exact  ratio  of 
the  turns,  but  becomes  slightly  larger,  due  to  the  presence  of 
resistance   and   reactance   in   both   windings.    Referring   to   the 

pXsO-8 
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TlO.  179.— B«8Ql«tlon  Corret. 

vtetor  diagram  in  Fig.  169,  it  is  seen  that  the  drop  in  voltage  on 
the  secondary  side  is  the  numerical  difference  between  S^  and  F^, 
and  that  this  is  noi  the  same  as  the  voltage  absorbed  in  overcoming 
the  secondary  impedance,  which  is  I^^.  The  same  thing  occurs 
on  the  primary  side,  so  that  in  general  the  voltage  drop  is  less 
than  the  voltage  absorbed  by  the  impedance  of  the  windings. 

The  regulation  can  be  determined  experimentally  by  connecting 

'  the  transformer  as  shown  in  Fig.  178.    The  primary  voltage  should 

be  kept  constant  at  its  normal  value.    If  the  load  is  non-inductive, 
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the  wattmeter  may  be  omitted,  but  otherwise  it  is  necessary,  in 
order  to  determine  the  power  factor.  Hg.  179  illustrates  the  type 
of  results  which  may  be  expected. 

Since  the  drop  is  measured  by  the  difference  of  two  very  similar 
voltages,  it  is  important  that  great  accuracy  in  the  voltage  measure- 
ments is  necessary  in  order  to  ensure  a  moderate  accuracy  in  the 
result.  This  disadvantage  is  overcome  in  the  back  to  back  method, 
which  will  next  be  described. 

Baek  to  Back  Regulation  Test. — For  this  test  two  approximately 
•  similar  transformers  are  required.  The  primaries  are  connected 
in  parallel  across  the  mains  as  shown  in  Fig.  180,  whilst  the  secon- 
daries are  also  connected  in  parallel,  but  with  a  low  reading  volt- 
meter inserted  in  one  lead.  It  is  important  that  the  two  secondaries 
should  be  in  opposition  and  not  aiding  one  another,  as  in  the  latter 
case  the  low  reading  voltmeter  would  be  burnt  out.  In  order  to 
test  this  before  the  voltmeter  is  inserted,  the  voltage  across  the 
free  ends  should  be  tested  by  means  of  another  voltmeter  or  lamp 


Fio.  ISO.— Back  to  B«ck  Segulatlon  Test. 


capable  of  standing  double  the  secondary  voltage  of  either  trans- 
former. If  a  high  voltage  is  observed,  the  connections  to  one  trans- 
former must  be  interchanged.  Having  arranged  this  satisfactorily, 
a  load  circuit  is  connected  to  one  secondary  as  shown  in  the  diagram. 
The  other  transformer  will  not  contribute  anything  towards  the 
load  current,  for  it  has  the  voltmeter  Vd  directly  in  series  with  it. 
If  the  transformers  are  similar,  the  voltmeter  F^  should  indicate 
no  voltage  at  all  when  the  load  circuit  has  the  switch  open.  If 
there  is  a  slight  voltage  indicated,  it  means  that  the  two  trans- 
formers are  not  exactly  similar.  When  a  load  is  applied  the  terminal 
voltage  of  the  loaded  transformer  will  fall  slightly,  and  Vi,  wDl 
give  a  small  indication.  The  increase  of  the  reacfing  of  Vd  gives  the 
voltage  drop  of  the  loaded  transformer.  This  can  be  repeated  for 
all  loads  up  to  full  load  and  further.  If  a  partially  inductive  load 
is  used,  a  wattmeter  will  be  necessary  in  the  secondary  circuit,  the 
same  as  before. 
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A  development  of  this  test  due  to  Shane^  enables  the  voltage 
absorbed  by  the  impedance  of  the  windings  to  be  determined  in 
addition  to  the  regulation.  The  necessary  connections  are  those 
shown  in  Fig.  181,  two  similar  transformers  being  used  in  addition 
to  an  auxiliary  transformer,  T^,  with  a  variable  secondary  which  is 
used  for  introducing  a  voltage  into  the  secondary  circuit  of  the  other 
two  transformers.  The  action  can  be  best  understood  by  considering 
the  vector  diagram  in  Fig.  181,  which  refers  to  the  secondary  side 
only.  OA  and  OB  represent  the  terminal  voltages  of  the  unloaded 
and  loaded  transformer  respectively.  The  drop  is  the  numerical 
difference  between  OA  and  OBy  but  the  voltage  absorbed  is  given 
by  BA.  The  auxiUary  transformer  being  practicaUy  on  no-load 
introduces  a  voltage  having  the  same  phase  as  OAy  but  is  connected 
BO  as  to  be  in  opposition  to  OA.'    If  the  itiagnitude  of  this  voltage, 


LoadResistance 

^: 

Vector  Diagram 
Via.  181.— Shane'B  Method. 

which  is  measured  by  F^,  is  made  equal  to  AC,  the  voltmeter  Fg 
should  indicate  the  vector  difference  between  OC  and  OB,  i.e.  BC. 
But  BG  has  its  minimum  value  when  BC  is  at  right  angles  to  AC, 
and  in  that  case  AC  is  ecjual  to  the  voltage  drop,  for  OB  and  00 
are  apjiroximately  equal.  The  voltmeter  F^  therefore  records  the 
voltage  drop  when  F,  gives  its  minimum  reading,  and  the  voltage 
absorbed  by  the  impedance  is  given  by  BA  =  W^  +  V^K 

A  disadvantage  of  this  test  is  that  the  auxiliary  transformer 
must  have  a  number  of  separate  tappings  for  the  purpose  of  varying 
the  voltage,  as  it  is  not  permissible  to  do  this  by  resistance  regula- 
tion, since  this  would  involve  altering  the  phase  of  AC. 

Short  Clreuit  Test. — ^The  object  of  this  test   is  to  enable  the 

*  Proc.  Amer.  Iwi.  Elec.  Bng.,  vol.  xxix.,  p.  1089. 
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regulation  of  a  transformer  to  be  determined  without  actually 
putting  it  on  load.  The  secondary  is  short-circuited  throu^  an 
ammeter  capable  of  reading  the  full  load  current,  whilst  the  applied 
primary  voltage  is  measured  by  the  voltmeter  V  (see  Fig.  182). 
The  applied  voltage  must  be  very  low.  Usually  it  is  necessary  to 
have  a  considerable  resistance  in  series  with  the  supply  for  the 


Fig.  182.— Short  Circuit  Teat. 

purpose  of  cutting  down  the  voltage.  The  addition  of  the  watt- 
meter enables  the  copper  losses  to  be  determined.  If  the  secondary 
current  be  adjusted  to  its  full  load  value,  and  then,  without  alter- 
ing the  applied  voltage,  the  secondary  ammeter  be  replaced  by  a 
low  reading  voltmeter,  the  latter  will  record  the  open  circuit' 
voltage.  Tike  whole  of  this  was  absorbed  previously  by  the  im- 
pedance of  the  two  windings,  and  the  ratio  of  this  voltage  to  the 
secondary  current  gives  the  equivalent  impedance  referred  to  the 

T 
secondary  side.    But  on  open  circuit  F^  =  Fp  X  ^* ,  so  that  the 

V        T 
equivalent  impedance  is   equal   to  -j^  X  j=^.    *The  total   power 

component  of  the  voltage  drop,  referred  to  the  primary  side,  is 

P 

J- ,  where  P  is  the  total  power  registered  by  the  wattmeter.    When 

this    quantity   is   referred    to    the    secondary   side    it    becomes 

P      T       P  P 

_.  X  ^  =  -— ,   so   that   the    equivalent  resistance  is  y-^ . 

equivalent  reactance  referred  to  the  secondary  side  is,  therefore, 


The 


V.^  X  T^^ 


The  determination  of  the  regulation,  using  these  results,  is  explained 
in  the  next  paragraph. 

Rg.  183  shows  the  vector  diagram  for  this  short  circuit  test. 
Due  to  the  low  applied  voltage,  the  flux  is  very  small,  so  that  the 
open  circuit  current  is  negligible  and  the  primary  and  secondary 
currents  are  practically  in  phase  opposition.  J,  and  /^  represent 
the  secondary  and  primary  currents  respectively.    In  order  to 
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generate  J^,  a  voltage  E2  is  necessary,  having  for  its  power  and 
idle  components  Jj^,  *^^  ^8^2  respectively.  On  the  primary  side 
there  are  the  corresponding  voltages  I-Ji^^  and  IiX^,  the  total  primary 
applied  voltage  consisting  of  the  vector  sum  of  Ei,  IiBi  and  IiX^. 
The  small  flux  vector  ^  is  at  right  angles  to  Ei  and  E^^ 


FiQ.  183.— Vector  Diagram  for  Short  Circuit  Test. 

Since  the  flux  is  very  small,  the  iron  losses  are  negligible,  so 
that  the  wattmeter  reading  practically  consists  of  the  copper  losses 
of  both  windings,  and  this  forms  a  very  convenient  method  of 
measuring  them.  If  the  resistances  are  measured  with  continuous 
currents,  the  results  obtained  are  frequently  too  low,  due  to  the 
fact  that  with  alternating  currents  the  current  distribution  is  often 
unequal,  resulting  in  an  increased  power  loss. 


FiQ.  184.— Kapp'8  EegnlatUm  Blasram. 

Kapp*8  Regulation  Diagram. — ^By  means  of  a  graphical  construc- 
tion proposed  by  Kapp,  the  voltage  drop  for  a  given  load  can  be 
determined  for  all  power  factors.  For  this  purpose  it  is  necessary 
to  know  the  equivalent  resistance  and  the  equivalent  reactance, 
both  referred  to  the  secondary  side.    In  Fig.   184  OA  and  OB 
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represent  the  power  and  idle  components  respectively  of  the  equiva- 
lent impedance  voltage  00,  Taking  the  secondary  current  line, 
01  S9  as  the  axis  of  reference,  and  assuming  an  angle  of  lag  ^g  in' the 
load  circuit,  the  secondary  terminal  voltage  will  lie  along  a  line 
OVg.  The  open  circuit  voltage,  which  is  kept  constant,  will  be 
given  by  OVg,  being  the  vector  sum  of  00  and  OVg.  The  point  Vg 
will,  therefore,  always  lie  on  an  arc  of  a  circle  of  radius  OVg  and 
centre  0.  Another  arc  of  a  circle  having  the  same  radius  is  now 
drawn  with  0  as  centre,  and  if  CF^  be  produced  until  it  meets  the 
other  circle  at  JS?|,  then  VgE^  represents  the  voltage  drop  at  the 
load  corresponding  to  the  secondary  current  Olg  and  the  power 
factor  cos  ^g.  When  Vg  is  to  the  right  of  Olg  it  corresponds  to  a 
lagging  current,  and  when  it  is  to  the  left  it  corresponds  to  a  leading 
current.  All  that  is  necessary,  then,  in  order  to  determine  the 
voltage  drop  at  any  power  factor  is  to  draw  a  line  OE^  making  an 
angle  ^g  with  Olg  such  that  cos  ^g  is  the  power  factor,  when  VgE^ 
can  be  read  directly  from  the  diagram.  It  is  seen  that  the  more 
the  current  lags  in  the  secondary  circuit  the  greater  is  the  voltage 
drop  until  OVg  and  00  are  in  phase.  For  leading  currents  the 
voltage  drop  decreases  until  it  finally  beooifies  zero.  If  the  current 
is  made  to  lead  still  further,  the  terminal  voltage  on  load  is  actually 
greater  than  it  is  on  open  circuit. 

Efficiency  Test. — ^The  simplest  method  of  measuring  the  efficiency 
of  a  transformer  consists  in  measuring  the  output  and  input  by 
means  of  two  wattmeters  and  is  usually  stated  for  a  particular  load 
which  is  given  by  an  ammeter  in  the  secondary  main  circuit.  If 
the  load  is  non-inductive,  a  voltmeter  and  ammeter  are  sufficient 
to  measure  the  power,  but  in  most  cases  it  is  desirable  to  check  the 
power  factor  by  means  of  wattmeter  observations.  In  any  case,  a 
wattmeter  must  be  included  in  the  primary  circuit,  since  there  is  a 
quite  appreciable  idle  component  of  the  primary  current.  The 
efficiency  is,  of  course,  given  by  the  ratio  of  the  output  to  the  input. 
This  method  is  a  wasteful  one,  as  it  necessitates  the  whole  of  the 
power  used  being  dissipated  in  some  form  or  other. 

An  indirect  method  of  determining  the  efficiency  consists  in 
measuring  both  the  iron  loss  and  the  copper  loss  separately.  The 
power  input  at  no-load  is  practically  all  iron  loss,  and  this  remains 
substantially  constant  for  all  loads.  The  copper  loss  is  obtained 
from  the  short  circuit  test,  as  already  explained.  Adding  these 
losses  to  the  output  at  any  load,  the  input  is  obtained,  knowing 
which,  the  efficiency  may  be  calculated. 

The  direct  and  indirect  methods  explained  above  are  equally 
applicable  in  the  case  of  three  phase  transformers,  the  only  difference 
being  that  three  phase  wattmeters  are  necessary,  or,  if  these  are 
not  available,  single  phase  instruments  may  be  used  for  measuring 
the  three  phase  power,  as  explained  in  Chapter  X. 

Sampner*s  Test — ^This  test  is  carried  out  on  two  similar  trans- 
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formers,  and  not  only  enables  the  efficiency  to  be  determined,  but, 
in  addition,  measures  the  copper  and  iron  losses  separately.  The 
first  transformer  supplies  the  second,  which  is  loaded  back  on  to  the  « 
mains  after  the  fad[iion  of  the  Hopkinson  test  with  continuous 
cnrrent  machines.  The  net  power  taken  from  the  mains  is  therefore 
only  that  required  to  make  up  the  losses  of  the  two  transformers 
and  the  various  instruments.  The  two  transformers  are  connected 
back  to  back  as  described  on  p.  198,  the  second  one  being  worked 
the  reverse  way,  so  that  the  winding  which  is  normally  the  secondary 
now  acts  as  the  primary.  If  there  were  no  losses  in  the  circuit,  the 
acting  secondary  (real  primary)  of  this  transformer  would  deliver 
back  to  the  mains  a  current  equal  to  that  taken  by  the  first  trans- 
former. In  order  to  enable  this  action  to  take  place  in  an  actual 
case,  the  primary  of  the  first  transformer  must  have  its  applied 
voltage  boosted  up  a  little,  this  being  done  by  means  of  a  small 
auxiliary  transformer  the  secondary  of  which  is  connected  in  series 


;-^@il[  ^  ® 


Wm,  186.— Sumpner's  Test. 


with  the  primary  of  the  transformer  which  requires  the  boost 
The  full  dmgram  of  connections  necessary  for  this  test  is  shown  in 
Fig.  186. 

If  the  primary  of  the  auxiliary  transformer  be  open-circuited, 
the  secondary  will  act  merely  like  a  high  impedance  in  series  with  the 
primary  of  the  main  transformer.  The  magnetising  current  of  the 
latter  will  therefore  be  supplied  from  the  second  transformer  and 
the  ammeter.  A,  will  register  the  total  magnetising  current  of  both. 
The  wattmeter  TF|  will  register  the  total  power  supplied,  and  this 
represents  the  iron  loss  of  the  two  transformers.  If  the  wattmeter 
still  gives  an  indication  on  opening  /S,,  this  will  be  due  to  instrument 
losses  and  should  be  deducted  from  the  former  reading.  When  8^ 
is  closed  the  auxiliary  transformer  supplies  an  additional  voltage 
which  can  be  regulated  by  means  of  the  adjustable  resistance,  B. 
The  extra  power  supplied  in  this  manner  is  measured  by  the  watt- 
meter W^  and  since  this  causes  a  droulating  current  to  be  set 
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up  between  the  two  transformers  and  loads  them  up,  the  exfera 
power  supplied  must  be  on  account  of  the  copper  losses.  The  reading 
of  W^  therefore  indicates  the  total  copper  loss.  This  will  not  cause 
the  reading  of  Wi  to  go  up  by  a  like  amount,  for  the  power  supplied 
by  the  auxiliary  transformer  is  received  in  its  primary,  and  this 
primary  current  does  not  go  through  the  wattmeter  W^y  which  will 
therefore  continue  to  register  the  total  iron  loss.  By  varying  the 
value  of  By  the  load  may  be  varied  over  a  wide  range,  enabling  the 
efficiency  to  be  determined  from  no-load  up  to  any  deedred  overload. 
If  the  instrument  losses  are  appreciable,  the  switches  8^  and  S^ 
may  be  opened,  when  the  wattmeters  will  register  their  value.  These 
losses  may  be  taken  as  being  proportional  to  the  square  of  the 
current. 

If  the  auxiliary  transformer  acts  in  opposition  to  the  supply 
voltage,  it  reduces  the  terminal  voltage  on  the  test  transformer, 
but  this  does  not  matter,  as  it  simply  means  that,  instead  of  supplying 
the  second  test  transformer,  it  is  supplied  from  it. 

The  output  of  each  transformer  may  be  taken  as  the  product 
of  the  current  read  on  the  ammeter  A  and  the  voltage  read  on 
the  voltmeter  F,  whilst  the  total  input  may  be  obtained  by  adding 
the  copper  loss  and  the  iron  loss  to  the  output.  The  individual 
efficiency  of  each  transformer  is  obtained  by  extracting  the  square 
root  of  the  joint  efficiency. 

Effloieney  Test  by  means  of  a  Drysdale  Double  Wattmeter. — ^If  one 
half  of  a  Drysdale  double  wattmeter  (see  p.  146)  be  connected  so 
as  to  read  the  input  and  the  other  half  the  output  of  a  loaded  trans- 
former, and  the  connections  arranged  so  that  the  two  halves  are  in 
opposition,  the  indication  of  the  instrument  will  represent  the  total 
losses  of  the  transformer.  On  open-circuiting  the  volt  coU  connected 
to  the  primary,  the  instrument  will  record  the  output  of  the  trans- 
former, enabling  the  efficiency  to  be  determined.  It  is  convenient 
to  make  the  wattmeter  read  backwards  for  the  loss  measurement,  as 
it  will  then  read  forwards  for  the  relatively  large  output  measure- 
ment. The  power  factor  of  the  load  may  be  either  unity  or  less,  as 
desired,  or  some  arrangement  may  be  made  for  loading  back  on  to 
the  mains  if  convenient. 

Separation  of  Losses. — ^The  total  copjier  loss  and  the  total  iron 
loss  may  be  determined  separately  or  from  the  Sumpner  efficiency 
test.  The  copper  loss  is  divided  between  primary  and  secondary, 
and  the  watts  wasted  in  each  can  be  determined  from  a  knowledge 
of  their  relative  resistances  and  the  current  flowing  in  each,  and 
will  usually  be  somewhere  about  the  same.  The  iron  loss  can  be 
separated  into  hysteresis  and  eddy  cu^ent  loss  by  the  method 
explained  on  p.  86,  where  the  flux  is  kept  constant  by  varying 
the  frequency  at  the  same  rate  as  the  voltage.  In  this  test,  the 
secondary  is  left  entirely  disconnected. 

All-Day  Effloieney  — Since  some  transformers,  notably  those  used 
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for  lighting  purpooes,  work  for  very  considerable  periods  every  day 
at  loads  much  less  than  full  load,  it  is  advisable  to  take  this  into 
account  when  considering  the  suitability  of  a  transformer  for  a 
particular  duty.  In  this  connection,  an  expression  termed  the  aU- 
day  efficiency  is  introduced,  this  being  defined  as 

Kilowatt-hours  ontpat  per  24  hoare 

Kiiowatt-houn  output  per  24  hours  +  Kilowatt-hours  wasted  per  24  hours ' 

In  order  to  get  a  high  value  for  this  ratio,  it  is  necessary  to  have 
the  maximum  efficiency  in  the  neighbourhood  of  the  load  at  which 
the  transformer  works  for  the  major  portion  of  the  time.  But 
the  maximum  efficiency  occurs  when  the  copper  loss  equals  the 
iron  loss,^  so  that  in  a  case  of  a  lighting  trani^ormer  the  efficiency 
is  designed  to  reach  a  maximum  at  very  much  less  than  full  load, 
being  usually  about  half  full  load.  This  means  that  at  full  load 
the  copper  losses  will  considerably  exceed  the  iron  losses,  whilst 
in  a  tremsformer  designed  to  have  its  maximum  efficiency  at  full 
load  these  two  would  be  equal.  In  order  to  reduce  the  iron  loss, 
the  flux  density  must  be  reduced,  and  this  can  be  brought  about 
either  by  increasing  the  cross-sectional  area  of  the  core  or  by  increas- 
ing the  number  of  txims.  The  former  method  involves  an  increased 
length  of  mean  turn,  resulting  in  an  increased  copper  loss,  whilst 
the  latter  method  also  increases  the  resistance  of  the  windings. 
There  is  a  practical  limit  to  this,  since  an  increase  in  the  copper 
losses  makes  the  regulation  of  the  transformer  worse,  and  after  a 
certain  point  this  becomes  prohibitive. 

As  an  example,  consider  the  case  of  two  10  k.W.  trans- 
formers, the  first  having  a  maximum  efficiency  of  97  per  cent, 
occurring  at  full  load  and  the  second  having  the  same  maximum 
efficiency  occurring  at  half  full  load.  The  full  load  losses  of  the 
first  are   300  watts,  divided  equally  between  the  iron  and  the 

'  This  can  be  proved  as  follows : — 

Let  output  =s  JSfJ  ooe  f  and  input  «  EI  cos  ^  -)-  F<  +  /'/?,  where  Pt  repre- 
sents the  constant  iron  loss  and  I^B  the  copper  loss. 

was  .  EI  cos  0 

Efficiency  =  ,  -  ^-^  ^^  ^-^^-^^^  ^.^  , 

1  P<        .       I^R 


1  du 

For  If  -»  max.  or  -  =  min.,  -j^  =  0. 


ri  ^  EI  cos  ^^  EI  coa^ 


,      ^  =  0-,^ 


»•     R 


dl 


'  EI*  cos  f       |£  008  p  ' 


R      J       Pi 

E  cos  ^"  El*  cos  f ' 

R  =  ^i  and  I*R  =  F,. 
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oopper.    At  one-quarter  full  load  the  copper  loss  will  be  ^i^  =  9-4 

2600 
watts  and  the  eflScienoy  ^^^^  .   ,  .^r.  .  rv  ^  =  9^*0  per  cent.,  the  no- 
^  2500  +  160  +  9-4  ^ 

load  loss  being  150  watts.    The  losses  of  the  second  transformer  at 

3 


half  full  load  are  j^  x  5000  =  160  watts. 


The  iron  loss  is  76 


watts  and  the  full  load  copper  loss  is  4  X  76  =  300  watts.     The 

10000 
fuU  load  efficiency  is  therefore  ioooq  +  75  +  300  X  ^00  =  ^^^ 

per  cent.     The  efficiency  at  one-quarter  full  load  is 

2600 
2600  + 76+TM5  ^  *^  =  ®«'*  ^^  '^'-        ^ 

Now  assume  that  each  transformer  is  kept  on  full  load  for  six 
hours,  one-quarter  full  load  for  twelve  hours,  and  on  no-load  for  six 
hours  every  day.     The  total  energy  output  during  a  day  is 
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Fia.  ISO.— Sffldney  Cnrrw  of  Two  TramioniMn. 

6  X  10  +  12  X  2-6  =  90  k.W.h.    The  total  energy  losses  of  the  first 

transformer  are  24  X  016  +  12  x  00094  +  6  X  0-16  =  4-61  k.W.h. 

90 
The  all-day  efficiency  is   therefore  ^^  .    .  ^-  X  100  =  96-1   per 

90  +  4'ol 

cent.     The  total   energy  losses  of  the  second  transformer  are 

24  X  0076  +  12  X  001875  +  6x0-3  =  3-826  k.W.h.    The  aU-day 

90 
efficiency  of  this  transformer  is  qtw  ■   q.qok  ^  ^^  =  ^^'®  P®^  cent., 

and  is  an  improvement  on  the  other.  If  a  greater  period  of  the 
time  were  spent  on  no-load,  the  improvement  would  be  still  more 
marked.  IHg.  186  shows  the  efficiency  curves  of  these  two  trans- 
formers. 

For  power  work,  transformers  are  mostly  operated  in  the 
neighbourhood  of  full  load  and  the  efficiency  is  designed  to  be  a 
maximum  at  this  point. 

Heat  Tests. — ^When  a  transformer  is  run  on  a  constant  load  its 
temperature  gradually  rises  to  a  maximum  value,  which  depends 
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upon  the  totaJ  losses  which  have  to  be  dissipated.  If  the  heat  were 
produced  uniformly  throughout  the  transformer  and  also  dissipated 
uniformly  from  its  surface,  the  temperature  rise  of  all  the  parts 
would  be  equal.  In  this  case,  the  rate  of  production  of  .heat  is 
constant,  whilst  the  rate  of  dissipation  of  heat  is  proportional  to 
the  temperature  rise  at  that  moment.  The  instantaneous  tempera- 
ture rise,  d^  is  then  given  by  the  equation 


^  =  (?„(l-e"'). 

where  0^  is  the  maximum  temperature  rise  and  T  is  a  constant 
called  the  heating  time  constant.^ 

This  latter  quantity  is  the  time  taJken  to  reach  the  final  temperature 
if  the  initial  rate  of  increase  of  temperature  were  maintain^  and  is 


o^r.TJi 


Healing 


Cooling 


ne.  187.— Heating  and  Cooling  Cnrva. 

indicated  in  Fig.  187,  which  shows  the  general  form  of  the  tempera- 
ture rise  curve.  The  cooling  curve  is  the  same  shape  as  the  heating 
curve,  except  that  it  is  inverted. 

^  Thifl  law  can  be  worked  out  aa  follows  : — 

Let   H   and    ,Ji   be  the  rate  of    production  and  of    dissipation    of    heat 
respectively. 

^.H-land^,«... 

Integrating,  we  get   j    ^  ^  -  jdt  or  -T  log  (H'-^\^t  +  k, 

When  <  s  0,  0  »  0  and  ib  a  ~T  log  H. 

Therefore        «  «  T  log  H  -  !» log  (fi  -  ^)  «  T  log 


T 


^—  and  «-rfi(l-€^V 


zi  zl 

But  ^  —  ^.^whentaooandc^^O,  therefore  ««,  «  Tff  andtf  «  0,.(1  — c^  ). 
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Unfortunately,  the  heating  is  not  uniform  in  an  actual  case  ; 
the  iron  may  have  more  watts  to  dissipate  than  the  copjier  and  may 
have  less  cooling  facilities,  or  vice  versa.  The  different  parts  of  a 
transformer,  therefore,  may  heat  up  unequally,  and  in  any  case 
the  heating  curve,  in  the  majority  of  instances,  does  not  exactly 
agree  with  the  theoretical  curve,  the  continued  increase  in  tempera- 
ture after  the  bend  has  been  passed  being  slightly  greater  in  an 
actual  case  than  is  inferred  from  the  theoretical  curve. 

A  peculiar  point  sometimes  observed  is  that  on  switching 
oflf  the  load  the  copper  continues  to  rise  in  temperature  lor  a 
short  time.  This  is  due  to  the  fsrct  that  the  iron  is  hotter  than 
the  copx>er,  and,  when  cooling  commences,  the  iron  gets  rid  of 
some  of  its  heat  to  the  less  hot  copper  and  temporarily  raises  its 
temperature. 

To  carry  out  such  a  heating  test,  the  transformer  must  be  run 
on  full  load  until  it  reaches  its  final  temperature,  which  will  usually 
not  be  for  several  hours.  In  order  to  reduce  the  wastage  of  energy, 
two  transformers  are  tested  at  the  same  time,  the  second  one 
loading  back  on  to  the  mains.  It  is  preferable  to  determine  the 
temperature  of  the  copper  by  the  increase  of  resistance  method,  as 
this  measures  the  average  temperature  of  all  the  turns  and  not 
merely  that  of  the  surface.  If  this  is  done  by  means  of  a  continuous 
current,  it  involves  a  temporary  interruption  of  the  test,  but  it  is 
possible  to  avoid  this  by  determining  the  equivalent  resistance  of 
the  transformer  whilst  still  working.  In  order  to  prevent  damage 
to  the  windings  the  maximum  temperature  rise  is  usually  limited 
to  60^  C. 

Short  Time  Heat  Tests. — ^In  a  number  of  cases  it  is  imdesirable 
to  carry  out  a  heat  test  for  the  length  of  time  necessary  to  arrive  at 
a  constant  temperature.  But  running  the  transformer  for  a  shorter 
period  than  this  enables  the  initial  part  of  the  temperature  rise 
curve  to  be  determined,  and  knowing  the  law  which  is  followed  the 
final  tfCmperature  can  be  calculated.  One  method  of  estimating 
this,  due  to  the  late  Prof.  S.  P.  Thompson,  is  to  determine  graphic- 
ally the  point  at  which  the  slope  of  the  curve  has  been  reduced  to 
half  its  initial  value.  0^  is  then  twice  the  temperature  rise  at  that 
point.^  Unfortunately,  this  method  is  very  often  found  to  be  too 
inaccurate  even  for  practical  purposes.  One  reason  for  this  is  that 
it  depends  upon  the  initial  rate  of  rise  of  temperature,  and  this 
is  the  most  irregular  part  of  the  curve  in  the  majority  of  actual 
cases. 

Another  method  of  estimating  the  final  temperature  rise,  due 

1  2-^.^,  and  this  is  equal  to  Jj. 
-t 
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to  Prof.  C.  H.  Lees,  is  as  follows  :  If  $^  fi,  and  0,  are  three  rises  of 
temperatore  observed  successiyelj  at  equal  intervals  of  time,  then 

11  1 


or  a   -fi  ^    (0,-0»)(Ot-&i) 

''^-''*+(0,-d,)-(0,-0,)' 

Since  this  formula  involves  the  difference  of  two  differences,  the 
points  selected  should  be  sufficiently  far  apart  on  the  curve  to  avoid 
the  production  of  a  large  error  in  the  result  due  to  small  errors  in 
the  observations. 

None  of  these  methods,  however,  is  as  accurate  as  the  direct 
method  of  measurement.  Their  chief  advantage  lies  in  the  fact 
that  they  cause  a  great  reduction  in  the  amount  of  energy  consumed 
and  the  time  taken  to  complete  the  test. 
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Usual  Shapes  of  Core. — ^The  two  moBt  usual  shapes  for  the  cores 
of  single  phase  transformers  are  those  known  as  the  core  and  shell 
types  respectively.  Having  decided  upon  the  type  to  be  employed 
in  a  particular  design,  a  provisional  estimate  of  the  sectional  area 
of  the  magnetic  circuit  can  be  obtained  from  Fig.  188,  which  gives 
the  relation  between  the  output  and  the  total  gross  cross-sectional 
area  of  aU  the  limbs  of  the  core.  A  very  rou^  approximation  to 
this  curve  is  given  by  the  relation 


Area  of  all  limbs  in  sq.  in.  (net)  =  10  Vk.V.A. 
Area  of  all  limbs  in  sq.  cm.  (net)  =  65  Vk.V.A. 
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The  area  per  limb  having  been  decided  upon,  the  shape  of  the 
magnetic  circuit  can  be  determined  from  a  series  of  relations  given 
by  Prof.  Kapp  which  lead  to  the  approximately  best  dimensions 
(see  Fig.  189). 
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These  idations  are  given  in  the  f ollo^ring  tables  : 
Core  Type. 
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A 
B 
G 
D 

E 

IndhBliiienrioDi. 

0-4  +  3-2^ 
4  +  4-6i^ 

0-4 +1-2^ 
4  +  2-6P 
Fto2F 

Obl  DimBMioni, 

1-0  + 3-2  i^ 

10  + 4-6 -P 

l-0+l-2^ 

10  +  2-6^ 

^to  2-P 

Shell  Ttpi 

A 
B 
C 
D 
B 

Indh  Bimonalons. 

3-2Pto3-4P 

2^FUi2AF 

O-QFtoO-IF 

F 

2F  to  4F 

Cm.  DliiMOilooi. 

3-2i^to3-4-P 

2-2  P  to  2-4  J^ 

0-6  f*  to  0-7 -P 

F 

2Fto  4F 

The  proportJODB  given  in  the  above  tables  are  not  rigid,  and  may 
be  departed  from  considerably  without  any  very  great  disadvantages. 
In  fact,  several  shapes  of  stampings  are  often  used  for  the  purpose 


ItO.  180.— Kapp'g  B«|«lloiis. 

of  obtaining  an  approximation  to  a  ciroular  cross-section,  whilst 
the  dimendon  O  is  often  reduced  at  the  expense  of  an  increase  in  the 
dimension  2>,  the  object  being  to  obtain  a  reduction  in  the  floor 
space  required. 

Allowable  Losses. — The  allowable  losses  are  determined  by  the 
efficiency  at  which  it  is  desired  to  work,  and  this  is  obtained  by 
comparison  with  existing  transformers.  Figs.  190  and  191  show 
the  relation  between  efficiency  and  output  which  might  be  expected 

F  2 
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in  a  normal  oase,  the  two  ourres  on  each  diagram  ahowing  €he 
upper  and  lower  limits  within  which  the  traosformer  should 
work.    The  full  load  losses  can  thus  be  found,  and  if  it  is  desired 
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Fio.  190.— FtfU  Load  Bffldendes.    0-10  k.VJL.,  pX-l. 

to  make  the  efficiency  a  maximum  at  full  load,  the  core  loss 
should  be  half  the  total  loss.  If  the  maximum  effidenoy  is  to 
occur  at  some  other  load,  the  ratio  of  the  two  losses  will  be  altered 
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accordingly.  For  example,  if  the  maximum  efficiency  is  to  occur 
at  half  full  load,  the  iron  loss  will  be  one-fifth  of  the  full  load 
losses  instead  of  one-half.     As  a  check  on  this  value,  reference 
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may  be  made  to  Fig.  192,  which  shows  the  relation  between  the 
core  loss  and  the  full  load  output. 

Flui  Densities. — ^Having  obtained  an  approximate  idea  of  the 
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shape  and  volume  of  the  core  and  a  knowledge  of  the  core  loss, 
the  maximtun  flux  density  allowable  can  be  calculated.    The  first 
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step  is  to  obtain  the  core  loss  per  cubic  inch  or  per  cubic  cm.  With 
a  givMi  frequency  this  settles  the  maximum  flux  density,  which 
can  be  read  off  the  curves  in  Fig.  193  (a)  or  (b). 
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For  strict  accuraoy,  separate  curyes  should  be  drawn  for  the 
hysteresis  and  the  eddy  current  loss,  but  the  above  combination 
is  sufficiently  accurate  for  the  present  purposes. 

The  total  flux  can  now  be  obtained  by  multiplying  the  cross 
section  of  the  core  by  the  flux  density  to  be  used. 

As  a  check  on  the  value  of  the  flux  density  the  following  table 
may  be  consulted,  which  refers  to  ordinary  transformer  iron,  some- 
what higher  values  being  permissible  with  the  special  brands  of 
alloyed  iron. 


Kilowatts 
Output. 


Up  to    3 

„      M     10 

,,     M  20 
»    ,,100 


Maximum  Flux  Density. 


/=40-60. 


/=80-100. 


Lines  per 
sq.  in. 


65000 
52000 
45000 
32000 


Lines  per 
sq.  em. 


10000 
8000 
7000 
5000 


Lines  per 
'sq.  in. 


42000 
32500 
26000 
22500 


Lines  per 
sq.  cm. 


6500 
5000 
4000 
3500 


Copper  and  Iron  Spaee  Faetors. — ^Two  very  important  ratios  are 
the  copper  and  the  iron  space  factors,  which  are  defined  as  follows : — 

^  -    ^  Total  net  copper  section 

Copi)er  space  factor  =  i^^r-t .,  , ,       .    ,. • 

^^      ^  Total  available  winding  space 

-    ^  Total  net  iron  section 

Iron  space  factor  =  ^  .   . -; j • 

^  Total  gross  cross  section  of  core 

The  former  largely  depends  upon  the  voltage  dealt  with  on  the 
H.T.  side,  and  is  also  affected  by  the  method  of  cooling  and  by  the 
use  of  oil  insulation  instead  of  air.  Roughly  speaking,  the  copper 
space  factors  of  air-insulated  transformers  are  about  20  per  cent, 
poorer  than  those  of  corresponding  oil-insulated  ones.  Fig.  194 
gives  the  copper  spsrce  factors  for  10  k.V.A.  and  1,000  k.V.A.  trans- 
formers for  voltages  up  to  30,000  volts.  The  values  for  other 
outputs  can  be  obtained  by  interpolatioii. 

The  iron  space  factor  depends  upon  the  thickness  of  the  lamina- 
tions and  the  number  of  ventilating  ducts.  The  thickness  of  the 
laminations  usually  varies  from  about  0-26  mm.  to  0'6  mm.,  the 
insulation  being  obtained  by  means  of  a  thin  layer  of  varnish  or  a 
very  thin  sheet  of  tissue  paper.  About  15  per  cent,  of  the  groes 
iron  length  is  used  up  in  this  way,  the  remaining  86  per  cent,  being 
solid  iron.  The  number  and  size  of  the  ventilating  spaces  further 
reduce  the  iron  space  factor,  the  values  given  in  Fig.  196  being 
representative  of  average  practice. 


XV 


TRANSFORMERS.— DESIGN 


215 


Dimensions  of  Core. — As  a  check  on  the  core  dimensions  already 
worked  ont,  a  number  of  equations  have  been  given  by  Catterson- 
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Smith  ^  connecting  the  output  with  the  dimensions.    The  equations 

in  question  are 

k  V  A  X  10" 
CDx  FE=^  f\.g'g       ,^  X  constant  (see  Fig.  189),     ' 
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FIO.  106.— boo  SpMe  FMton. 

where  the  constant 

=  0*45  for  single  phase  core  type  and  shell  type,  as  shown  in 

Fig.  189, 
=  0*30  for  three  phase  combined  core  type, 
3=  0-16  for  three  phase  combined  shell  type, 

=s  0-46  (l j  for  single  phase  auto-transformers, 

1  J.  K.  Cattenon-Smith,  Electrician,  Jan.  3, 101.3. 
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where  84  and  8c  are  the  iron  and  oopper  space  factors  respectively, 
di  and  de  are  the  flux  and  current  densities  respectively,  and  n  is 
the  ratio  of  transformation,  all  the  dimensions  being  in  cm.  measure. 
The  iron  and  copper  space  &ctors  can  be  taken  from  Figs.  196  and 
194  respectively,  whilst  the  flux  density  can  be  taken  from  the 
table  on  p.  214.  The  current  density  will  be  approximately  the 
same  in  both  windings  and  may  be  taken  from  Fig.  197,  which 
represents  average  practice.  As  it  is  only  a  rough  preliminary 
estimate  of  the  core  which  is  given,  it  is  only  necessary  to  know 
these  figures  approximately,  and  so  it  will  be  quite  sufficient  to 
read  the  various  values  from  the  curves  without  direct  reference 
to  the  transformer  to  be  designed  at  all. 

Number  of  Turns. — ^When  the  flux  is  decided  upon,  the  number 
of  turns  on  both  primary  and  secondary  can  be  settled  from  the 
equation 

rr  ^  1      •  *  JBi  X  10« 

Total  primary  turns  =  ^^'^^4.44' 

If  the  wave  form  on  which  the  transformer  is  to  work  di£ters  con- 
siderably from  a  sine  wave,  the  constant  4*44  must  be  replaced  by 
4Jb,  where  k  is  the  form  factor.  The  value  4-44  is,  however,  suffi- 
ciently accurate  for  most  practical  cases. 
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In  order  to  determine  the  number  of  turns  required  on  the 
secondary,  it  is  necessary  to  know  the  voltage  drop  on  full  load. 
An  approximate  figure  for  this  can  be  obtained  by  referring  to 
Fig.  196,  which  gives  the  average  regulation  which  can  be  expected 
from  normal  transformers  up  to  100  k.V.A.  In  this  way  the 
allowable   total   voltage  drop  can  be  obtained,  reduced  to  the 
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seoondary  side,  and  the  secondary  turns  can  be  calculated  from 
tlie  formula 


Total  secondary  turns 

=  Total  primary  turns  x 


E^  +  total  drop  in  volts 


The  question  of  the  best  number  of  turns  and  the  best  flux  to 
adopt  depends  upon  the  relative  cost  of  copper  and  iron.  If  t&e 
price  of  copper  goes  up,  that  of  iron  remaining  constant,  it  may 
pay  to  reduce  the  number  of  turns  on  both  primary  and  secondary 
and  use  a  tiiggesr  flux  necessitating  more  iron  in  the  magnetic  circuit. 

Siie  of  Wire. — ^The  best  distributionof  the  copper  losses  is  obtained 
When  the  current  density  in  primary  and  secondary  is  the  same, 
and  this  means  that  the  cross  sections  of  the  two  windings  should 
be  proportional  to  their  respective  currents.  The  usual  current 
deosities  adopted  vary  considerably  with  the  output  of  the  trans- 
former and  are  given  in  Eig.  197.    The  sizes  of  the  primary  and 
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seoondary  wires  can  now  be  settled,  since  the  full  load  currents  in 
the  two  windings  are  known.  If  the  transformer  is  of  considerable 
fldze  the  windings  may  have  to  be  split  up  into  several  coils,  as  shown 
on  p.  186i. 

The  number  of  turns,  size  of  wire  and  copper  space  factor  being 
known,  reference  should  be  made  to  the  core  dimensions  to  see  that 
it  18  possible  to  get  the  two  windings  into  position. 

iJso  the  length  of  a  mean  turn  on  both  primary  and  secondary 
can  now  be  estimated  by  assuming  a  probable  depth  of  winding, 
and  henoe  the  resistances  of  the  two  windings  can  be  calculated. 
In  this  way  an  estimate  of  the  total  copper  loss  can  be  arrived  at, 
which  should  agree  substantially  with  the  copper  loss  allowed  in 
the  first  instance.  In  large  transformers  strip  may  be  used  in  place 
d  wire,  and  then,  due  to  an  uneven  distribution  of  current,  the 
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resistance  may  be  greater  when  supplied  with  A.G.  than  when 
supplied  with  C.C. 

Cooling  Surface  and  Temperature  Rise. — ^The  various  losses  should 
now  be  re-calculated  from  the  exact  data  available,  so  as  to  deter- 
mine the  total  losses  and  efficiency  at  which  the  transformer  will 
work  imder  full  load.  The  temperature  rise  may  then  be  estimated 
when  the  cooling  surface  has  been  worked  out,  and  the  latter  may  be 
taken  as 

1-5 {2AB  +  2E{A+B)}  sq.  in,  or  sq.  cm.  (see  Pig.  189), 

depending  upon  the  unit  used.  The  constant  1*6  is  introduced  to 
take  into  account  the  fact  that  the  outer  surfaces  are  more  or  less 
rounded  and  not  flat.  If  a  drawing  of  the  transformer  is  available 
these  areas  may  be  calculated  more  accurately,  the  total  external 
surface  from  which  cooling  can  take  place  being  taken.    If  the 
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core  contains  ventilating  ducts,  these  should  also  be  taken  into 
account  by  including  the  area  of  both  sides  of  the  walls  in  the  total 
cooling  siirface,  and  the  same  thing  applies  to  any  internal  part  to 
which  the  air  or  oil  has  free  access. 

The  total  watte  wasted  should  lie  between  0*1  and  0-2  per 
sq.  in.  or  0-016  and  0*03  per  sq.  cm.  Fig.  198  shows  a  curve  given 
by  Prof.  Kapp,  in  which  the  temperature  rise  is  represented  aa  a 
function  of  the  watts  per  unit  area  of  cooling  sur&M)e  for  trans- 
formers completely  enclosed  in  cast  iron  oases,  both  with  and 
without  oil,  the  temperatures  being  the  probable  maximum  tempera- 
ture rise  when  run  continuously  on  full  load.  Where  artificial 
cooling  is  employed,  twice  or  three  times  the  above  watts  may  be 
dissipated  for  the  same  temperature  rise,  depending  upon  the 
method  and  thoroughness  of  the  cooling  arrangements. 

Predetenuination    of    No-load    Current— The   no-load    cunent 
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ooDflists  of  a  power  and  a  no-load  component,  the  former  of  whioh 
supplies  the  lo68es  and  the  latter  the  magnetising  current  necessary 
to  force  the  flux  round  the  magnetic  circuit.  The  relative  magni- 
tudes of  these  two  components  will  be  such  that  the  resultant  no- 
load  current  will  usually  lag  behind  the  voltage  by  an  angle  of  about 
46^  to  60^.  The  power  component  is  obtained  by  dividing  the  total 
losses  in  watts  by  the  primary  applied  voltage  in  a  single  phase 
case,  whilst  for  a  polyphase  transformer  each  phase  is  supposed  to 
take  its  proper  share  of  the  watts,  and  the  current  per  phase  is 
obtained  by  dividing  this  value  by  the  volts  acting  across  each  phase, 

e.g.  — p-  times  the  line  voltase  in  the  case  of  a  star  connected  three 

phase  transformer. 

In  calculating  the  purely  magnetising  current,  the  total 
reluctance  of  the  magnetic  circuit  is  required,  and  this  usually 
includes  a  number  of  joints  of  somewhat  indefinite  reluctance. 
As  an  approximation  the  reluctance  of  these  may  be  taken  as  being  * 
equal  to  the  reluctance  of  the  remainder  of  the  iron  circuit.  From 
the  B — H  curve  of  the  iron  the  number  of  ampere-turns  per  cm. 
may  be  obtained,  corresponding  to  the  maximum  flux  density  in 
the  core.  This  value  is  multiplied  by  the  total  length  of  the  magnetic 
path  and  then  doubled  to  allow  for  the  joints  giving  the  total 
maximum  ampere-turns  required.  Dividing  by  the  number  of 
primary  turns  and  by  \/2  to  obtain  the  R.M.S.  value,  the  magnet- 
ising current  is  obtained.    The  formula  to  be  used  is,  therefore, 

«-        ^.  .  ^      Ampere-turns  per  cm.  X  length  in  cm.  X  2 

Magnetising  current  = ^ 

primary  turns  X  v2 

In  three  phase  transformers  the  primary  turns  per  phase  are 
taken,  giving  as  the  result  the  magnetiedng  current  per  phase. 
The  total  no-load  current  is  then  given  by 


No-load  current  =  V(magnetising  current)*  +  (iron  loss  current)*, 

and  the  angle  of  lag,  ^,  is  equal  to 

.  masnetisimr  current 

tan-^  — r^ — X — — T-  • 

iron  loss  current 

Predetermination  of  Regulation. — ^The  voltage  drop  at  the 
terminals  of  the  secondary  winding  when  on  full  load  is  due  to  the 
combined  effect  of  the  resistance  and  the  reactance  of  the  two 
windings.  The  total  drop  due  to  the  resistance,  reduced  to  the 
Becondfury  side,  is 

l^R^  X  ^»  +  /a^a^olts. 
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The  calculation  of  the  total  drop  due  to  the  reactance  is  more 
complicated  and  is  given  by  a  formula  due  to  Prof.  Eapp,^  based 
upon  the  dimensions  of  the  transformer,  as  follows  : — 

Pressure  drop  as  a  percentage  of  the  open  circuit  voltage 

AT  V  I 

where  AT  =  Total  ampere-turns  per  limb  (primary  and  secondary), 
I  =  Mean    length    of    turn    (average    of    primary    and 
secondary)  in  cm., 
4>  =  Total  flux  at  no-load, 

L  =  Length  of  winding  space  on  one  limb  in  cm., 
JV  =  Number  of  primary  or  secondary  coils  per  limb  (using 
the  larger  number  if  they  are  different), 
t  =  Thickness  of  insulation  between  each  pair  of  primary 
and  secondary  coils  in  cm., 
D  ==  Depth  of  winding  (primary  +  secondary)  on  one  limb 

in  cm., 
(7  =  A  constant 
=:  16  for  core  type  transformers, 
=  22  for  shell  type  transformers. 

The  impedance  voltage  triangle  can  now  be  calculated  and  the 
full  load  voltage  drop  obtained  from  Kapp's  regulation  diagram 
shown  on  p.  201. 

Predetermination  of  Power  Factor. — ^The  primary  power  factor 
can  be  predicted  by  graphical  means  on  drawing  the  vector  diagram. 
Its  value  will  depend  upon  the  magnitude  of  the  load  and  the  power 
factor  of  the  secondary  circuit.  If  the  secondary  load  is  non- 
inductive,  the  primary  current,  Ip^  is  given  by 

Ip  =  V(power  component)*  +  (magnetising  component)*. 

The  magnetising  component  has  already  been  estimated,  so  that 
the  power  component,  I',  can  be  calculated  for  a  given  value  of  Ip, 
Li  a  similar  way,  the  primary  applied  voltage  Ep  is  given  by 

Ep  =  V(power  component)*  +  (idle  component  due  to  reactance)*. 

The  volts  lost  due  to  reactance  have  been  calculated,  so  that  the 
power  component,  E\  can  be  calculated  for  a  given  applied  voltage, 
Ep,  The  primary  power  factor  can  then  be  obtained  from  the 
(expression 

primary  power  factor  =  =-=-  • 

ILplp 
»  E.T.Z,,  April  14,  1898,  p.  244. 
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This  method  of  treatment  can  also  be  extended  to  apply  to  the 
case  whBa  the  secondary  power  factor  is  not  unity. 

For  modem  transformers  on  non-inductive  load  the  power 
factor  is  practically  unity  from  quarter  load  and  upwards. 

Example  of  Design. — ^As  an  example,  a  design  will  be  worked  out 
for  a  50  k.y.A.  single  phase  transforms  working  from  6,600  to 
220  Tolts  on  a  frequency  of  50  cycles  per  second. 

The  transformer  will  be  of  the  core  type  and  will  have  its 
maximum  efficiency  at  full  load. 

From  Fig.  188  the  gross  area  of  all  the  limbs  lies  between  430 
and  540  sq.  cm. 

Cross  section  of  limb  =  215  to  270  sq.  cm. 

From  the  formula 

Area  of  all  limbs  (net)  =  65  Vk.V.A. 

the  area  is  given  as  65  X  V50  =  460  sq.  cm. 

Allowing  an  iron  space  factor  of  0*85  this  gives  the  gross  cross 

460 
tieetion  of  the  limb  as  ^ — ^r-^-  =  270  sq.  cm. 
2  X  0*85  ^ 

This  latter  figure  will  be  assumed  as  a  tentative  value  for  the 

cross  section  of  the  core,  and,  assuming  this  to  be  square,  the  length 

of  the  core  is  given  as  \/276  =  16*4  cm.     The  other  dimensions  of 

the  core  are  given  by  Kapp's  relations  (see  Fig.  189),  whereby  the 

following  values  are  obtained : — 

4  =  1-0  +  3-2jF  =  1-0  +  3-2  X  16-4  =  53-5  cm. 
J3  =  10  +  4-6^  =  10  +  4-6  X  16-4  =  85-4   „ 
(7  =  1-0  +  l'2F  =  1-0  +  1-2  X  16-4  =  20-7  „ 
D  =  10  +  2-6i'  =  10  +  2-6  X  16-4  =  52-6  „ 
E^F=^  16-4  cm. 

Ultimately  a  different  cross-section  of  the  core  will  be  adopted, 
two  sizes  of  stampings  being  used,  as  indicated  on  p.  183,  in  order 
to  get  a  shorter  length  of  mean  turn  for  the.  winding. 

The  maximum  ^ci^icy  lies  between  97-1  per  cent,  and  98-0  per 

cent.,  according  to  Fig.  191,  and  occurs  at  full  load.    Thus  the 

2*9 
allowable  losses  at  this  loadlie  between  jrr^  x  50000  =»  1450  watts 

2-0 
and  1^  X  50000  «  1000  watts,  giving  a  core  loss  ranging  from 

500  to  725  watts.    According  to  Fig.  192,  the  core  loss  is  given  as 
360  to  800  watts,  the  lower  figure  referring  to  transformers  which 
reach  their  maximum  efficiency  at  less  than  full  load. 
The  approximate  net  volume  of  the  iron  core  is 

270  X  0-85(2  X  53-5  +  2  X  52-6)  »  48700  cu.  cm. 
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The  core  loss  per  cu.  cm.  is,  therefore, 

These  figures  oorreBpond  to  flux  densitieB  of  5,000  and  6,600  lines 
per  sq.  cm.  respectively  [see  Kg.  193  (6)],  which  agree  very  well 
with  the  densities  given  on  p.  214. 

The  dimensions  of  the  core  may  now  be  checked  by  means  of 
the  Catterson-Smith  formnlsB.  For  this  purpose  the  copper  space 
factor  may  be  taken  as  0-33  from  Fig.  194  and  the  iron  space  factor 
as  0*86.  A  tentative  value  for  the  current  density  in  the  windings 
is  110  amperes  per  sq.  cm.  taken  from  Fig.  197. 

Then 

(a)  CD  X  FE^-j—^^-^^^~^ 

60  X  10"  X  0-46 


60  X  0-86  X  0-33  X  6600  X  110 
=  226000. 

^6^  CD^FE 60  X  lOix  x  046 

^'  ^     ^  60  X  0-86  X  0-33  X  6000  X  110 

=  292000. 

The  value  of  CD  x  FE  according  to  the  figures  already 
obtained  is 

20-7  X  62-6  X  16-4  x  16-4  =  293000. 

The  hi^er  figures  correspond  to  the  higher  efficiencies  and 
necessitate  larger  cores. 

The  section  of  the  core  may  now  be  decided  upon,  the 
dimensions  of  the  two  sizes  of  stampings  being  as  follows : — 

a  =  1-09  X  \/270  =  17-9  cm., 

say  18-0  cm.  (see  p.  184). 

h  =  0-67  X  \/270  =  11-0  cm. 

With  two  0-6  cm.  air  ducts  and  0*6  mm.  plates  with  0*06  mm. 
insulation  (see  Fig.  199)  the  net  iron  section  is 

18  X  "  ><  0^65  +  *  ^  ^^  ^0^  =  ^"l- "°^ 

Adopting  a  flux  density  of  6,000  this  gives  a  total  flux  (rf 
240  X  6000  =  1-44  X  10*  lines. 
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The  total  primary  turns  are 
El  X  10* 


2-,= 


4>  X  /  X  4-44 

6600  X  10« 


»« nans. — mi 

1                      1 

U*4     1 

*9rmm— 

1   *i    1 

1-44  X  10«  X  60  X  4-44 
=  2000  turns. 

The  total  secondary  turns  are 

^        „       Em  +  total  drop  in  volts  i« — Ucm — J 

T,  =  TiX-^-^ W^ •  ' 

^1  na.  100.— GioM  SMtton  < 

Cora. 
The  total  drop  in  volts  is  given  as 

0-018  X  220  =  4  volts  from  Kg.  196. 
Therefore 

220-4-4 
^«  =  2060x  ^±-  =  70  turns. 

The  full  lead  primary  current  on  imity  power  factor  is 
60000 


6600 


=  7-6  amperes 


or  7-8  amperes  allowing  for  the  efficiency. 
The  full  load  secondary  current  is  then 

50000      ^_ 

^20"  =  227  amperes. 

With  a  current  density  of  110  amperes  per  sq.  cm.  this  gives  as 
the  sections  of  the  two  conductors 

^  .  7-8 

Pnmary     =    y^  =  0*07  sq.  cm. 

227 
Secondary  =     -^  =  2'06  sq.  cm. 

The  secondary  winding  wiU  be  in  the  form  of  strip,  and  in  order 
to  reduce  the  eddy  current  loss  in  the  winding  will  be  subdivided 
into  three  stripe  in  parallel  laid  over  one  another,  the  section  of 
each  being  0*69  sq.  cm. 

Increasing  the  secondary  turns  to  36  per  limb  and  having  9  turns 
per  layer  with  12  layers  (3  in  parallel)  a  suitable  size  of  conductor  is 
found  to  be  4  X  0*176  sq.  cm. 

The  nearest  wire  to  0*07  sq.  cm.  is  11  S.W.O.  having  a  cross- 
sectional  area  of  0*068  sq.  cm.  and  a  diameter  of  0-296  cm.  The 
wire  is  double  cotton  covered,  each  layer  being  further  insulated 
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by  a  continuous  strip  of  insulation  about  0*5  mm.  thick  whilst  the 
whole  winding  is  finally  insulated  to  about  3  mm.  with  oiled  linen 
and  press-spsSm. 

llie  external  cooling  surface  is  given  approximately  by 

1-6{2AB  +  2E(A  +  B)} 
=  1-5  {2  X  53-5  X  85-4  +  2  X  16-4  (53-6  +  85-4)} 
=  20500  sq.  cm. 

The  cooling  surface  of  the  air  ducts  can  be  taken  as 

85-4  X  11  X  4  =  3800  sq.  cm.,  say. 

There  wiU  be  also  additional  ventilating  space  due  to  the  two 
sizes  of  stampings  which  can  be  taken  as 

85-4  X  3  X  8  =  2000,  say  (see  Pig.  199). 

The  total  cooling  surface  is  then 

20600  +  3800  +  2000  =  26300  sq.  cm. 

The  watts  dissipated  at  full  load  are  of  the  order  of  2'6  per  cent, 
of  60000  =  1260  watts. 

The  watts  per  sq.  cm.  are  approximately 

12«>=  0.0476. 


26300 


If  the  transformer  is  oil  immersed  in  a  cast  iron  case  with  no 
mechanical  circulation,  this  would  coniispond  to  a  temperature  rise 
of  60-65**  0.  (see  Fig.  198).  With  an  air-blast,  however,  this 
temperature  rise  could  very  easily  be  brought  down  to  40^^. 
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Simple  Alternator. — ^An  alternator  is  an  alternating  current 
dynamo  and  in  its  elementary  form  consists  of  a  coil  of  wire  rotating 
between  the  poles  of  a  magnet,  as  shown  in  Fig.  2.  The  two 
ends  of  the  coil  do  not  need  to  be  connected  to  a  commutator  and 
are,  instead,  connected  to  a  pair  of  slip  rings,  on  each  of  which  a 
brush  presses  for  the  purpose  of  collecting  the  current.  In  an 
ideal  case  the  induced  E.M.F.  will  obey  a  sine  law  of  the  type 

e  =  En  sin  0. 

An  increase  in  the  number  of  turns  results  in  an  increase  of  the 
induced  voltage. 

Freqneney  and  Number  of  Poles. — ^The  majority  of  actual  alter- 
nators are  multipolar  machines,  the  number  of  poles  employed 
being,  in  general,  much  greater  than  is  the  case  in  C.G.  dynamos 
of  the  same  size.  The  number  of  poles  may,  in  fact,  reach  up  to 
100  in  large  alternators.  Alternators  are  usually  designed  to 
generate  at  definite  frequencies,  and  there  is  a  rigid  relationship 
between  the  speed,  the  number  of  poles,  and  the  frequency.     If 

there  are  p  poles,  the  E.M.F.  will  go  through  ^  cycles  perrevolu- 

tion  or  ^        cycles  per  second,  where  n  equals  the  r.p.m.     Thus 

pn 


/= 


120 


The  r.p.m.  at  which  alternators  must  run  for  various  frequencies 
and  numbers  of  poles  are  given  in  the  following  table  : — 


•    No.  of  Poles     ... 

J     2 

4 

6 

8 

10 

12 

16 

20 

Speed  for/=    25 

..      1600 

760 

600 

376 

300 

260 

187-6 

160 

»      „  /=    40 

..  1  2400 

1200 

800 

600 

480 

400 

300 

240 

»      .,  /=    50 

..      3000 

1600 

1000 

760 

600 

600 

376 

3)0 

M       M   /=    60 

..      3600 

1800 

1200 

900 

720 

600 

460 

360 

„    ., /=ioo 

..      6000 

3000 

2000 

1600 

1200 

1000 

760 

600 
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Polypbase  Alternfttors. — ^A  simple  two  phase  alternator  may  be 
obtained  by  adding  a  second  coil  similar  to  the  first,  but  situated 
at  right  angles  to  it  so  that  this  angle  is  always  maintained  during 
rotation  (see  Tig.  79).  In  the  case  of  multipolar  machines,  corre- 
sponding conductors  in  the  two  phases  are  alwajm  situated  half  tt 
pole  pitch  distant  from  one  another. 

A  simple  three  phase  alternator  is  shown  in  Fig.  86,  corresponding 
conductors  being  cdways  situated  two-thirds  of  a  pole  pitch  distant 
from  each  other,  this  being  independent  of  the  total  number  of  poles. 

Rotating  Field  and  Rotating  Armature. — ^From  a  theoretical  point 
of  view  it  is  inmiaterial  whether  the  armature  rotates  between  the 
poles  or  whether  the  poles  rotate  round  the  armature.  In  practice 
both  methods  are  employed,  the  rotating  armature  usually  being 
adopted  for  small  machines  and  the  rotating  field  for  large  ones. 
In  the  latter  case  the  field  system  and  the  armature  change  positions, 
the  armature  being  outside  and  presenting  a  hollow  cylindrical 
surface  to  the  field  system.  The  latter  now  consists  of  a  yoke 
supported  from  the  shaft,  with  the  poles  projecting  radially  outwards 
and  facing  the  armature.  The  stationary  element  is  usually  called 
the  iMtor  and  the  rotating  element  the  TijUyr, 

Modem  practice  favours  the  rotating  field  type  as.  being  tiie 
more  economical  design  for  large  machines,  but  for  small  alternators 
the  manufacturers  usually  adopt  a  rotating  armature,  largely  on 
account  of  the  fact  that  the  demand  is  small  and  existing  patterns 
of  C.C.  machines  ajre  available,  thus  enabling  them  to  turn  out  a 
cheaper  machine.  If  a  large  demand  for  such  machines  arose,  it  is 
an  open  question  whether  it  would  not  be  advisable  to  adopt  the 
rotating  field  even  for  small  alternators. 

There  are  several  inherent  advantages  of  the  rotating  field  type. 
A  higher  peripheral  speed  may  be  employed,  since  it  is  easier  to 
make  a  sound  mechanical  job  of  the  poles  and  pole  windings  than 
of  the  armature  winding  with  its  end  connections,  since,  owing  to 
the  centrifugal  force,  the  end  connections  of  the  armature  must  be 
braced  securely  in  position.  Also,  since  the  armature  is  on  the 
outside,  there  is  more  room  for  its  winding,  which  is  a  help  in  the 
design,  since  the  armature  winding  usually  requires  more  8})ace 
than  the  field  winding,  whilst  in  the  case  of  high  voltage  machines 
it  is  preferable  to  have  the  H.T.  winding  stationary.  There  is  a 
further  advantage  in  connection  with  the  slip  rings.  A  three  phase 
alternator  with  a  rotating  armature  would  require  three  slip  rings, 
and  a  two  phase  machine  foiu*,  whilst  only  two  would  be  necessary 
in  either  case  if  a  rotating  field  were  adopted.  Apart  from  the 
number  of  slip  rings  there  is  the  question  of  their  insidation  and  the 
liability  to  breakdown  due  to  wear  and  tear,  since  higher  insulation 
is  probably  necessary. 

As  opposed  to  these  advantages  the  rotating  armature  machine 
presents  the  possibility  of  using  stock  patterns  and  a  stock  C.C. 
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armature  winding  with  the  commutator  removed  and  slip  rings 
substituted  in  its  place. 

Low  Speed  Alternators. — ^Theusualformof  modem lowand medium 
apeed  alternators  is  the  rotating  field  type,  the  magnet  poles  being 
bolted  on  to  a  yoke  ring,  which  is  supported  by  means  of  spider  arms 
from  the  rotor  hub.  Since  the  majority  of  the  weight  of  the  rotor 
lies  near  its  outer  edge,  its  flywheel  effect  is  so  considerable  that  it 
avoids  the  necessity  for  any  extra  flywheel.  This  would  otherwise 
be  necessary,  since  a  uniform  angular  velocity  is  desired  for  smooth 
running.  Li  fact,  this  type  of  alternator  is  often  referred  to  as 
the  flywhed  type^ 

Owing  to  the  low  speed,  these  alternators  will  usually  have  a 
large  number  of  poles,  this  tending  to  make  the  diameter  much  larger 
for  a  given  output  than  would  be  the  case  in  a  G.C.  dynamo.  &e 
general  tendency  is  for  the  machines  to  become  large  in  diameter 
and  small  in  length  to  a  noteworthy  extent.  Even  with  the  low 
speeds  of  revolution  which  are  adopted,  the  peripheral  speeds  of 
the  pole  faces  are  kept  up,  due  to  the  large  diameters,  the  values  of 
the  peripheral  speed  ranging  from  5,000  to  8,000  feet  per  minute. 

This  type  of  alternator  is  usually  directly  driven  from  a  recipro- 
cating engine  and  frequently  has  only  one  bearing.  The  end  of 
the  shaft  on  the  engine  side  then  terminates  in  a  forged  coupling 
which  is  bolted  directly  on  to  the  engine  crankshaft. 

High  Speed  Turbo-Alternators. — ^Tbe  proportions  of  hi^  speed 
alternators  which  are  intended  for  direct  coupling  to  steam  turbines 
are  much  different  from  the  low  speed  type  already  dealt  with. 
Owing  to  the  high  speeds  of  rotation  which  are  employed,  the 
diameters  are  made  very  much  less,  resulting  in  a  corresponding 
xQorease  in  the  axial  length.  Even  then  the  peripheral  velocities 
of  the  rotating  element  reach  from  12,000  to  20,000  feet  per  minute, 
and  this  necessitates  a  very  sound  mechanical  rotor  construction. 
Special  types  of  rotating  field  systems  are  thus  called  into  being, 
and  these  will  be  dealt  with  in  detail  later.  The  stator  construction 
18  not  very  di&rent  from  that  in  low  speed  alternators  except  for 
the  greatly  changed  ratio  of  diameter  to  length.  The  number 
of  poles  is  also  very  much  less,  being  usually  either  two,  four 
or  six. 

Since  the  speed  is  very  much  higher,  the  bulk  of  a  turbo-generator 
is  very  much  less  than  that  of  a  flywheel  type  alternator  of  the  same 
output,  and  consequently  the  total  surface  available  for  dissipating 
heat  is  very  much  less.  In  order,  therefore,  to  prevent  an  undue 
temperature  rise,  artificial  cooling  must  be  employed,  and  this 
usually  takes  the  form  of  an  air-blast  whereby  air  is  sucked  or  forced 
in  through  a  hole  in  the  bottom  of  the  outer  casing  and  makes  its 
exit  by  a  corresponding  hole  at  the  top.  The  outer  casing  which 
guides  the  air  past  the  heated  surfaces  serves  the  additional  purpose 
ct  deadening  tiie  noise  of  the  machine,  which  would  otherwise  be 
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considerable,  due  to  its  high  speed  and  the  restricted  air  paflsageB 
in  its  construction. 

A  separate  class  of  tnrbo-altemators  has  been  developed  in 
c<Hijunotion  with  steam  and  water  turbines  having  a  vertical  shaft. 
These  machines  may  be  designed  for  high  speeds  in  connection  with 
vertical  steam  turbines,  or  they  may  be  used  as  low  speed  generators 
on  hydzo-electric  stations  where  only  a  small  fall  is  available. 

Other  Types  of  Alternator. — ^Various  distinct  types  of  alternator, 
other  than  the  rotating  field  and  rotating  armature  machines,  have 
beeooL  introduced  from  time  to  time,  but  they  have  now  practically 
disappeared  from  the  market. 

One  such  alternator  is  the  Ferranti  disc  machine,  which  has  a 
rotating  armature  consisting  of  a  flat  disc  of  copper  strip  suitably 
arranged  so  as  to  generate  an  alternating  E.M.F.  No  iron  is  em- 
ployed in  the  armature  for  magnetic  purposes,  the  rotating  element 
revolving  between  two  sets  of  poles  facing  one  another,  these  poles 
being  alternately  N.  and  S.,  those  opposite  being  alternately  S.^ 
and  N. 

Another  type  of  A.C.  generator  is  the  inductor  alternator.  In 
this  machine  both  armature  and  field  windings  are  stationary,  no 
rotating  contacts  being  employed  at  all.  The  rotor  consists  of  a 
heavy  iron  system  with  two  ring?  of  projecting  pole  pieces.  These 
are  magnetisidd  by  a  central  fixed  exciting  coil,  so  that  all  the  poles 
of  one  ring  have  one  polarity,  whilst  all  the  poles  of  the  other  ring 
have  the  opposite  polarity.  The  E.M.F.  in  the  armature  coils  is 
induced  by  the  variatidn  in  the  magnetic  fiux,  due  to  the  fact  that 
the  magnetic  circuit  Is  made  alternately  good  and  bad  as  the  in- 
ductors move  past  the  armature  coils.  The  fiux  never  cuts  the 
armature  coils  in  the  reverse  direction,  simply  varying  between 
a  maximum  and  a  minimum  value.  This  necessitates  a  large  amount 
of  flux,  which,  although  it  cannot  be  called  leakage  fiux,  is  wholly 
waste  as  far  as  the  generation  of  E.M.F.  is  concerned  and  results 
in  a  considerable  increase  in  the  iron  weight  of  the  machine.  One 
characteristic  of  this  class  of  alternator  is  the  falling  away  of  the 
voltage  as  the  load  comes  on,  which,  although  of  advantage  for 
parallel  running,  is  undesirable  as  far  as  the  voltage  regulation  is 
concerned. 

Stator  Construetion. — ^The  stator  frame  is  merely  an  arrangement 
for  holding  the  armature  stampings  and  windings  in  position  and 
does  not  fulfil  any  magnetic  function.  In  large  low  speed  alter- 
nators the  size  of  the  stator  frame  usually  results  in  it  being  cast 
in  two  or  three  sections,  these  being  bolted  together  as  indicated  in 
Fig.  200,  which  shows  the  general  arrangement  of  rotor  and  stator, 
the  frame  of  the  latter  being  cut  in  two  halves.  In  order  to  increase 
the  ventilation  a  number  of  holes  are  cast  in  the  frame,  this  being 
allowable  since  it  does  not  interfere  with  the  magnetic  flux  and 
does  not  undiily  weaken  the  mechanical  strength  if  done  in  modera- 
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fdon.  Fig.  201  is  one  example  of  stator  oonstniotion,  the  diagram 
showing  a  oross  section  of  the  frame.  This  type  of  stator  is  suitable, 
with  modifications,  for  medium  and  large  size  alternators.  The 
stampings  are  held  in  position  by  being  clamped  between  an  end 


Fie.  200. — Qenenl  Amnflsnmi  of  Low  Speed  Altonfttor. 

cheek  cast  on  to  the  main  frame  on  one  side  and  a  sinular^end 
cheek  on  the  other,  this  one  being  cast  separately  and  mounted  in 
position  after  the  stampings  are  arranged  in  place.  The  separate 
end  cheek  and  the  stampings  are  firmly  held  in  position  by  means  of 


jviMmruirinyx^' 


Fiti.  201. — Stator  Frame. 


A  number  of  bolts  which  pass  right  through  from  side  to  side.  Radial 
ventilating  ducts  are  provided  in  the  stampings  by  the  insertion 
of  distance  pieces,  so  that  air  can  be  thrown  out  from  the  air-gap  by 
ceafenfngal  force  escaping  by  the  vent  holes  in  the  outer  case. 
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For  smaller  and  narrower  stators  the  central  rib  in  the  frame  is 
sometimes  omitted,  as  shown  in  Fig.  202. 

Sometimes,  instead  of  having  an  end  cheek  cast  on  to  the  frame, 


FiQ.  202.~8iiul11  Stotor  Frame. 


the  stampings  are  gripped  in  position  by  means  of  two  steel  ring 
clamps  bolted  together  as  in  the  previous  example  (see  Fig.  203). 

Another  method  employing  two  fixed  end  cheeks  is  iUnstrated 
in  Fig.  204,  the  whole  stator  frame  being  cast  in  two  duplicate  halves, 


FiQ.  203.— stator  Frame. 


these  being  bolted  together  as  shown  in  order  to  clamp  the  stampings 
in  position. 

The  stators  of  turbo-alternators  present  very  little  real  difference 
from  those  of  low  speed  sets,  although  their  external  appearance  is 


FiQ.  204.-— Split  stator  Frame. 


widely  different.  The  great  points  of  difference  are  the  smaller 
diameter  and  the  increased  length.  A  special  feature  is,  however, 
observed  in  the  arrangements  for  clamping  the  end  connections  in 
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position  owing  to  the  large  mechanical  forces  to  which  they  are 
subjected  when  the  machine  is  accidentally  short-circuited  or  other- 
wise has  a  heavy  current  flowing  momentsurily  through  the  armature 
"winding.  Practice  has -shown  that  these  clamping  devices  must 
be  made  very  strong.  Of  course,  when  a  turbo-alternator  is  cooled 
by  means  of  an  external  air-blast,  this  modifies  considerably  the 
mechanical  design  of  the  stator  frame,  the  small  vent  holes  round 
the  outside  being  replaced  by  one  large  one  at  the  top  and  a  corre- 
sponding one  underneath. 

Cast  iron  end  shields,  built  up  in  sections,  are  bolted  on  to  both 
sides  of  the  exterior  of  the  stator  frame  for  the  purpose  of  providing 
a  mechanical  protection  for  the  end  connections,  which  frequently 
are  at  high  potentials. 

Staying  of  Stator  Frames. — When  the  stator  frame  attains  a  very 
large  diameter,  precautions  have  to  be  taken  to  prevent  any  me- 
chanical deformation  due  to  its  own  weight,  the  tendency  being 
for  the  frame  to  sink  at  the  top  and  bottom  in  between  the  feet. 
This  would  cause  the  air-gap  at  the  top  to  be  decreased  and  that 
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at  the  bottom  to  be  increased,  and  to  avoid  this  additional  feet  are 
sometimes  cast  on  to  the  lower  half  of  the  stator  frame,  whilst  in 
other  oases  systems  of  tie-rods  are  adopted.  For  example,  a  single 
tie-rod  per  side  might  be  used,  as  shown  in  Fig.  205.  This  wovdd 
pull  the  feet  together  and  may  be  arranged  to  restore  the  air-gap  at 
the  top  to  normal,  but  for  large,  narrow  stators  it  is  not  sufficient. 
Much  more  satisfactory  stiffening  of  the  stator  is  obtained  by  the 
system  of  tie-rods  shown  in  Fig.  206,  there  being,  in  this  instance, 
six  tie-rods  per  side.  Another  method  of  producing  the  same 
result  is  obtained  by  mounting  a  pair  of  star  frames  on  the  stator, 
one  on  either  side,  as  shown  in  I^.  207,  the  radial  tie-rods  terminating 
in  a  ring  concentric  with,  but  free  from,  the  shaft. 

Stator  Gore. — ^In  the  rotating  field  type  of  alternator  the  stator 
stampings  will,  of  course,  consist  of  annular  rings  with  the  slots 
along  the  inside  edge.  For  all  except  small  machines  these  stampings 
will  have  to  be  built  up  in  sections  (see  Fig.  208),  being  bolted  and 
keyed  on  to  the  frame  at  the  back.  In  order  to  nullify  the  effect 
of  the  joint  as  far  as  possible,  the  sections  are  steiggered  so  that  the 
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joints  of  adjfikjent  stampings  do  not  coincide.  Rculial  ventilating 
ducts  are  provided  at  intervals  by  inserting  spacing  grids.  These 
may  consist  of  skeleton  castings  so  arrang^  as  not  to  impede  the 
passage  of  the  air,  or  they  may  be  built  up  from  two  stampings 


Fig.  208.— Armature  Stampings 


thicker  than  the  rest  and  separated  by  means  of  a  number  of  distance 
pieces  soldered  on.  One  type  of  ventilating  duct  in  common  use 
is  made  by  having  two  thickened  stampings  in  which  cuts  are  made 
as  shown  in  Fig.  209  (a).     The  little  tongues  thus  formed  are  bent 
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(a) 


(b) 


Fia.  209— VeatUatlng  Grids. 


at  right  angles  and  form  settings  for  a  number  of  radial  steel  strips 
which  serve  as  the  distance  pieces  [see  Kg.  209  (&)]. 

Slots. — ^Three  distinct  types  of  slots  are  used  in  A.C.  machines, 
the  first  being  the  open  type  as  used  also  in  G.C.  machines  (see 
Kg.  210).     These  are  frequently  recessed  near  the  mouth  for  the 


Open 

Flo.  210.— Types  of  Slots 


Totally 
Closed 


purpose  of  inserting  a  wooden  strip  designed  to  keep  the  armature 
winding  from  fljring  outwards  under  the  action  of  centrifugal  force 
when  the  armature  is  the  rotating  element.  These  wooden  strips 
also  take  the  place  of  binding  wire  on  stator  windings,  since  the  use 
of  binding  wire  on  a  concave  surface  is  impossible.     Open  slots 
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enable  former  wound  coils  to  be  employed  and  are  thus  easier  to 
wind  than  the  other  types.  They  also  have  the  advantage  of 
allowing  the  slots  to  be  thoroughly  impregnated  with  insulating 
varnish  before  the  coils  are  wound.  Their  disadvantage  is  that  the 
available  area  for  the  air-gap  is  less  than  is  the  case  when  the  other 
types  are'  employed  and  that  they  cause  slight  oscillations  of  the 
flux  from  side  to  side  as  the  teeth  move  past  the  pole  face.  This  is 
due  to  the  great  difference  in  permeability  of  the  tooth  and  slot. 
The  lines  of  force  cling  on  to  the  retreating  tooth  as  long  as  possible, 
and  then  snap  across  the  slot  to  the  next  tooth  coming  along.  This 
tends  to  produce  harmonics  in  the  E.M.F.  wave  form  and  necessi- 
tates laminated  pole  shoes  in  order  to  reduce  the  eddy  currents 
which  would  otherwise  be  generated  to  a  considerable  extent. 

The  use  of  totally  closed  slots  or  tunnels  removes  these  disad- 
vantages, since  a  uniform  iron  surface  is  presented  to  the  pole  face, 
but  other  disadvantages  are  introduced.  Due  to  the  fact  that  the 
winding  is  totally  surrounded  by  iron,  the  inductance  of  the  coils 
is  materially  increased,  and  this  has  the  effect  of  causing  an  increased 
drop  in  voltage  as  the  load  cunent  is  increased,  thus  making  the 
regulation  of  the  machine  worse.  To  reduce  this  effect  as  much  as 
possible,  the  bridge  over  the  roof  of  the  tunnel  is  made  very  thin 
in  order  to  force  up  the  flux  density  of  the  leakage  lines  in  this 
neighbourhood  and  thus  decrease  the  permeability.  But  if  this 
bridge  is  made  less  than  about  ^  inch  the  tunnels  are  apt  to  become 
broken  open  during  the  operation  of  stamping,  this  f  aot  exercising 
a  practical  limit  to  the  thickness  of  the  roof.  Another  disadvantage 
of  the  tunnel  type  of  slot  is  that  the  coils  must  be  hand  wound  by 
threading  them  through  the  holes,  thus  increasing  the  labour  of 
winding  and  the  danger  of  abrasion  during  the  process. 

The  semi-dosed  slot  is  a  compromise  between  the  wide  open 
slot  and  the  tunnel.  The  danger  of  bursting  the  narrow  bridge 
is  avoided  and  an  air-gap  is  inserted  in  the  path  of  the  leakage 
lines  of  force.  Moreover,  nearly  the  whole  of  the  surface  of  the 
armature  is  useful  for  flux  baring  purposes,  which  tends  to 
eliminate  ripples  from  the  wave  form.  The  actual  winding  is 
easier  to  carry  out  than  when  totally  closed  slots  are  employed, 
as  the  conductors  can  be  passed  through  the  mouth  of  the  slot, 
although  more  labour  is  involved  than  when  open  slots  with  former 
wound  coils  are  adopted. 

Rotors. — ^When  the  armature  forms  the  rotating  system,  l^e 
mechanical  construction  is  much  the  same  as  in  C.C.  machines,  the 
stampings  being  mounted  upon  a  cast  iron  spider  which  is  driven 
from  the  shaft. 

In  the  case  of  rotating  field  alternators,  the  yoke  ring  and  spider 
form  a  flywheel  upon  which  the  poles  are  mounted.  Up  to  a 
diameter  of  about  eight  feet  the  spider  is  generally  cast  in  one  piece, 
bnt  for  larger  sizes  it  is  usual  to  cast  it  in  sections,  which  are  bolted 
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together.  To  inoiease  the  mechanical  strength,  wrought  iron  rings 
are  shrank  on  to  the  hub  and  over  projections  near  the  rim  as 
shown  in  Fig.  211.    The  rim  has  to  be  of  sufficient  cross  section  to 


.  Fig.  211.— Split  Botor  Syitom. 


carry  half  the  flux  per  pole,  and  also  to  give  the  necessary  flywheel 
effect,  the  calculation  of  which  involves  a  knowledge  of  the  engine 
which  is  to  drive  the  alternator. 


Fm.  212. — ^LuDlnfttod  Pole  Conitractlon. 


The  poles  may  be  fixed  to  the  rim  in  several  ways.  A  method 
in  common  use  consists  in  screwing  them  on  from  the  under  side 
of  the  rim  by  means  of  set  screws  as  shown  in  Fig.  211.    When 
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laminated  pole  shoes  are  used  with  oast  steel  poles  they  may  be 
attached  by  means  of  set  screws  driven  in  from  the  pole  face  or  by 
dovetailing  them  on  as  shown  in  Fig.  211,  lateral  movement  being 
pirevented  by  means  of  keys.  T^H^en  the  poles  are  laminated 
timmghout  they  may  be  dovetailed  on  to  the  yoke  ring  in  the  same 
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way  (see  Fig.  212).  When  ventilating  ducts  are  employed  in  the 
poles,  holes  should  be  made  through  the  yoke  ring  to  meet  them,  and 
the  ducts  should  further  be  in  line  with  the  stator  air  ducts  so  as 
to  obtain  a  through  passage  for  the  air. 

Sometimes  laminated  poles  are  attached  to  the  yoke  ring  by 
means  of  set  screws.      Li  this  case  the 
laminations  are  pierced  from  side  to  side 
by  a  wrought  iron  bar  so  as  to  provide    (a)    /  ^ 
something  solid  for  the  set  screws  to  grip 
(see  Fig.  213). 

Shape  of  Pole  Shoe. — If  a  rectangular 
pole  shoe  is  employed  with  a  uniform  air- 
gap  the  resulting  theoretical  wave  form 
obtained  would  be  a  rectangular  one. 
Actually,  due  to  fringing,  the  two  vertical 
aides  of  the  rectangle  would  become  sloping 
ones,  but  notwithstanding  this  the  wave 
form  obtained  in  such  a  case  is  very  far 
from  being  a  sine  wave.  The  E.M.F.  in- 
duced in  a  particular  conductor  is  pro- 
portional to  its  length  in  the  magnetic 
field,  the  density  of  the  magnetic  field 
and  the  velocity  of  the  conductor.  The 
latter  must  be  kept  constant  so  that  either  the  active  length  of 
the  conductor  or  the  density  in  the  air-gap  must  be  made  to  vary 
according  to  a  sine  law.  The  active  length  of  the  conductor  is 
settled  by  the  shape  of  the  pole  face.  Fig.  214  (a)  shows  a  develop- 
ment of  the  au>gap  wherein  the  active  length  of  the  conductor  is 
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proportional  to  sin  6.  Apart  from  the  mechanical  difficulticB 
presented  by  such  a  construction,  there  would  be  a  tremendous 
amount  of  magnetic  leakage  across  the  adjacent  tips  of  neighbouring 
poles.  By  turning  the  second  part  of  each  pole  face  round,  however, 
as  shown  in  Fig.  214  (b),  the  disadvantage  of  the  magnetic  leakage 
is  obviated,  and  by  the  approximation  shown  in  Fig.  214  {c)  the 
manufacturing  difficulties  are  done  away  with.  If  preferred,  the 
same  effect  may  be  obtained  by  having  bunches  of  stampings 
displaced  with  respect  to  one  another,  as  shown  in  Fig.  214  {d). 

The  skewing  of  the  pole  shoes  does  not  appear  very  noticeable 
in  practice,  as  it  is  only  necessary  to  do  it  to  a  small  extent.  Take 
the  case  of  a  6-pole  alternator  with  an  air-gap  diameter  of  18  inches. 
With  a  ratio  of  pole  arc  to  pole  pitch  of  0-66,  the  distance  x  in 
Fig.  214  (c)  would  be 


TT  X  18 
6" 


(1  —  0-65)  =  3-3  inches. 


With  an   armature  core  length  of  9  inches  this  means  that  the 
angle  a  is  given  by  9 

tana  =  g  2  =  2-73, 


whence 


a  =  70^ 


Another  method  of  obtaining  a  good  approximation  to  a  sine 
wave  consists  in  having  an  air-gap  of  variable  length,  so  that  the 

magnetic  density  in  the  gap  varies 
according  to  a  sine  law.  The  mini- 
mum air-gap  occurs  along  the 
centre  line  of  the  pole  and  corre- 
sponds to  the  point  of  maximum 
induction  and  the  peak  of  the  wave. 
If  this  length  is  represented  by  I, 
the  length  of  the  gap  at  any  other 
point  displaced  by  0^  electrical 
from  the  centre  line  is  given  by 

I 

Fia.  216.— Variable  Air-gap  to  produce  COS  0 

Stne  Wave. 

Fig.  215  shows  such  a  variable  air- 
gap.  When  cos  0  gets  small  the  air-gap  becomes  very  long  and 
the  pole  shoe  is  cut  away  altogether,  the  small  amount  of  flux 
required  being  produced  by  fringing.  Supposing  a  ratio  of  pole 
arc  to  pole  pitch  of  0*7  be  employed,  the  length  of  the  air-gap  at 
the  extreme  end  of  the  pole  shoe  is 

I  I 

cos  (0-7  X  90^)      cos  63^ 

It  is  rarely  worth  while  carrying  the  pole  shoe  beyond  this. 


=  2-2  L 
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A  aimple  approximation  to  this  form  of  pole  shoe  can  be  obtained 
by  making  the  radius  of  curvature  of  the  pole  shoe  equal  to  0*7  times 
the  radius  of  curvature  of  the  stator  core. 

Field  Colls. — ^In  addition  to  the  usual  coil  winding  for  the  poles, 
a  type  of  winding  frequently  adopted  consists  in  having  a  single 
layer  of  strip  wound  on  edge,  the  strip  being  bent  to  the  right 
shape  before  assembling.  The  adjacent  layers  are  insulated  by  a 
layer  of  paper  or  other  insulation,  the  outside  surface  being  coated 
with  varnish.  This  construction  is  very  sound  mechanically,  as 
there  is  no  tendency  for  adjacent  conductors  to  roll  over  one  another, 
due  to  centrifugal  force.  Another  advantage  of  this  type  of  coil 
is  its  superior  heat  dissipating  properties. 

Slip  Rings. — ^The  slip  rings  necessary  for  conveying  the  field 
current  to  the  rotor  are  generally  made  of  gun  metal,  brass  or  cast 
iron.  The  usual  type  of  construction  consists  of  a  cast  iron  spider 
carried  from  the  shaft  upon  which  the  slip  rings  are  bolted,  insulating 
bushes  and  washers  being  employed  as  in  the  brush  spindles  of  C.C. 
machines.  A  common  type  of 
construction  is  shown  in  Fig. 
216,  there  being  three  lugs  cast 
on  to  each  ring  for  bolting  on  to 
the  spider,  ijiother  lug  is  also 
cast  on  for  the  purpose  of 
attaching  the  l6ad  carrying 
the  current  to  the  field  coils. 
The  dimensions  of  the  slip 
rings  are  usually  settled  from 
mechanical  considerations,  as 
these  demand  larger  sections  than  would  be  required  on  purely 
electrical  grounds. 

Carbon  brushes  are  now  employed  in  preference  to  copper  gauze, 
as  the  wear  on  the  slip  ring  is  considerably  less,  current  densities 
of  from  30  to  40  amperes  per  square  inch  being  adopted  with  ordinary 
types  of  brushes. 

Rotors  for  Torbo-alternators. — Owing  to  the  high  speed  at  which 
turbines  run,  the  number  of  poles  is  usually  either  two,  four,  or  six, 
the  diameter  of  the  rotor  being  kept  down  in  order  to  prevent  the 
peripheral  speed  from  exceeding  the  safe  limit.  This  results  in 
the  appearance  differing  greatly  from  that  of  low-speed  rotors  and 
has  1^  to  the  development  of  the  cylindrical  type  of  rotor,  where 
the  field  windings  are  distributed  in  slots,  in  addition  to  what  is 
known  as  the  aalient  pole  type,  where  the  rotor  has  definite  poles 
and  windings  as  in  the  case  of  low-speed  sets. 

Salient  Pole  Type. — ^This  type  is  frequently  adopted  for  4-  and 
6-poIe  machines  and  consists  of  a  rotor  body  having  a  star-shaped 
cross  section,  forged  to  shape  and  bored  out  to  receive  the  shaft 
as  shown  in  Fig.  217.    The  pole  winding  consists  of  copper  strip 
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wound  either  on  edge  or  £at  in  seotions.  This  winding  is  kept  in 
position  by  means  of  the  pole  shoe,  which  is  sometimes  solid  and 
sometimes  laminated.    The  pole  shoe  is  held  securely  in  place  by 


^o     o  _o^ 
Tta,  217.— Salient  Pole  Type  Eotor. 

being  dovetailed  on  to  the  pole.  Owing  to  the  large  centrifugal 
force  set  up,  a  number  of  phosphor  bronze  clamps  are  provided,  as 
shown  in  the  diagram,  for  the  purpose  of  preventing  the  winding 

from  slipping.  These  clamps  have 
a  ball  and  socket  action  so  as  to 
allow  of  a  little  play  when  initially 
jQzing  them  in  position.  Longitudinal 
vent  spaces  are  bored  at  intervals 
along  the  poles  to  assist  in  keeping 
the  machine  cool. 

Cylindrical  Type. — ^The  cylindrical 
type  of  rotor  consists  of  a  number 
of  mild  steel  laminations  clamped 
together  between  two  end  plates, 
the  laminations  being  slotted  after 
the  style  of  an  ordinary  armature, 
except  that  at  certain  places  the 
slots  are  omitted,  as  shown  in  Fig. 
218.  This  results  in  a  uniform  air- 
gap  being  formed  all  the  way  round. 
The  slots  receive  the  pole  winding, 
which  consists  of  former  wound  coils  of  coj^per  strip  laid  in  flat 
and  suitably  insulated.  A  phosphor  bronze  wedge  is  driven  into 
the  mouth  of  each  slot  so  as  to  keep  the  winding  in  place.    The 
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end  connections  are  also  covered  by  means  of  phosphor  bronze 
end  shields,  which  prevent  them  from  flying  outwards  under  the 
action  of  centrifugal  force. 

The  cylindrical  type  of  rotor  has  certain  advantages  over  the 
salient  pole  type,  inasmuch  as  a  superior  cooling  surface  is  obtained, 
due  to  the  distribution  of  the  winding.  Further,  the  mechanical 
balancing  of  the  rotor  will  not  be  so  difficult,  and,  due  to  the  smooth 
surface  exposed  by  the  cylindrical  type,  noiseless  running  is  more 
likely  to  be  attained. 

^ce  the  winding  of  the  cylindrical  type  rotor  is  distributed 
over  several  slots,  tihe  flux  density  in  the  air-gap  will  increase 
towards  the  centre  of  the  pole,  thus 
tending  towards  the  generation  of 
the  ideal  sine  wave.  For  example, 
if  the  winding  is  distributed  over 
three  pairs  of  slots  the  theoretical 
wave  form  would  be  of  the  type 
shown  in  curve  (a).  Fig.  219,  wldlst 
if  the  same  winding  were  concen- 
trated in  the  outermost  slots  the 
theoretical  wave  form  would  be  given  by  curve  (6),  Fig.  219.  The 
latter  arrangement  generates  a  higher  B.M.S.  value  of  the  voltage, 
but  does  so  at  the  expense  of  the  wave  form. 

Armature  Windings. — ^The  ordinary  type  of  winding  used  in  C.G. 
machines  is  also  suitable  for  alternator  armatures,  but  in  the  larger 
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Tn.  220.— Sliii^  PhaM  Bar  Wlndtng.    One  Slot  per  Pole. 

machines  a  somewhat  different  type  is  employed.  The  ordinary 
C.G.  winding  is  called  a  dosed  drouii  winding,  because  it  closes  on 
itself,  whilst  the  special  alternator  windings  about  to  be  described 
are  called  open  circuit  windings,  since  there  is  no  closed  circuit  in 
the  armature  itself. 

One  special  feature  in  these  windings  is  that  there  is  an  exact 
number  of  slots  per  pole,  whilst  in  the  case  of  polyphase  alternators 
there  is  an  exact  numb^  of  slots  per  pole  per  phase. 

The  simplest  example  is  perhaps  the  wave  wound  bar  winding 
illustrated  in  Fig.  220,  where  the  armature  is  shown  in  a  develop- 
ment.   The  E.M.F.'s  in  all  the  conductors  aid  one  another,  there 
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being  eight  condnotors  in  all  (in  an  8-pole  alternator).    This  only 
utilises  one  slot  per  pole,  and  if  more  slots  are  to  be  used  the  winding 
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Fio.  221.— Sln^  Phase  Bar  Winding.    Two  Slots  per  Pole. 


would  be  as  shown  in  Fig.  221,  there  being  one  unsymmetrical  end 
connection  for  every  time  the  winding  goes  right  round  the  armature. 
In  the  same  way,  the  winding  can  be  extended 
to  more  slots  per  pole.  It  is  not  usual  to 
fill  up  all  the  slots  in  a  single  phase  alter- 
nator, since  the  last  conductors  add  but  little 
to  the  total  voltage,  as  the  phase  of  the  conduc- 
tors in  the  various  slots  differs  considerably. 
For  example,  if  there  are  six  slots  per  pole, 
the  phase  difference  between  conductors  in 
adjacent  slots  is  30°,  and  the  vector  diagram 
in  Fig.  222  shows  the  various  voltages  ob- 
tained by  using  1,  2,  3,  4,  5  and  6  conductors. 
The  following  table  shows  the  numerical  values 
of  the  voltage  obtained  in  the  different  cases, 
and  as  each  conductor  adds  to  the  impedance 
^^_  of  the  winding,  it  is  usual  in  such  cases  to  limit 

Diignim  showing  Phase   the  number  of  slots  used  to  about  two-thirds 

DifferenoeofCondactois    ^t  4.U«  ^.^vi-ni 
in  Different  Slots.         O'  t*^©  total. 


Fro.  222.— Vector 


Table  suowino  Effect  of  Distributing  Windiko. 


No.  of  SloU 
used. 

Voltage. 

VoltaoB  added  by 
last  Conductor. 

1 

100 

TOO 

o 

1-93 

G-93 

li 

2-73 

0-80 

4 

3-34 

0-61 

r> 

3-73 

0-39 

6 

3-86 

013 
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As  an  example  of  a  single  phase  coil  winding,  the  case  of  an 
armature  having  six  slots  per  pole  will  be  taken,  four  of  them  being 
wound.     Fig.  223  shows  what  is  known  as  an  ordinary  or  whole- 
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Fig.  223. — Ordinary  or  Wholo-coiledaWinding. 


coiled  winding,  there  being  a|3  many  coils  as  there  are  poles.  Each 
coil  is  taped  up  in  one  piece,  the  conductors  in  the  different  slots 
being  separated,  but  the  end  connections  being  all  taped  up  together, 

the  individual  coils  looking  like  that  shown  in  Fig.  224.       ^ ^ 

Instead  of  the  conductors  in  slots  9  and  10  being  con- 
nected to  conductors  in  slots  13  and  14,  they  might  be 
brou^t  back  to  the  conductor^  in  slots  1  and  2,  which 
are  in  a  similar  position  with  respect  to  the  field  and  are 
under  a  pole  of  the  same  polarity.  Altering  the  con- 
nections in  this  manner  throughout,  the  winding  shown 
in  Fig.  225  is  obtained,  this  being  called  a  half-coiled  or  hemilropic 
winding.  There  is  now  only  one  coil  per  .pair  of  poles,  but  each 
coil  is  twice  as  large  as  in  the  previous  case. 


Fig.  224. 

Armftture 

CoU. 


Fio.  225.— Hemitropic  or  Half-ooUed  Winding. 


Two  Phase  Windings. — ^A  two  phase  bar  winding  can  be  obtained 
from  the  single  phase  bar  winding  shown  in  Fig.  221  by  adding  an 
exactly  similar  winding  midway  between  the  conductors  of  the 
first.  In  this  way  Fig.  226  has  been  developed,  there  being  foiu: 
terminals  instead  of  two.  All  the  slots  may  now  be  used  economi- 
cally, whilst  several  slots  per  pole  for  each  phase  may  be  adopted. 
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A  two  phase  coil  winding  may  be  evolved  from  Eig.  225  by 
placing  a  second  winding  in  the  vacant  slots  left  by  the  first  phase 
as  shown  in  Fig.  227.     In  order  to  make  the  end  connections  of  the 
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FiQ.  £20.— Two  Pbnfle  Bar  Wlndliig. 
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two  phases  clear  one  another,  those  of  one  phase  must  be  bent 
upwards  as  shown  in  Fig.  228,  all  the  coils  of  the  first  phase  having 
one  shape  of  end  connection  and  all  those  of  the  second  phase  having 


Fro.  227w— Two  PhAM  CoU  Winding. 


the  other  shape.    Such  a  winding  is  called  a  hvo  range  or  a  two  plane 
winding. 

Three  Phase  Windings. — A  three  phase  bar  winding  can  be  evolved 
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li'iG.  228.— End  ConnectionB  in  Two  Bangw. 

from  the  single  phase  one  shown  in  Fig.  221  by  inserting  two  other 
windings,  each  displaced  by  two-thirds  of  a  pole  pitch  as  shown  in 
Fig.  229,  the  three  front  ends  being  brought  out  to  the  terminals, 
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Dv^hilst  the  three  rear  ends  are  joined  together,  thus  forming  the  star 
point.    Since  there  must  be  a  whole  number  of  slots  per  pole  per 


Star  point 
,  m.  220.— Three  PhaM  Bar  Winding. 

phase,  it  follows  that  the  total  number  of  slots  must  be  a  multiple 
d  three  times  the  number  of  poles. 

One  type  of  three  phase  coil  winding  is  obtained  from  that  shown 
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FM.  280.— Three  Phaae  CoU  Winding. 


in  Fig.  225  by  adding  two  other  similar  windings  spaced  two-thirds 
of  a  pole  pitch  apart  as  shown  in  Fig.  230.  1^  type  of  winding 
requires  three  shapes  of  coil  and  results  in  the  end  connections 

Vm.  281.— Bnd  Connections  in  Three  Banges. 

occupying  three  planes,  forming  a  three  range  winding  as  shown  in 
Fig.  231.    If  the  middle  phase  were  connected  in  the  same  way  as 

B  2 


K 


244 


ALTERNATING  CURRENTS 


OH. 


the  other  two,  it  would  reBult  in  the  three  phases  being  displaced 
by  60®  with  respect  to  one  another  instead  of  by  120**,  and  to  remedy 
this  the  middle  one  is  reversed,  which  has  the  effect  of  adding 
180®  to  its  phase,  thus  making  it  240®  out  of  phase  with  the  first 
winding  instead  of  60®.  An  advantage  of  this  type  of  winding  is 
that  it  can  be  divided  into  sections  and,  in  case  of  a  breakdown, 
the  faulty  coil  can  be  removed  without  seriously  disarranging  the 
remainder. 

Another  type  of  three  phase  winding  is  obtained  by  connecting 
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Fio.  232.—ThRe  Phase  Coil  Winding. 
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the  conductors  of  the  middle  phase  (Fig.  230)  under  the  second 
pole  to  those  under  the  third  x)ole  instead  of  the  first.  This  winding 
is  shown  in  Fig.  232  and  leads  to  only  two  shapes  of  end  connec- 
tion, coils  of  a  particular  phase  being  of  each  shape  alternately. 
This  has  the  advantage  of  equalising  the  impedances  of  the  three 
phases  should  the  lengths  of  the  coils  of  different  shape  iiot  be  the 
same.  The  end  connections  in  two  ranges  are  shown  in  Fig.  233. 
Qreadth   Faetor. — ^In  the  majority  of  instances  the  armature 
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Fn.  288.— End  Connections  in  Two  Kange  Three  Phase  Winding. 

winding  is  not  concentrated  in  one  slot  per  pole  per  phase.  As  the 
result  of  this,  the  conductors  in  neighbouring  slots  have  E.M.F.'s  in- 
duced in  them  which  differ  slightly  from  one  another  in  phase.  Since 
the  total  E.M.F.  induced  in  the  coil  is  due  to  the  E.M.F.'s  in  the 
component  conductors  connected  in  series,  this  difference  in  phase 
causes  a  loss  of  voltage,  since  the  individual  E.M.F.'s  must  be 
added  vectorially  insteiwi  of  arithmetically.  For  example,  in  a 
three  phase  alternator  having  three  slots  per  pole  per  'phaae  there 
are  nine  slots  distributed  over  one  pole  pitch.    The  phase  difference 
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between  the  E.M.F.'s  induced  in  conductors  in  adjacent  slots  is 
therefore  20^.  The  vector  diagram  for  this  case  is  shown  in  Fig.  234, 
the  resultant  voltage  being  2*88  instead  of  three  times  the  voltage 
per  slot.  Distributing  the  winding  in  three  slots  thus  causes  a 
4  per  cent,  loss  in  voltage,  but  is  nevertheless  preferable  to  having 
it  concentrated  in  one  slot  of  three  times  the  size,  as  this  would 
tend  towards  the  production  of  irregularities  in  the  wave  form. 
For  this  and  other  reasons,  the  single  slot  winding  has  gone  into 
disuse. 

The  ratio  of  the  voltage  actually  obtained  to  the  voltage  which 
would  be  obtained  if  the  winding  were  all  concentrated  in  one  slot 


SlotNPl 

Fro.  234.— Effect  of  distilbiittDg  Winding  In  Three  Slots. 


is  called  the  Breadth  Factor,  and  in  the  case  shown  in  Fig.  234  its 
The  value  of  the  breadth  factor  is  unity  if 


2*88 
value  is  -57-  =  0-96. 


the  winding  is  concentrated  into  one  slot  per  pole  per  phase,  but 
when  it  is  distributed  its  value  is  always  less  than  unity,  decreasing 
as  the  number  of  slots  is  increased. 

According  to  present  practice,  the  number  of  slots  per  pole  per 
phase  is  usually  limited  to  five  in  the  case  of  flywheel  type  alter- 
nators and  six  in  the  case  of  turbo-alternators.  The  following 
table  gives  the  values  of  the  breadth  factor  in  a  number  of  cases 
of  single-,  two-  and  three-phase  machines. 


Table  of  Breadth  Faotoks. 


Sloto  per  Pole 
perFhasey^ 


SloteWoond.  *'^^ 


Two  Phase,  All 
Slots  Wound. 


1-000 
0-924 
0-910 


0-866  , 

-  I 

0-836      ; 


1-000 
0-924 
0-910 
0-906 
0-904 
0-903 


Three  Phase,  All 
Slots  Wound. 


1000 
0-966 
0960 
0^68 
0-957 
0-956 


Effect  of  Ratio  ^  .    ^,^  ^. — ^In  order  to  study  the  effect  of  this 
Pole  Pitch  '' 

ratio  on  the  induced  voltage,  the  case  of  an  alternator  will  be  dis* 
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ouflsed  where  the  pole  pitch  and  the  lines  per  pole  are  fixed.  As  a 
first  approximation,  a  rectangular  pole  shoe  and  a  uniform  air-gap 
will  be  assumed,  the  resulting  wave  form  being,  of  course,  rectangular. 

A  variation  in  the  ratio  -— - — ^r^  is  now  obtained  by  choosing 

pole  pitch  "^  ^ 

different  lengths  of  pole  arc,  getting  different  magnetic  densities 

at  the  pole  face.    The  area  of  the  resulting  flux  curve  is  constant, 

since  this  is  proportional  to  the  product  of  the  magnetic  density 


k PblePikfx >^, 


-^PblePitch^ »; 


(6)  RaUo 


Pole  Arc 
Pole  Pitoh 


=0-6 


f^PoleArc-^ 
—Pole  Pitch— 


<^>^««^*M^=«'<^ 


-  Pole  Arc - 
-Pole  Pitch' 


^^^^lof^-'-' 


Fig.  286.— Effect  of  Ratio  -^^^  on  Wave  Form. 

and  the  pole  arc,  and  thus  represents  the  total  flux  per  pole,  which 
is  assumed  constant.  With  a  constant  speed  of  rotation,  the 
E.M.F.  wave  form  is  similar  to  the  curve  of  flux  distribution,  and 
thus  the  area  of  the  E.M.F.  wave  form  is  also  constant.  Working 
out  the  form  factors  and  relative  R.M.S.  values  of  the  E.M-P.'s 
for  the  various  cases  in  Fig.  236,  these  are  found  to  be  different  and 
they  are  tabulated  in  the  following  table. 


SatlOi; 


Pole  Arc 
Pole  Pitch' 

Form 
Factor. 

Belatlve 
R.M.B.  Voltage. 

Relative 
Max.  Voltage. 

0-4 
0-5 
0-6 
0-7 

1-58 
1-41 
1-29 
1-19 

0-632 
0-666 
0-616 
0-478 

1-000 
0-800 
0-667 
0-571 
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According  to  the  above  table,  the  ratio  which  gives  a  form 
factor  closest  to  that  of  a  sine  wave  is  approximately  0*7,  but  if 
tlie  pole  face  is  shaped  it  will  be  found  that  the  best  value  is  some- 
TThat  lower  than  this. 

Calenlation  of  E.M.F. — Each  conductor  on  the  armature  cuts 
^p  lines  of  force  in  every  revolution  of  the  armature,  <&  being  the 
number  of  lines  of  force  -per  pole  and  p  the  number  of  poles.  Since 
each  turn  consists  of  two  active  conductors  together  with  the 
inactive  end  connections,  the  lines  cut  per  turn  per  second  are 
2^pn,  where  n  represents  the  revolutions  per  second.     But  the 

frequency  /  is  equal  to  ^ ,  so  that  the  average  E.M.F.  induced  per 

turn  is 

24>pn  X  10 -»  voltes 
=  44>/  X  10 -»  volts. 

With  a  sinusoidal  wave  form  the  form  factor  (  =  — '- — '-- r—  ) 

\     average  value/ 

is  I'll,  and  therefore  the  R.M.S.  value  of  the  induced  E.M.F.  per 

turn  is 

4-44  <E>/  X  10-8  volts. 

For  other  shaj^es  of  E.M.F.  wave  the  R.M.S.  voltage  per  turn 
is  given  by 

4ifci4>/x  10'«  volts, 

where  ij  is  the  form  factor. 

If  there  are  T  turns  in  series  per  phase  the  voltage  per  winding 
becomes 

E  =  4ifei4>/T  X  10-*  volts. 

It  has  been  shown,  however,  that  distributing  the  winding  in 
several  slots  per  pole  results  in  a  slight  loss  of  voltage,  and  so  the 
breadth  factor  has  to  be  taken  into  account,  when 

E  =  4*1*2 4>/r  X  10-8  volts, 

Jb,  being  the  breadth  factor. 

The  voltage  obtained  in  this  way  is  the  open  circuit  voltage  per 
winding,  and,  in  the  case  of  a  three  phase  star  connected  alternator, 
the  line  voltage  is  obtained  by  multiplying  by  V3.  To  find  the 
full  load  terminal  voltage,  the  drop  caused  by  the  armature  impe- 
dance and  the  effect  of  armature  reaction  must  be  taken  into 
account,  and  this  wiU  be  discussed  later  (see  p.  258). 

Clamps  for  End  Conneetions. — ^The  end  connections  of  the  arma- 
ture coils  consist  of  a  number  of  conductors  carrying  currents  flowing 
in  the  same  direction,  and  this  results  in  considerable  mechanical 
stresses  being  set  up  on  occasion,  particularly  in  the  case  of  turbo- 
alternators.    In  ordinary  low-speed  alternators,  no  special  precau- 
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tions  need  be  taken  to  deal  with  these  stresses,  but  with  tnrbo- 
altemators  it  is  different.  This  is  due  to  the  longer  pole  pitches 
employed  and  to  the  greater  ratio  of  short  circuit  current  to  full 
load  current  which  is  characteristic  of  the  turbo  sets.  Experience 
has  shown  that  very  hea^  clamping  devices  are  necessary  in  these 
cases  to  prevent  the  coils  being  torn  from  their  fastenings  under 
the  influence  of  an  accidental  short  circuit.     Fig.  236  shows  a  typical 


Fig.  236. — Turbo-alternator  showing  Clamping  Arrangements. 


example  of  the  heavily  clamped  end  connections  of  a  turbo-alter- 
nator. 

Damping  Grids^ — ^When  a  polyphase  alternator  delivers  a  current 
a  rotating  magnetic  field  is  set  up  by  the  combined  action  of  the 
armature  currents,  and  if  the  speed  of  rotation  of  the  rotor  is  not 
exactly  imiform  the  poles  will  sometimes  gain  on  this  flux  as  it 
rotates  and  sometimes  lag  behind.    The  pole  face  can  therefore 
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be  imagined  to  be  situated  in  a  magnetic  field  which  oscillates 
from  side  to  side,  and  any  closed  circuit  in  the  neighbourhood  will 
have  a  current  induced  in  it.  The  generation  of  such  a  current 
will  tend  to  damp  out  the  motion  which  produces  it  and  thus 
tends  towards  smoother  running.     In  order  to  effect  this,  special 


Pig.  237.— Damping  Grid. 


windings  are  sometimes  woimd  in  slots  or  holes  in  the  pole  shoe. 
These  windings  are  known  as  damping  grids  or  amortisseurs,  and 
consist  of  a  number  of  heavy  copper  rods,  one  in  each  hole,  riveted 
at  the  ends  to  a  common  bar  so  as  to  form  a  short-circuited  grid,  as 
shown  in  Fig.  237. 

Exeitation  and  Exeiters. — ^The  ordinary  types  of  alternator 
require  to  be  excited  by  means  of  C.C.  from  some  external  source, 
and  for  this  purpose  it  is  usual  to  instal  special  C.C.  dynamos  called 
exciters  in  connection  with  large  alternators.  One  system  frequently 
adopted  consists  in  having  an  exciter  for  every  alternator,  directly 
driven  from  the  alternator  shaft.  An  alternative  method  is  to 
have  one  exciter  of  sufficient  capacity  to  deal  with  the  excitation 
of  all  the  alternators  in  question,  the  exciter  being  steam-driven. 
In  this  case  the  exciter  can  also  be  made  to  supply  additional  power 
for  the  purpose  of  lighting  the  generating  station  and  for  other 
auxiliary  services.  Sometimes  also  there  will  be  a  pair  of  C.C. 
bus  bars  convenient,  in  which  case  the  necessary  exciting  current 
can  be  obtained  from  the  mains. 

When  each  alternator  is  fitted  with  its  own  exciter,  the  regula- 
tion of  the  exciting  current  can  be  effected  by  means  of  a  resistance 
in  the  exciter  field,  which  deals  with  a  comparatively  small  current, 
but  when  a  common  exciter  serves  a  number  of  alternators  the  field 
regulation  must  be  effected  by  resistances  in  the  exciter  main 
armature  circuit.  The  field  regulating  resistances  must  therefore 
be  capable  of  carrying  larger  currents,  thus  resulting  in  an  increase 
in  size.  On  the  other  hand,  the  efficiency  of  the  single  exciter  is 
higher  and  the  initial  cost  lower  than  when  individual  exciters  are 
employed. 

Compounded  Alternators. — ^When  an  alternator  is  made  to  deliver 
a  ourrent  its  terminal  voltage  drops  by  an  amount  which  depends 
upon  the  magnitude  and  phase  of  the  current.  If  the  load  changes 
slowly,  this  can  be  corrected  by  hand  regulation,  but  when  the  load 
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is  of  a  rapidly  fluctuating  charaoter  this  is  not  sufficient.  In  order 
to  make  the  alternator  self -regulating,  various  methods  have  been 
devised  depending  upon  either  the  action  of  some  form  of  automatic 
regulator  or  else  some  form  of  compounding  in  the  alternator  itself. 
The  latter  frequently  takes  the  form  of  boosting  up  the  excitation 
by  means  of  a  rectified  current  obtained  from  the  armature,  a  special 
form  of  commutator  being  attached  to  the  altemator  shaft. 


CHAPTER  XVn 


ALTEBNAT0B8. — ^PERFOBMANGB  AKD  TESTING 


■agnetisation  Curve. — ^The  graphical  relationslup  which  exists 
between  the  exciting  current  and  the  terminal  voltage  of  the  arma- 
tore  is  called  the  magnetisation  curve,  and  can  be  obtained  experi- 
mentally by  taking  various  values  of  the  exciting  current  and 
obeerving  the  corresponding  armature  voltages,  the  machine  being 
on  open  circuit.  Usually  it  will  be  necessary  to  insert  a  considerable 
resistance  in  series  with  the  field  winding  in  addition  to  the  ordinary 
shunt  regulator,  in  order  to  bring  down  the  exciting  current  so  as 
to  obtain  points  on  the  lower  portion  of  the  curve.  The  resulting 
graph  follows  the  general  shape  of  the  B — H  curves.  Another 
magnetisation  curve  can  be  obtained  by  making  the  alternator 
give  out  full  load  current  at  unity  power  factor  and  obtaining  the 
relation  between  the  exciting  current 
and  the  terminal  voltage  as  before. 
Since  the  armature  current  is  to  be 
kept  constant,  it  is  necessary  to  have 
a  load,  the  resistance  of  which  can  be 
varied  between  wide  limits.  A  water 
resistance  will  be  frequently  of  use  in 
this  connection  both  for  single  and  poly- 
phase alternators.  When  the  machine 
is  a  three-ph^ber,  the  three  legs  of  the 
load  resistance  are  usually  connected  in 
star,  but  when  a  water  resistance  is  employed  a  mesh  arrange- 
ment is  adopted,  there  being  three  parallel  plates  immersed  in  the 
liquid.  If  the  necessary  inductances  are  available,  the  test  can  be 
repeated  with  a  power  factor  of  less  than  unity.  Mg.  238  shows 
the  nature  of  the  curves  which  are  obtained  in  this  test. 

Load  Charaeterifltie. — ^The  load  characteristic  of  an  alternator 
is  obtained  by  determining  the  relationship  between  the  terminal 
voltage  and  the  load  current,  the  exciting  current  and  speed 
being  kept  constant. '  For  the  purposes  of  test,  an  alternator  is 
frequently  driven  by  a  C.C.  shunt  motor  and  as  the  load  comes  on 
the  speed  slightly  falls.  This  must  be  compensated  for  by  shunt 
regulation  in  the  motor  field  circuit. 
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As  the  armature  current  is  increased  the  terminal  volts  drop, 
due  to  a  number  of  causes.  The  resistance  and  reactance  of  the 
armature  winding  absorb  some  of  the  volts  which  are  generated, 
whilst  the  armature  reaction  generally  results  in  an  actucd  decrease 
of  the  volts  generated,  owing  to  its  weakening  effect  on  the  magnetic 
field.  The  magnitude  of  the  latter  effect  depends  to  a  very  large 
extent  upon  the  angle  of  lag  or  lead  of  the  armature  curr^t  and 
results  in  a  strengthening  of  the  magnetic  field  when  a  leading 
current  is  delivered.  In  fact,  if  the  angle  of  lead  be  sufficient,  the 
increase  in  the  generated  volts  is  such  that,  taking  into  consideration 
the  phase  of  the  volts  absorbed  by  the  armature  impedance,  the 
terminal  voltage  onload  is  actually  higher  than  the  no-load  E.M.F. 
Fig.  239  shows  a  typical  series  of  load  cWacteiistics  obtained  at 
different  power  factors,  and  clearly  shows  the  effect  of  lagging  and  ' 
leading  currents.    When  the  alternator  is  a  polyphase  machine. 


Load  Current 


Fig.  239. 
Load  Characteristics. 
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Fio.  240.— Bffect  of  Power  Factor 
on  Terminal  Voltage. 


care  must  be  taken  to  obtain  a  balanced  load,  both  as  regards  power 
factor  and  current. 

When  performing  the  test  at  any  particular  power  factor,  it 
will  be  found  convenient  to  insert  a  power  factor  indicator,  as  other- 
wise great  difficulty  will  be  experienced  in  maintaining  it  constant. 
An  alternative  method  is  to  take  a  series  of  readings  with  a  constant 
current  but  varying  power  factors,  obtained  by  altering  the  relative 
amounts  of  resistance  and  reactance  in  the  circuit.  A  number  of 
such  curves  must  be  taken,  each  one  corresponding  to  a  different 
current  (see  Fig.  240).  To  obtain  the  load  characteristic  for  a 
particular  power  factor,  draw  a  vertical  line  through  the  value 
chosen  and  read  off  the  voltages  corresponding  to  the  various 
currents  from  the  curve.  In  this  way,  one  point  is  obtained  from 
each  of  the  curves  in  Fig.  240,  but  this  can  be  repeated  for  as  many 
power  factors  as  desired. 

Regulation. — ^When  an  alternator  is  subjected  to  a  varying  load, 
the  voltage  at  the  terminals  of  the  armature  varies  to  a  certain 
extent,  and  the  amount  of  this  variation  determines  the  reguJaiian 
of  the  machine.    The  numerical  value  of  the  regulation  is  usually 


xvn  ALTERNATORS  263 

given  as  the  percentage  fall  in  voltage  when  fall  load  is  switched 
on,  or,  alternatively,  the  percentage  rise  in  voltage  when  full  load 
is  switched  off,  the  excitation  being  adjusted  initially  to  give  normal 
voltage  in  each  case.    The  latter  method  of  expressing  the  regula- 
tion gives  a  lower  figure  than  the  former  and  finds  favour,  there- 
fore, with  the  manufacturers.    The  reason  for  this  difference  can 
be  seen  by  referring  to  Fig.  238.    Assume  the  machine  to  be  on 
open  circuit  and  giving  a  voltage  represented  by  the  point  A  on^ 
the  no-load  curve.     On  switching  on  full  load  at  unity  power 
factor  the  voltage  drops  to  that  represented  by  the  point  B  and  the 
drop  in  voltage  is  given  by  the  vertical  distance  between  A  and  B. 
Now  let  the  excitation  be  increased  until  the  original  voltage  is 
reached,  full  load  being  maintained  all  the  time.    In  this  way 
point  (7  is  reached.     On  throwing  off  the  load,  the  voltage  rises  to 
a  value  given  by  point  D,  and  the  vertical  distance  between  C  and 
D  measures  the  rise  in  voltage.     Owing  to  ihe  greater  saturation 
due  to  the  larger  exciting  current,  this  rise  is  less  than  the  fall 
obtained  when  the  load  is  switched  on.    If  this  be  repeated  with  a 
load  having  a  power  factor  of  less  than  unity,  the  current  being  a 
lagging  one,  the  percentage  fall  or  rise  of  the  voltage  would  be 
correspondingly  greater. 

The  numerical  values  of  the  regulation  of  modem  alternators 
will  be  usually  about  6  per  cent,  for  'unity  power  factor  and  about 
20  per  cent,  when  operating  on  a  power  factor  of  0-8. 

If  it  is  not  possible  or  desirable  to  measure  the  regulation  by 
direct  experiment,  it  can  be  obtained  indirectly  by  other  means 
which  do  not  necessitate  the  alternator  being  fully  loaded.  For 
this  purpose  it  is  necessary  to  perform  two  tests,  viz.,  the  open 
circuit  test  to  obtain  the  magnetisation  curve  (already  described) 
and  a  short  circuit  test  to  obtain  the  impedance  of  the  alternator 
armature.  The  latter  test  will  now  be 
dealt  with. 

Short  Cireuit  Test. — ^In  this  test  the 
armature  is  directly  short-circuited 
through  an  ammeter  capable  of  carry- 
ing at  least  the  full  load  current  of  the 
machine,  whilst  additional  resistances 
must  be  inserted  in  the  field  circuit  to 
limit  the  exciting  current  so  as  not  to 
bum  out  the  armature.    The  relation  Bxdting  current 

.     between  the  armature  current  on  short     ^^  24i.-Method  of  obtauuiig 
circuit  and  the  exciting  current  is  then  Annatare  impedance. 

obtained  over  as  large  a  range  as  pos- 
sible, the  speed  being  kept  constant.      As  will  be  explained  later, 
small  variations  of  the  speed  do  not  affect  the  armatmre  current 
to  any  appreciable  extent,  so  that  there  is  no  necessity  to  have 
close  speed  regulation,     llie  resulting  curve  should  be  a  straight 
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line,  as  shoum  in  Fig.  241,  and,  assuxning  the  linear  relationship 
still  to  hold  good,  it  may  be  produced,  vthis  portion  being 
shown  dotted.  In  this  way  the  probable  short  circuit  ourr^it 
can  be  obtained  corresponding  to  normal  excitation.  At  this  same 
point  the  open  circuit  voltage  can  be  read  off  the  magnetisatioii 
curve,  and,  assuming  the  same  voltage  to  be  generated  when  on  short 
circuit,  the  impedance  of  the  armature  can  be  calculated  (see  p.  257) . 
In  fact,  the  ratio  of  the  open  circuit  voltage  to  the  short  drcidt 
current  at  each  value  of  the  excitation  gives  the  impedance  of  the 
armature,  but  since  the  two  curves  differ  in  shape  the  ratio  will  not 
be  constant.  The  third  curve  in  Fig.  241  shows  the  values  of  the 
armature  impedance  calculated  in  this  manner. 

If  the  resistance  of  the  winding  be  measured  by  means  of  a 
continuous  current,  the  reactance  can  be  calculated  and  the  impe- 
dance triangle  determined. 

In  the  majority  of  cases  the  resistance  will  be  small  compared 

with  the  reactance,  so  that  if  the 
speed  varies,  the  frequency  and  the 
reactance  (=  27rfL)  will  vary  ac- 
cordingly. Thus  the  impedance  is 
I     /  practically  proportional  to  the  speed, 

6    /  and    since    the   induced  voltage  is 

I  /  also    proportional    to     the     speed, 

3  Ir  the  short  circuit  current  will  remain 

practically    constant    over    a    wide 

Via.  242.— BUeot  of  Speed  on  Sbort     ^'^^S®* 

Ciiciitt  Cmzent.  As    an    example,    consider    an 

armature    having    a    resistance    of 

0*1  ohm  and  a  reactance  of  0*8  apparent  ohm  at  a  frequency  of 

60.     The  impedance  is  Z  =  VO-1*  +  0-8*  =  0-806  apparent  ohm, 

and  if  the  induced  voltage  is  100  the  short  circuit  current  is 

100 
fTK?^  =  124  amperes. .   On  halving  the  speed,  the  frequency  drops 

to    25   and    the  impedance  becomes  Z^  =  VO-1*  +  0'4*  =  0-412 

apparent   ohm.     The  voltage  is   now  50  and  the  short  circuit 

50 
current  becomes  ^r-^j^  =  ^21  amperes,  a  drop  of  only  3  per  cent. 

for  a  speed  reduction  of  50  per  cent.  In  fact,  quite  a  respectable 
current  may  be  obtained  by  turning  the  armature  roimd  by  hand. 
Fig.  242  shows  a  typical  exaniple  of  the  variation  of  the  short 
circuit  current  with  the  speed. 

Polyphase  alternators  behave  in  the  same  way  as  single  phase 
ones  in  this  respect,  all  the  terminals  being  short-circuited  through 
the  necessary  ammeters. 

Armature  Reaotion. — ^When  the  armature  is  supplying  current 
there  are  two  distinct  sources  of  M.H.F.  acting  upon  it,  viz.,  that 
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due  to  the  main  field  system  and  that  due  to  the  armature  current 

itself.    The  former  is  approximately  constant,  but  the  latter  is 

not  so  in  a  single  phase  case,  since  it  alternates  with  time  and 

rotates  in  space.     Tig.  243  represents  suc- 

ceesive  instants  of  time  in   a  single  phase  [n\     \  S  | 

alternator  having  one  conductor  per  pole, 

the  cnnent  being  supposed  to  be  in  phase 

with  the   E.M.F.      Assuming  a   sinusoidal 

space  distribution  of  the  main  flux  and  also 

tiiat  the  curve  of  armature  M.M.F.  follows 

a  sine  law  with  respect  to  time,  the  maxi-  I  jV' I     \s  \ 

mum  induced  E.M.F.  will  occur  when  the 

conductors  are  passing  the  centre  line  of  the 

poles.    The  armature  current  will  be  also  a    so* 

maximum  at  this  instant,-  and  the  curve  of 

armature  M.M.F.  will  now  have  its  maximum 

height.    Points  above  the  line  are  taken  to  I  jv  t     I  5  j 

represent  M.M.F.'s  aiding  the  main  N  pole.  * — '     *— ' 

Successive  instants  are  shown  at  intervsds  of 

30^  electrical,  the  armature  M.M.F.  dying 

down  and  reversing  synchronously  with  the 

current.    Now  consider  a  point  situated  on 

the  centre  line  of  the  N  pole.    There  is  the  \^\     \g\ 

constant  main  M.M.F.  acting,  but  in  addi-  ' — '     ^-^ 

tion  to  this  there  is  an  alternating  M.M.F. 

due  to  the  armature  alternately  weakening    go*  o         o^— t" 

and  strengthening  it.    The  average  flux  is 

unaffected,  but  it  pulsates  from  instant  to 

instant,   now   less   than   and   now   greater  |  j^  |     |  o  | 

than  its  mean  value.    Next  consider  a  point  ' — '     ■— J 

situated  at  the  right-hand  edge  of  the  N  pole 

(the  trailing  pole  tip).    This  will  be  subjected  120* 

to  similar  fluctuations  of  M.M.F.,  but  the 

strengthening  will  be  much  more  than  the 

weakening.     The  opposite  ,will  be  the  case  1^1     1^1 

for  a  point  situated  at  the  leading  pole  tip  i — I     I — t 

of  the  N  pole  where  there  is  more  weakening 

than  strengthening.    The  same  thing  occurs  ^^ 

under  the  S  pole,  with  the  result  that  there 

is  no  resultant  strengthening  or  weakening, 

but  only  distortion.    What  one  side  of  a  11     «     . 

pole  gains  the  other  side  loses,  so  that  it  lilJ     L£J 

cOTtesponds  to  a  pulsating  swing  of  the  flux 

from  side  to  side  of  the  poles. 


Next  consider  the  same  case  when  the  ^^ 


current  lags  behind  the  induced  E.M.F.  by 

90*.      These  conditions  are  represented  in     ^^i^cw^S^S'i^Sf 
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Eig.  244  and  can  be  traced  out  in  the  same  way  as  in  the  previous 
example.    Taking  a  point  lying  under  the  centre  line  of  a  pole,  it  is 
found  that  there  is  alwa3rs  a  weakening  effect,  although  vajiable  in 
II     II       magnitude.     The  trailing  pole  tip  will  be  sub- 
1^  I     I  '^  I       jected  to  an  action  which  is  mainly  weakening, 
although  a  slight  strengthening  occurs  about 
120^  from  the  start.    The  leading  pole  tip  is 
also  subjected  to  a  general  weakening  effect 
with  a  slight  strengthening  about  60°  fK>m  the 
I      I     .     I       start.    The  net  result  is  a  perpetual  weakening 
\^\     I  ^  I       with  a  slight  periodical  swaying  of  the  resultant 
flux  from  side  to  side. 
'  o  V         y^''^\.        When  the  current  lags   by  an  angle  less 
30«  ^5)^^  ^jj^gj^  QQo  fu^QYQ  ia  jj^jijjj  weakening  and  distor- 

tion, the  weakening  getting  greater  and  the 
distortion  less  as  the  angle  of  lag  increases. 
I-^I      l£J-  When  a  leading  current  is  considered,  the 

current  arrives  at  its  maximum  value  before 
the  conductor  gets  t6  the  centre  line  of  the 
pole,  and  the  weakening  effect  is  turned  into  a 
strengthening  one,  again  accompaixied  by  dis- 
tortion, the  strengthening,  increasing  and  the 
1^  I  I  5  I  distortion  decrea^sing  as  the  angle  of  lead  is 
increased. 

It  is  thus  seen  that  when  an  alternator  is 

90-  — ©  — ^  ®     •     delivering  a  lagging  current  the  magnetic  flux 

is  decreased  in  magnitude  so  that  the  induced 

voltage  is  actually  less  than  on  no-load,  whilst 

\n  I     I  5  [        the  phase  relationship  of  the  current  causes  an 

increased  loss  of  the  voltage  which  is  generated, 

thus  accounting  for  the  increased  rate  at  which 

120°  _-^<l--^^^    ii^Q  voltage  falls  away  when  the  machine   is 

supplying  an  inductive  load. 

Conversely,  when  an  alternator  is  supfdying 
I  TV' I  |5|  ^  leading  current  the  flux  is  increased,  thus 
causing  an  increase  in  the  voltage  generated, 
whilst  the  phase  relationship  existing  between 
the  current  and  voltage  reduces  the  drop  in 
voltage  and  may  even  make  it  a  rise  if  the 
current  leads  by  a  suf&cient  angle.  The  load 
characteristic  of  the  alternator,  therefore,  rises 
with  increase  of  load  under  these  conditions. 

In  the  case  of  a  polyphase  alternator  operat- 
ing under  a  balanced  load,  the  resultant  arma- 
ture M.M.F.  of  the  various  phases  is  constant 
Fia.  244.— Armature       and  remains  fixed  with  respect  to  the  main 
^'**SSfng  So^*       field   system   so   that   distortion  is   produced 
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when  the  power  factor  is  unity,  this  being  combined  with  a 
weakening  effect  when  the  current  is  lagging  and  a  strengthening 
effect  when  the  current  is  leading. 

Synebronous  Impedance. — ^The  method  of  determining  the  impe- 
dance of  the  armature  described  on  p.  254  assumes  that  the  voltage 
generated  when  short  circuited  is  the  same  as  when  on  open  circuit, 
and  this  assumption  is  not  justified,  for  in  addition  to  the  armature 
poesessing  resistance  and  reactance  there  is  a  true  armature  reaction 
as  well.  Armature  reaction  is  due  to  the  magnetising  action  of  the 
armature  upon  the  main  field.  Armature  reactance  is  due  to  an 
E.M.F.  being  induced  in  the  armature  conductors,  due  to  the 
current  carried  by  it.  The  first  effect,  by  weakening  the  field, 
reduces  the  voltage  actually  generated ;  the  second  uses  up  some 
of  the  generated  volts  before  the  terminals  are  reached.  Really, 
the  main  induced  E.M.F.  and  the  E.M.F.  of  self-induction  do  not 
combine  as  they  do  not  exist  separately,  but  the  M.M.F.'s  which 
produce  the  respective  fiuzes  exist  and  produce  a  resultant  flux. 
It  is  convenient,  however,  to  regard  the  two  E.M.F.'s  as  separate 
from  a  mathematical  standpoint. 

When  the  current  in  the  armature  is  a  lagging  one  the  effect  of 
armature  reaction  is  to  weaken  the  main  field  besides  distorting  it, 
whilst  when  the  armature  current  leads  the  weakening  action 
becomes  a  strengthening  one.  Again,  when  the  armature  current 
lags^  armatmre  reactance  sets  up  an  E.M.F.  which  is  in  partial 
opposition  to  the  induced  E.M.F.,  causing  a  drop  in  voltage,  whilst 
when  the  armature  current  leads  the  reactance  introduces  an  E.M.F. 
having  a  component  which  increases  the  induced  E.M.F.  From 
this  point  of  view  the  armature  reaction  and  reactance  produce 
similar  effects  and  may  be  combined  in  what  is  called  the  synchronoua 
reactance.  This  is  not  a  true  reactance,  but  can  be  considered  as 
such  for  a  variety  of  purposes.  When  combined  with  the  resistance 
in  the  usual  way,  a  quantity  called  the  synchnmoua  impedance  is 
obtained,  which  thus  takes  into  consideration  the  armature  reaction 
and  the  armature  reactance  in  addition  to  its  resistance. 

The  synchronous  reactance  is  usually  not  constant,  but  pulsates 
periodically  on  account  of  the  varying  reluctance  of  the  armature 
magnetic  drouit,  which  also  varies  between  maximum  and  minimum 
limits  synchronously.  A  very  approximate  value  of  the  synchronous 
reactance  can  be  obtained  experimentally  by  passing  an  alternating 
current  of  the  correct  frequency  throu^  the  armature  whilst 
stationary  and  measuring  the  impedance  for  different  positions  of 
the  armature  with  respect  to  its  field  system.  If  tl^  resistance  be 
also  measured,  the  synchronous  reactance  can  be  calculated  for  each 
position.  This  experiment  may  be  carried  out  with  the  main  field 
either  on  or  off,  this  making  a  considerable  difference  to  the  result, 
the  average  value  with  normal  field  excitation  coming  out  lower 
than  when  unexcited,  due  to  the  higher  values  of  the  flux  density 
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obtained  and  the  consequent  drop  in  the  penneability.  Fig.  245 
shows  the  way  in  which  the  synchronous  reactance  vAiiee  in  a 
particular  small  4-pole  alternator. 


0  IW  860* 

Fio«  245.^VailAttoii  of  SynchiDncntt  B«aotaDoe  with  Position. 

Predetermination  of  Regulation  by  Behn-Esehenburg's  E.M.F. 
Method. — ^In  this  method  the  open  circuit  magnetisation  curve  and 
the  short  circuit  characteristic  are  necessary,  so  that  the  synchronous 


Cumntinl^iase 


0-^ V 

Current  Leading 
ItGj|S4ft.— Belm-BidMnlnirs's  B  Jf  .F.  Dlagnm. 

imi)edance  may  be  obtained  as  explained  above.  The  impedance 
triangle  is  then  determined  and  the  regulation  can  be  obtahied  by 
drawing  a  vector  diagram  as  shown  in  Eig.  246.    In  the  first  case 
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the  fall  load  current  is  assumed,  the  power  &otor  of  the  external 
cirouit  being  unity.  By  multiplying  each  side  of  the  impedance 
triangle  by  the  current,  a  voltage  trian^e  is  obtained  representing 
the  voltages  absorbed  by  the  armature  .resistance  and  synchronous 
reactance.  Taking  the  phase  of  the  current  as  a  starting  point, 
this  voltage  loss  triangle  can  be  erected  in  position.  The  total 
gttierated  voltage  will  consist  of  the  terminal  voltage  together  with 
the  impedance  voltage  added  at  its  proper  phase  a^e,  so  that  the 
tip  of  the  induced  voltage  vector  OE  wUl  lie  along  a  horizontal  line 
dnwn  through  Vg.  The  magnitude  of  OE  is  obtained  from  the 
open  circuit  magnetisation  curve,  and  the  vector  can  be  drawn 
by  taking  0  as  centre  and  with  OE  as  radius,  striking  an  arc  so  as 
to  cut  the  horizontal  line  through  F^.  A  line  VE  is  then  drawn 
equal  and  parallel  to  OVz,  when  OV  will  represent  the  terminal 
voltage. 

When  a  lagging  current  is  dealt  with  [see  Fig.  246  (&)];  the  phase 
of  OF  is  taken  as  the  starting  point  and  01  is  drawn  lagging  behind 
it  at  the  correct  angle  ^  and  the  same  construction  repeated,  remem- 
bering that  the  voltage  overcoming  the  resistance  of  the  armature 
is  in  phase  with  the  current. 

Fig.  246  (c)  shows  the  vector  diagram  for  a  leading  current. 

These  vector  diagrams  can  be  repeated  for  other  values  of  the 
load  current  by  malang  the  size  of  the  impedance  voltage  triangle 
proportional  to  the  current. 

In  this  way,  points  on  the  load  characteristic  can  be  calculated 
for  all  values  of  the  load  current  and  for  any  power  factor. 

In  practice  this  method  gives  values  for  the  voltage  drop  which 
are  too  high  and  has  been  named,  in  consequence,  the  pesamistic 
nuikod. 

Predetermination  of  Regulation  by  Rothert's  Ampere-Turn  MethoiL — 
This  method  involves  the  vector  addition  of  M.M.F.'s  instead  of 
E.lLF.'s,  but  since  these  are  proportional  to  ampere-turns  the  vector 
diagram  is  usually  drawn  to  a  scale  of  ampere-tums  instead  of  in 
units  of  M.M.F.  The  previous  method  assumed  no  armature  reac- 
tion, including  it  in  the  synchronous  reactance,  whilst  this  method 
assumes  no  reactance  by  including  its  effects  in  tiiose  of  the  armature 
reaction.  Thus,  instead  of  allowing  for  a  voltage  drop,  this  portion 
of  the  voltage  is  assumed  never  to  be  generated.  As  before,  the 
open  circuit  and  short  circuit  characteristics  are  required,  and  since 
on  sh<»rt  circuit  there  is  no  terminal  voltage,  the  whole  of  the  field 
ampere*tums  are  supposed  to  be  balanced  by  those  of  the  armature 
which  are  in  direct  opposition.  This  neglects  the  ohmic  resistance 
of  the  armatmre,  which  will  not  involve  any  serious  error,  as  by  far 
the  greater  portion  of  the  drop  of  voltage  on  load  is  due  to  the 
armatoxe  reaction  and  reactance.  The  ampere-tums  set  up  by  the 
annatore  when  carrying  full  load  current  can,  th^ef ore,  be  obtained 
from  the  short  circuit  curve  by  multipljang  the  field  excitation 
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by  the  niunber  of  turns  per  pole.  When  delivering  fall  load  current 
at  unity  power  factor,  the  same  armature  ampere-turns  will  be  set 
up,  but  sii^ce  the  armature  reaction  is  now  purely  a  cross-magnetising 
or  distorting  effect,  these  ampere-turns  wlU  be  in  quadrature  with 
those  producing  the  terminal  voltage.  The  vector  diagram  is  shown 
in  Fig.  247.  The  first  diagram  represents  the  case  ^ere  the 
current  is  in  phase  with  the  voltage.  Since  OE  represents  the 
induced  voltage,  the  armature  current  and  the  armature  ampere- 
turns  have  the  same  phase  and  are  represented  to  scale  by  AB. 
The  field  excitation  for  which  the  diagram  is  drawn,  when  multiplied 
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Fia.  247.— Bothert's  Ampere-turn  Diagram. 


by  the  turns  per  pole,  gives  the  magnitude  of  OB,  and  the  point  O 
can  be  definitely  fixed  by  drawing  a  horizontal  line  through  A 
and  by  striking  an  arc  having  the  point  B  as  centre  and  BO  as 
radius.  The  triangle  OAB  is  now  determined,  and  the  vector 
difference  of  OB  and  AB  gives  OA  the  resultant  ampere-turns. 
On  referring  to  the  open  circuit  characteristic,  the  voltage  corre- 
sponding to  these  ampere-turns  can  be  read  off,  and  this  gives  the 
terminal  voltage  neglecting  the  drop  due  to  the  armature  resistance, 
which  is  usually  ju^fiable. 
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If  the  armature  current  lags  by  an  angle  <f>,  it  makes  the  armature 
ami)ere-tums  lag  by  a  corresponding  amount  and  the  vector  diagram 
then  takes  the  form  shown  in  Fig.  247  (6).  AB  and  OB  have  the 
same  magnitude  as  before  and  consequently  OA  is  reduced,  resulting 
in  a  further  fall  in  the  terminal  voltage.  In  a  similar  way,  Fig.  247  (c) 
refers  to  a  leading  current,  the  line  AB  being  indined  to  the  left 
instead  of  to  the  right. 

This  method  gives  values  of  the  voltage  drop  which  are  too 
small,  particularly  when  working  above  the  knee  of  the  magnetisa- 
tion curve,  and  for  this  reason  it  has  becfn  termed  the  optimistic 
meihod,  in  contrast  with  that  of  Behn-Eschenburg  (pessimistic 
method). 

Sudden  Short  Circuits. — ^When  an  alternator  is  running  under 
normal  conditions  the  strength  of  the  field  is  several  times  as  great 
as  when  it  is  running  under  a  steady  s}iort  circuit  with  the  same 
excitation,  this  being  due  to  the  direct  weakening  action  of  the 
armature  reaction.  When  a  short  circuit  takes  place  suddenly, 
therefore,  the  field  has  to  decrease  in  magnitude  to  a  very  con- 
siderable extent.  This  weakening  of  the  field  does  not  occur  instan- 
taneously, but  takes  a  certain  time  to  accomplish,  because  every 
change  in  the  flux  causes  a  change  in  the  number  of  lines  of  force 
linked  with  the  field  coils.  As  soon  as  the  lines  of  force  begin  to 
die  down,  therefore,  a  voltage  is  induced  in  the  field  coils,  giving 
rise  to  a  current  opposing  the  fall  of  the  flux.  Eddy  currents  are 
also  induced  in  the  iron  itself ,  particularly  in  any  solid  portions, 
and  this  also  helps  to  retard  the  fall  of  the  flux,  which  thus  takes  a 
definite  time  to  accomplish.  On  suddenly  short  circuiting  the 
armature,  a  large  current  will  flow  before  the  armature  reaction  has 
had  time  to  make  its  effects  felt,  and  the  first  few  current  waves  after 
the  short  circuit  will  indicate  an  abnormally  high  current,  quickly 
dropping  down  until  the  steady  short  circuit  current  has  been 
reached.  But  in  the  meantime  large  mechanical  forces  have  been 
set  up  which  may  have  torn  t^e  end  connections  from  their  fasten- 
ings ;  hence  the  necessity  for  adequate  clamping  arrangements. 

Qsrelieal  Variation  In  Exciting  Current.— It  has  been  shown  that 
the  flux  linked  with  each  pole  fluctuates  slightly  from  instant  to 
instant,  and  this  induces  an  alternating  E.M.F.  in  the  exciting  coil 
which  will  produce  a  small  alternating  current  superposed  upon  the 
main  continuous  exciting  current.  The  frequency  of  this  current 
will  be  double  that  of  the  armature  current,  as  can  be  seen  from 
Hg.  244,  for  the  flux  of  any  particular  pole  goes  through  its  whole 
cycle  of  events  whilst  the  armature  coils  are  advancing  through  one 
pole  pitch,,  during  which  time  the  armature  current  goes  through 
half  a  cycle.  If  a  third  harmonic  be  present  in  the  main  current 
wave,  a  fourth  harmonic  will  be  produced  in  the  field  circuit.  In 
geneialy  only  even  harmonics  will  be  generated  in  the  field  windings, 
and  their  magnitude  will  depend  upon  the  shape  of  the  armature 
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onrrent  wave  form  and  upon  the  angle  of  lag.  The  presence  of  iheae 
flnotuations  can  easily  be  shown  by  allowing  an  alternator  to  come 
to  rest  with  its  load  still  connected.  Jnst  before  it  reaches  stand- 
still the  frequency  is  very  low,  and  the  field  ammeter  will  indicate 
the  beats  in  the  exciting  current.  Under  actual  working  conditions, 
their  presence  can  be  detected  by  means  of  an  oscillograph  or  by  a 
Jbub^'s  contact,  the  instantaneous  voltage  drop  over  a  known 
resistance  placed  in  series  with  the  field  being  measured. 

Parallel  Running. — In  practice,  altematora  are  run  in  parallel 
and  not  in  series,  in  common  with  O.C.  practice.  In  fact  two 
separately  driven  alternators  connected  in  series  will  always  auto- 
matically adjust  themselves  so  as  to  do  a  minimum  of  work.  This 
results  in  them  setting  themselves  in  direct  phase  opposition,  so 
that  the  resultant  voltage  is  zero.    This  is  not  true,  erf  course,  if 

.  the  two  alternators  are  mechanically 
coupled  together,  but  that  is  not  a 
practical  case. 

In  a  generating  station  a  number 
of  alternators  feed  into  a  set  of 
conmion  bus  bars  from  ^diich  the 
various  feeder  circuits  are  taken,  and 
in  a  number  of  cases  the  short  circuit 
current  is  limited  in  the  case  of  a 
breakdown  by  the  insertion  of  react- 
ances in  series,  either  in  the  alter- 
nator or  in  the  feeder  circuits.  These 
reactances  are  sometimes  plaoed  in 
between  sections  of  the  bus  bars, 
the  effect  being  to  confine  the  trouble 
to  the  particular  section  in  which  the 
fault  occurs.  This  results  in  the 
various  generators  being  operated 
with  a  certain  angular  displacement 
in  their  voltages.  For  example,  consider  the  two  alternators, 
A  and  B,  in  Fig.  248,  connected  to  two  feeder  circuits,  G  and  D, 
the  bus  bars  being  divided  into  two  sections  connected  through 
the  reactances  XX.  Assuming  the  ^wer  factor  to  be  unity, 
the  load  on  G  greater  than  that  on  D,  and  the  total  load  shared 
equally  between  the  two  generators,  it  follows  that  a  certain 
amount  of  current  must  flow  through  the  two  reactances. 
Neglecting  the  losses  in  these,  this  current  is  in  quadrature  with 
the  voltage  across  the  terminals  of  the  reactances.  The  vector 
diagram  is  shown  in  Fig.  249  (a),  which  represents  the  conditions 
for  unity  power  factor.  F^  and  Vb  represent  the  voltages  of  the 
two  alternators  and  F^  Vb  the  voltage  across  the  reactance.  Ic  and 
Id  represent  the  currents  in  the  two  feeder  circuits.  The  current 
flowing  throu^  the  reactance  is  determined  Iff  the  magnitude  of 
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V^V'sf  and  hence  the  phaae  displacement  of  the  two  alternators 
depends  upon  the  difference  in  the  loads  on  the  two  feeders.  By. 
subtracting  I^Ic  (at  right  angles  to  Va  Vb)  in  the  one  case  and  adding 
IbId  ^  *he  other,  these  two  currents  being  the  same,  the  currents 
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Power  Factor  hem  than  Unity 

Current  TAgjing 

Fio.  249.— Effect  of  Beactance  in  Bos  Bars. 

delivered  by  the  two  alternators,  I  a  and  /^,  are  obtained.  When 
the  current  is  a  lagging  one^  the  conditions  are  represented  in 
Rg.  249  (6),  the  current  IaIc  =  ^bId  flowing  through  the  reactance 
being  added  to  one  alternator  current  and  subtracted  from  the  other 
to  obtain  the  two  feeder  currents. 

Cyelieal  Variation. — ^When  an  alternator  is  driven  by  a  recipro- 
cating steam  engine  its  speed  is  not  absolutely  constant  throu^out 
a  revolution,  due  to  the  varying  torque  developed  by  the  engine. 
It  follows,  therefore,  that  if  such  an  alternator  were  run  in  parallel 
with  an  ideal  one  running  at  a  perfectly  constant  speed,  it  will 
sometimes  be  in  advance  of  and  sometimes  behind  its  correct 
position  with  respect  to  its  partner.  The  two  voltages  will  setup 
a  resultant  at  all  positions  where  there  is  a  relative  phase  displace- 
ment which  produces  a  torque  tending  to  pull  the  faulty  machine 
into  its  correct  position.  If  this  angle  of  phaefe  displacement  is 
allowed  to  exceed  certain  limits,  however,  ^t  interferes  with  the 
smooth  running  of  the  machine,  and  practice  has  shown  that  the 
maximum  disjdacement  should  be  limited  to  3  electrical  degrees 
either  way.  To  obtain  the  corresponding  mechanical  angle,  this 
figure  must  be  divided  by  the  number  of  pairs  of  poles.  Obviously 
a  three-orank  engine  is  superior  to  a  single-crank  engine  for  smooth 
running.  A  low  frequency  is  also  an  advantage  in  this  respect,  as 
this  reduces  the  number  of  poles  for  the  same  speed  and  allows  a 
larger  mechanical  displacement  so  that  a  smaller  flywheel  may  be 
employed. 

Synchronising. — ^The  operation  of  paralleling  two  alternators  is 
known  as  eynchroniaing,  and  certain  conditions  must  be  fulfilled 
before  this  can  be  effected.  The  incoming  machine  must  have  its 
voltage  and  frequency  adjusted  to  that  of  the  bus  bars,  and,  in 
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addition,  the  phase  of  the  two  voltages  must  be  the  same  for  correct 
synchronising.  The  instruments  or  apparatus  for  determining  when 
these  conditions  are  fulfilled  are  called  synchronUera  or  synchro- 
scopes. 

The  simplest  method  of  synchronising  is  by  means  of  two  lamps 
connected  across  the  ends  of  the  double  pole  paralleling  switch,  as 
shown  in  Fig.  250.  If  the  conditions  for  synchroniging  are  fulfilled 
there  will  be  no  voltage  across  the  lamps  and  the  switch  may  be 
closed.  It  is  very  rarely  that  the  lamps  are  completely  blac^  for 
any  length  of  time,  and  the  speed  of  the  incoming  machine  must 
be  adCjusted  as  closely  as  possible  so  that  the  lamps  light  up  and 
die  down  at  a  very  slow  rate.  The  alternator  may  then  be  switched 
in  at  the  middle  of  the  period  of  darkness,  which  must  be  judged  by 
the  speed  at  which  the  light  is  varying.  When  the  incoming 
machine  is  180°  out  of  phase,  there  will  be  double  the  voltage  of  one 
machine  acting  across  the  two  lamps  in  series,  so  that  each  lamp 
must  be  capable  of  standing  the  full  terminal  voltage.,  of  one  alter- 
nator. 


Lamp 


Flo.  250.--8ynchioniBing  with  Lamps  dark. 


Fio.  251.— Syndmnilataig  with  Lamps  bright. 


An  alternative  system  of  connections  is  shown  in  Fig.  251, 
where  the  lamp  connections  are  crossed.  For  synchronising  there 
must  be  no  volts  across  the  switch,  and  as  there  are  full  volts  between 
the  two  poles  of  the  switch,  it  follows  that  the  lamps  will  be  lit  with 
their  maximum  brilliance  at  the  correct  monfent  for  synchronising. 
This  method  has  an  advantage  over  the  previous  one  inasmuch  as 
the  lamps  are  much  more  sensitive  to  changes  of  voltage  at  their 
maximum  candle  power  than  when  they  are  quite  black,  and  a 
sharper  definition  of  the  exact  point  of  synchronism  is  thus  obtained. 
Both  methods  are,  however,  employed. 

When  the  voltage  of  the  alternator  is  such  that  lamps  cannot 
be  used  directly,  small  potential  transformers  may  be  installed,  the 
synchronisini;  lamps  being  connected  across  the  secondaries.  The 
primaries  may  be  connected  straight  across  the  switch  or  they  may 
be  cross-connected  as  with  low  tension  alternators.  These  two 
transformers  may  be  replaced  by  a  single  three  limb  transformer, 
but  it  is  not  admissible  to  use  a  single  two  limbed  transformer  with 
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two  primaries,  sinoe  at  certain  times  the  ampere-turns  of  these  two 
windings  would  directly  oppose  one  anoth^.  This  would  practi- 
cally destroy  the  flux  in  the  iron  path  and  would  render  the  two 
primaries  approximately  non-inductive  except  for  the  leakage  flux, 
and  the  current  taken  by  the  primaries  under  these  conditions  would 
cause  a  bum-out.  When  a  three  limbed  transformer  is  employed 
the  connections  are  those  shown  in  Eig.  252,  the  secondary  being 
wound  for  a  suitable  lamp  voltage.  At  one  instant  the  two  primaries 
aid  one  another  to  drive  the  flux  round  the  outer  magnetic  circuit, 
there  being  no  flux  in  the  central  limb.  When  one  primary  gains 
half  a  period  on  the  other,  the  two  oppose  each  other,  but  unite 
to  force  the  flux  through  the  central  limb.  To  change  over  from 
the  lamps  dark  to  the  lamps  bright  method  of  s3mchronising,  the 
connections  to  one  primary  must  be  reversed. 

A  pair  of  special  synchronising  bus  bars  are  often  provided  on 
switchboards  where  there  are  a  number  of  alternators  running  in 
parallel.     There  is  only  one  s^t  of  synchronising  gear,  and  this  is 


To  Lamp 
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Incomtiig  Machine 


Fig.  252.— SynchroniaiDg  Transfonner. 


connected  between  these  auxiliary  bus  bars  and  the  main  bus  bars* 
The  incoming  machine  is  plugged  on  to  the  synchronising  bus  bars, 
one  voltmeter  indicating  the  main  bus  bar  voltage,  and  a  second 
that  of  the  incoming  machine.  The  one  set  of  synchronising  gear 
can  thus  be  used  for  any  of  the  alternators  as  desired. 

For  i)olypha8e  machines  it  is  only  necessary  to  synchronise  one 
phase,  as  ail  the  other  phases  will  then  be  in  synchronism  as  well. 
When  connecting  up  an  alternator  in  the  first  place,  however,  it  is 
necessary  that  they  are  phased  up  correctly,  i.e,  the  phases  must 
be  cozmected  in  their  correct  order  of  1,  2,  3  and  not  1,  3,  2,  In 
the  latter  case  it  is,  of  course,  impossible  ever  to  synchronise  the 
machines.  Any  two  leads  of  the  new  alternator  must  then  be  inter- 
changed to  reverse  the  sequence. 

A  commonly  adopted  method  of  synchronising  three  phase 
alternators,  introdtfbed  by  Siemens  and  Halske,  consists  in  having 
three  lamps  connected  as  shown  in  Fig.  263  (a).  The  order  in 
which  the  lampir  light  up  shows  whether  the  incoming  machine  is 
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mimiiig  too  fast  or  too  slow.  The  lamps  are  not  connected  sym- 
metrically, as  they  would  then  light  up  and  die  down  simtdtaneonisly, 
but  Lj  is  connected  between  A  and  D,  L^  is  connected  between 
B  and  F  (not  B  and  E),  and  L^  is  connected  between  G  and  B  (not 
C  and  F).  Fig.  253  (b)  shows  the  corresponding  vector  diagram. 
If  the  frequencies  of  the  two  machines  are  slightly  different,  the 
two  stars  will  have  a  relative  movement  with  respect  to  ea^h  other. 
Assuming  that  the  incoming  machine  DEF  is  rotating  a  little  fast, 
the  star  DEF  will  have  a  slow  rotation  in  a  counter-clockwise  direc- 
tion  with  respect  to  the  star  ABC.  The  voltage  AD  on  lamp  L^ 
will  then  be  increasing  from  zero,  the  voltage  GE  on  lamp  Lj  will 
be  increasing  and  near  its  maximum,  and  the  voltage  BF  on  lamp  L^ 
will  be  decreasing,  having  passed  through  its  maximum.  The  lamps 
will  then  light  up  one  alter  the  other  in  the  order  2,  3,  1,  2,  3,  1, 


V 


(a) 

Fio.  S53.— Siemona  and  Hklake  SyDClironlMr. 
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etc.  Next,  suppose  the  machine  DEF  is  running  a  trifle  slow. 
The  star  DEF  in  the  vector  diagram  will  now  rotate  slowly  in  a 
clockwise  direction  with  respect  to  the  star  ABC.  The  voltage 
AD  on  lamp  L^  will  be  decreasing,  having  passed  through  its  maxi- 
mum some  time  previously.  The  voltage  GE  on  lamp  L,  will  be 
decreasing,  having  just  passed  through  its  maximum,  whilst  the 
voltage  BF  on  lamp  L^  will  be  increasing  up  to  its  maximum  value. 
The  lamps  will  therefore  light  up  in  the  order  1, 3, 2, 1, 3, 2,  etc.,  which 
is  the  reverse  order  to  that  in  the  previous  case.  It  is  common 
practice  to  mount  the  three  lamps  at  the  angles  of  a  triangle,  and 
the  apparent  direction  of  rotation  of  the  light  indicates  whether  the 
machine  is  running  too  fast  or  too  slow.  The  actual  synchronising 
is  done  when  the  lamp  L^  is  in  the  middle  of  its  dark  stage. 

Synchroscopes. — Synchronising  by  means  of  lamps  is  not  very 
exact,  as  a  considerable  amount  of  judgment  is  called  for  in  the 
operator,  and  in  large  machines  even  a  small  angle  of  phase  displace- 
ment causes  a  certain  amount  of  shock  to  the  macMnes.  On  this 
account  a  number  of  more  complicated  synchroscopes  have  been 
devised,  of  which  two  types  will  be  described. 

If  an  ordinary  dynamometer  wattmeter  has  both  its  fixed  and 


3CVU 


ALTERNATORS 


267 


moving  windings  made  of  fine  wire  and  each  is  supplied  with  an 
alternating  voltage,  the  deflection  will  depend  upon  the  phase 
difference  of  these  two  voltages.  When  they  are  in  quadrature 
the  deflection  will  be  zero,  and  if  one  advances  in  phase  with  respect 
to  the  other  it  will  cause  a  continued  deflection  of  the  i)ointer  until 
they  are  in  phase,  after  which  the  i)ointer  will  slowly  retrace  its 
path.  It  will  thus  appear  to  oscillate  from  side  to  side,  assuming  a 
central  zero.  If  a  condenser  is  placed  in  series  with  one  coil,  the 
deflection  will  be  zero  when  the  two  voltages  are  in  phase,  and  this 
is  what  is  required,  and  to  compensate  for  the  resistance  in  the 
condenser  circuit  a  little  reactance  is  placed  in  the  other  to  establish 
exact  quadrature.  The  switch  is  closed  when  the  pointer  is 
stationary  and  on  the  zero.  In  order  to  indicate  whether  the 
incoming  machine  is  running  too  fast  or  too  slow,  an  ordinary 
synchronising  lamp  is  arranged  to  illuminate  the  dial  of  the  instru- 
ment. This  lamp  is  bright  when  the  pointer  is  swinging  one  way 
and  dark  on  the  return  swing,  which  is  consequently  not  seen. 


ToInoL , 
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Fio.  264.>-Rotai7  Syncfarofloope. 


When  viewed  from  a  little  distance  the  pointer  has  the  appearance 
of  rotating  in  a  constant  direction.  In  this  way  *'  too  fast "  is 
indicated  by  an  apparent  rotation  in  one  direction  and  '*  too  slow  ** 
by  an  apparent  rotation  in  the  other,  since  the  lamp  now  lights  up 
the  opposite  swing  of  the  pointer. 

A  type  of  rotary  synchroscope  often  employed  is  very  similar 
irl  construction  to  the  power  factor  indicator  shown  in  Fig.  147. 
In  reality  it  consists  of  a  small  motor,  the  field  of  which  is  provided 
by  the  bus  bar  volts,  whilst  the  rotor  currents  are  supplied  by  the 
incoming  machine.  The  rotor  is  wound  with  two  coils  at  right 
angles,  the  currents  in  which  differ  in  phase  by  approximately  90^. 
This  is  obtained  by  connecting  a  resistance  in  series  with  one  and  a 
reactance  in  series  with  the  other,  as  shown  in  Fig.  264.  Only 
three  slip  rings  are  required,  since  a  common  return  is  used  for 
both  coils.  A  pointer  is  attached  to  the  rotor  and  serves  to  indicate 
the  correct  time  for  synchronising.  The  E.M.F.'s  of  the  bus  bars 
and  of  the  incoming  machine  will  now  be  in  phase,  so  that  the 
currents  in  the  stator  and  in  coil  A  on  the  rotor  will  be  in  phase 
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since  they  both  lag  by  90^  behind  their  respective  E.lLF.'s.  Ooil  A 
will  set  itself  so  that  the  path  of  the  resultant  flux  is  aa  short  as 
possible.  There  will  be  no  torque  acting  on  coil  B,  since  its  current 
is  in  quadrature  with  the  stator  current.  The  pointer  now  reete 
on  the  zero  of  the  scale.  If  the  two  alternators  are  running  at 
the  same  speed  but  with  a  constant  phase  difference,  the  stator 
current  will  produce  a  torque  in  both  the  rotor  coils,  so  that  the 
rotor  will  take  up  a  new  position  of  equilibrium,  the  deflection  of 
the  pointer  indicating  the  difference  in  phase  of  the  bus  bar  volts 
and  those  of  the  incoming  machine.  If  one  machine  is  gaining  on 
the  other,  the  angle  of  phase  difference  is  continually  increasing, 
and  this  results  in  a  continually  increasing  deflection.  In  other 
words,  the  pointer  rotates  with  a  speed  proportional  to  the  difference 
in  the  two  frequencies.  If  the  fast  machine  is  now  made  to  go 
slower  than  its  companion  the  direction  of  rotation  is  reversed. 


\Tran^)rm&      * 
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Fia.  256.— SynohroMOpe  OonnectioiiB. 
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and  the  correct  time  for  sjmchronising  is  when  the  pointer  is 
stationary  and  vertical. 

The  actual  instrument  is  made  with  four  poles,  and  a  double- 
ended  pointer  is  used,  either  end  being  considered,  since  a  gain  of 
a  complete  cycle  is  now  indicated  by  half  a  revolution. 

For  use  in  engine  rooms  where  the  synchroscope  is  viewed  from 
a  distance,  a  signalling  arrangement  is  provided  whereby  a  red  or 
a  green  light  is  shown,  depending  upon  whether  the  speed  is  too 
high  or  to6  low.  This  is  obtained  by  a  toothed  disc  on  the  rotor 
spindle,  which  engages  with  one  of  two  pawls  according  to  the 
direction  of  rotation.  These  operate  a  vertical  arm  which  falls 
over  to  one  side  or  the  other  and  thereby  interposes  a  red  or  a 
green  glass  in  front  of  the  lamp. 

A  diagram  showing  how  the  alternators  and  synchroscope  are 
connected  to  the  synchronising  bus  bars  is  shown  in  Fig.  265. 
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Earthed  NeutraL — Three  phase  star-connected  generators  are 
frequently  earthed  at  their  star  points  in  order  to  prevent  the  volts 
to  earth  rising  to  any  undue  value.  With  a  balanced  load  and 
sinusoidal  wave  forms,  this'earth  circuit  will  not  carry  any  current, 
but  this  is  not  true  with  an  unbalanced  load.  It  was  shown  on 
p.  130  that  the  third  harmonic,  and  all  the  other  harmonics  wUch 
are  a  multiple  of  3,  neutralise  one  another  in  a  three  phase 
star  winding  because  they  are  exactly  in  phase  opposition  in  two 
adjacent  phases.  But  considering  the  local  circuit  formed  by 
joining  the  two  star  points  together,  the  outer  ends  of  the  phases 
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being  paralleled  on  to  the  same  bus  bars,  it  is  seen  that,  whilst  the 
fundamental  voltages  are  in  opposition,  the  third  hannonics  aid 
one  another  to  produce  a  current  which  is  relatively  large  owing  to 
the  fact  that  the  conditions  are  the  equivalent  of  a  short  circuit. 
The  ninth  and  iBfteenth  harmonics  act  in  a  similar  way,  but  in 
practice  the  triple  frequency  currents  are  the  only  ones  which  need 
be  considered.  To  limit  this  current,  reactances  may  be  inserted 
in  the  earth  lead  as  shown  in  Fig.  266.  These  choking  coib  provide 
a  triple  impedance  to  the  third  harmonic  currents,  the  value  of 
which  automatically  drops  to  one-third  when  dealing  with  an 
ordinary  out-of -balance  current. 

Bflleieney  Test — The  most  convenient  method  of  testing  an 
alternator  for  efficiency  is  by  means  of  a  motor  the  efficiency  of 
which  is  known  for  all  the  required  loads.  The  alternator  can  then 
be  loaded  under  various  conditions  and  the  output  and  input 
measured,  the  latter  being  equal  to  the  output  of  the  motor.  The 
efficiency  can  thus  be  obtained  directly. 

Measurement  of  Losses. — ^If  it  is  deedred  to  measure  the  various 
losses  separately,  a  motor  having  a  capacity  of  about  one-tenth 
that  of  the  alternator  will  be  found  to  give  the  best  results.  The 
alternator  can  then  be  run  unexcited  at  its  correct  speed  and  the 
watts  output  of  the  motor  determined  from  its  input.  This  gives 
the  friction  and  windage  loss.  The  alternator  is  now  normally 
excited  and  the  increase  in  the  wattb  output  gives  the  normal  iron 
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loss  at  no-load.    In  the  same  way,  the  iron  loss  at  difiEerent  ezcita- 
tioDB  can  be  obtained. 

In  order  to  determine  the  armature  copper  losses,  it  is  not 
sufficient  to  measure  the  resistance  qn  CO.,  as,  owing  to  the  skin 
effect  and  eddy  currents,  this  will  give  values  which  are  too  low. 
A  better  way  is  to  short  circuit  the  armature  and  ezcite  the  fiel<b . 
sufficiently  to  cause  full  load  current  to  flow  through  the  armature. 
The  friction  and  the  iron  loss  for  this  excitation  must  be  determined 
by  the  auxiliary  motor  as  described  above,  and  then  the  increase 
in  the  i)Ower  to  drive  the  alternator  when  the  armature  is  short 
circuited. 

To  measure  the  excitation  loss,  all  that  is  necessary  is  to  know 
the  exciting  voltage  and  exciting  current,  these  being  measured  on  a 
C.C.  circuit. 

The  efficiency  for  any  output  can  now  be  calculated  by  adding 
all  the  losses  to  the  output  to  get  the  input.  The  power  factor  of 
the  load  should  be  specified,  as  this  affects  the  armature  copper 
loss.  Strictly  speaking,  the  other  losses  are  also  slightly  affected, 
but  not  to  such  an  extent  as  to  make  it  worth  while  allowing 
for  it. 

Hopkinson  Test — This  method  of  determining  the  efficiency  is 
conveniefit  when  two  similar  alternators  are  available  ior  the 
purpose.  One  acts  as  a  generator  and  drives  the  other  as  a  motor, 
the  balance  of  the  power  being  supplied  mechanically  by  means  of 
a  third  machine  the  efficiency  of  which  at  various  loads  must  be 
known.  In  order  to  make  a  circulating  current  flow  between  the 
two  alternators,  their  excitations  are  made  different,  and,  in  addi- 
tion, the  two  alternators  are  rigidly  coupled,  so  that  they  are  out 
of  phase  to  a  certain  extent.  An  angle  of  phase  displacement  of 
about  25^  gives  good  results. 

The  output  of  the  alternator  can  be  measured  by  wattmeters 
in  the  usual  way,  and  the  total  losses  supplied  by  the  third  machine 
can  be  divided  equally  between  the  two  test  machines,  and  in  this 
way  the  individual  efficiency  of  each  alternator  can  be  calculated. 

Retardation  Test. — ^The  retardation  method  of  testing,  which  is 
particularly  applicable  in  the  case  of  flywheel  type  alternators, 
consists  in  measuring  the  rate  at  which  an  alternator  slows  up 
under  different  conditions  when  the  driving  power  is  removed.  The 
rate  at  which  the  speed  is  decreasing  is  a  measure  of  the  rate  at 
which  kinetic  energy  is  given  out,  this  being  used  up  to  overcome  the 
losses  at  that  particular  instant.  The  instantaneous  jpower  (in 
watte)  given  out  by  the  rotating  system  when  slowing  down  is 

0*011  X  10~'  X  Mn  X  instantaneous  rate  of  decrease  of  speed  in 
(r.p.m.)  per  second, 

where  n  is  the  speed  in  revolutions  per  minute  and  M  is  the  moment 
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of  inertia  in  C.G.S.  units.^  The  teet,  therefore,  demands  a  knowledge 
of  the  moment  of  inertia  of  the  rotor  and  the  various  instantaneous 
Yiduee  of  the  speed  and  the  slope  of  the  speed-time  curve.  In  order 
to  carry  out  the  test,  the  alternator  is  run  up  t9  speed,  preferably  by 
means  of  a  belt  drive.  The  belt 
is  then  thrown  off  and  the  alter- 
nator allowed  to  come  to  rest  with 
nothing  but  friction  and  windage 
to  cause  it  to  slow  up.  U  the  ^  i^^^^^^^;.^,,;,^ 
alternator  is  motor-diiven  through  ^  !  ^^^^^AitemaiorFieldsUnexcited 
a   direct    coupling,    the    power    is    ^        '....^"'^^^^AlternatorrieldsEmted 

switched   off  the  motor  and  the 

oombined  set  allowed  to  come  to  ^""^  '"  Seconds 

rest.    The  losses  occasioned  by  the  fio.  a?.— Retardation  Cnrm, 

motor  are  then  calculated  by  carry- 
ing out  a  similar  test  on  ^e  motor  alone  and  deducted  from  the 
total  to  get  the  alternator  losses.  Whilst  the  alternator  is  coming 
to  rest,  speed  measurements  are  taken  from  instant  to  instant, 
and  these  are  plotted  as  shown  in  Fig.  257.  The  test  is  then 
repeated  with  the  alternator  fields  excited,  the  machines  now 
coming  to  rest  in  a  shorter  time  sinoe  there  is  the  added  drag  due 
to  the  iron  losses. 

At  any  particular  speed,  the  slope  of  the  speed-time  curve  can 
be  determined  by  drawing  a  tangent  to  the  curve  at  that  speed  and 
measuring  the  drop  in  speed  corresponding  to  one  second,  ».e. 

— ^  to  the  correct  scales  (Fig.  257).    It  now  remains  to  determine  the 

moment  of  inertia.  This  can  be  done  by  ordinary  mechanical 
methods,  but  this  is  a  cumbersome  task  and  can  be  avoided  in  the 
following  way.  The  total  power  to  drive  the  alternator  light  at 
one  particular  speed  is  measured  by  noting  the  input,  and  the 
moment  of  inertia  is  determined  from  the  equation 

p  s=  0-011  X  10"'  X  Mn  X  instantaneous  rate  of  decrease  of  speed, 

P  being  the  watts  required  to  drive  the  set  at  n  revolutions  per 
minute,  the  slope  being  obtained  from  the  retardation  curve.  Tbia 
equation  can  now  be  re-written 

P  =  kn  X  instantaneous  rate  of  decrease  of  speed, 

where  the  constant  h  can  be  evaluated  as  shown. 

1  The  kinetic  energy  W  at  any  angular  velocity  «  is  JAf  »*.     TIumi 
J,      dE      d(\M^*)       ^  dw       -.2irn^2trdn 

^  ~  ds  — dr~  ^  -""d^ "  ^ido  ^  60  di 

=  ^Mn~  -  0011  Mn^J^  C.G.S.  units 

-  0-011  X  10-' 3fn^7  watts. 
at 
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The  108866  can  now  be  oalcnlated  at  various  speeds,  and  curves 
oan  be  drawn,  as  shown  in  Fig.  258,  from  which  the  friction  and  the 

iron  loss  at  any  speed  can  be  determined 
separately  by  means  of  the  vertical  dis- 
tance between  the  various  curves. 

Heating  Tests. — ^Before  an  alternator  is 
put  into  actual  operation  it  is  desirable  to 
test  its  temperature  rise  when  working 
under  full  load.    Since  the  temperature 

DDM ^  rise  does  not  attain  a  maximum  value  until 

iio.26S.-sn»a«tionoiio«e.     "^y  hours  have  elapsed   this  test  in- 
by  Betardatton  Test.  volves  a  considerable  expenditure  of  energy 

which,  apart  from  the  cost,  is  difficult  to 
get  rid  of.  The  Hopkinson  test  avoids  the  latter  difficulty,  but 
it  is  seldom  that  two  similar  alternators  are  available  for  test.  It 
is  therefore  desirable  to  set  up  artificial  conditions  which  will  imitate 
the  real  heating  effects,  and  one  method  of  doing  this  is  by  reversing 
half  the  poles  en  the  rotor,  which  method  will  now  be  described 
briefly. 

Reversed  Poles  Test — ^The  field  windings  are  divided  into  two 
halves,  one  of  which  is  reversed  so  that  the  E.H.F.'s  induced  in  the 
corresponding  halves  of  the  armature  winding  are  in  opposition. 
On  short  circuiting  the  armature,  therefore,  no  current  will  flow, 
since  the  E.M.F.'s  are  balanced.  But  by  increasing  the  excitation 
in  one  half  of  the  field  winding  or  by  decreasing  the  excitation 
in  the  other  half  the  equilibrium  of  the  armature  E.M.F.'s  is 
destroyed  and  a  current  will  flow  the  magnitude  of  which  can  be 
regulated  by  adjusting  the  excitations.  Full  load  current  can  be 
obtained  in  this  way  without  the  expenditure  of  the  full  amount  of 
power,  siAce  one  half  of  the  machine  is  acting  as  a  generator  whilst 
the  other  half  is  acting  as  a  motor.  It  is,  in  fact,  a  kind  of  Hopkinson 
test  on  the  two  halves  of  a  single  machine.  The  grave  disadvantage 
of  this  test  is  the  large  unbalanced  mechanical  stresses  which  are 
set  up  and  which  cause  considerable  vibration.  This  can  be  miti- 
gated to  a  certain  extent  by  reversing  alternate  pairs  of  poles 
instead  of  reversing  one  half  completely.  Thus  in  a  12-pole  alter- 
nator poles  Nos.  3,  4,  7,  8,  11  and  12  would  be  reversed.  It  is 
necessary  that  the  alternator  should  have  an  even  number  of  pairs 
of  poles,  as  otherwise  there  would  be  one  pair  left  over  and  these 
two  poles  would  have  to  be  cut  out. 
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Speed  and  Number  of  Poles. — When  designing  an  alternator  the 
output,  voltage  and  frequency  must  be  specified,  the  speed  depending 
to  a  large  extent  upon  the  output  and  the  type  ol  prime  mover 
adopted.  In  genend,  the  larger  the  output  the  slower  the  speed, 
since  the  diameter  goes  up  and  the  peripheral  velocity  must  be 
kept  within  limits.  These  speeds  are  now  to  a  large  extent  stan- 
dardised and  range  from  about  200  r.p.m.  in  the  case  of  a  100  k. V. A. 
set  down  to  about  76  r.p.m.  in  the  largest  sizes  when  driven  by  slow 
speed  reciprocating  engines,  these  speeds  being  about  trebled  when 
high  sjieed  engines  are  employed.  For  turbine-diiven  sets,  the 
available  speeds  are  very  limited  owing  to  the  fact  that  either 
2,  4  or  6  poles  are  almost  invariably  employed.  In  any  case,  only 
certain  dc^biite  speeds  are  available  as  they  must  fulfil  the  equation 

number  of  poles  = ^  • 

^  r.p.m. 

The  table  on  p.  226  shows  these  speeds  for  various  numbers  of 
poles  and  frequencies. 

Bflleieney. — ^In  order  to  compete  with  rival  machines  similar 
efficiencies  must  be  obtained,  and  Fig.  269  shows  the  average 
efficiencies  which  ought  to  be  reached  by  modem  alternators. 
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Output  Ooeffleient. — ^It  has  been  found  that  an  empirical  expres- 
sion can  be  obtained  connecting  the  output,  speed  and  the  volume 
pwept  out  by  the  rotating  element.    This  formula  may  be  written 
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where  D  is  the  air-gap  diameter,  L  is  the  gross  length  of  the  armature 
core  and  j;  is  a  constant  known  as  the  oiUptU  coefficient.  Assuming 
the  output  of  a  given  carcase  to  be  proportional  to  the  speed,  k 

4 
represents  -  times  the  output  per  unit  volume  at  one  revolution 
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per  minute,  and  practice  has  shown  that  this  constant  varies  with 
the  size  of  the  machine.  Fig.  260  shows  the  average  values  of  the 
output  coefficient  for  modem  polyphase  alternators,  but  it  must 
be  Temembered  that  these  figures  need  not  be  rigidly  adhered  to. 
For  turbo-alternators  about  75  per  cent,  of  these  values  should  be 
taken,  and  they  should  also  be  multiplied  by  about  0*85  in  the 
eaae  of  single  phase  machines. 

Aii^^p  Diameier. — ^When  the  value  of  L^L  is  known  there  are  a 
munber  of  various  values  of  D  and  L  which  can  be  inserted.    For 
iple,  a  500  k.y.A.  polyphase  alternator  running  at  300  r.p.m. 
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TtiQ,  a51.«ShAp6f  of  Botar. 


has  an  output  co-efficient  1-3  X  10~*  (cm.  measure).    The  value  of 
L^L  is,  thevefore, 

=  1-28  X  10«. 
l%e  following  valaes  of  D  and.L  are  poedble : — 


D 

126 

150 

175 

200 

226 

260 

L 

82-0 

67  0 

41-8 

32-0 

26-3 

20-6 

The  diagrams  in  Fig.  261  show  the  shapes  of  the  section  of  the 
rotating  element  in  the  different  cases. 

An  upper  limit  is  reached  when  the  peripheral  speed  exceeds, 
say,  8000  feet  per  minute  or  4000  cm.  per  second,  and  a  lower 
limit  is  reached  when  the  poles  become  too  crowded  together* 
AffgqiTniTig  a  minimum  diameter  of  pole  of  8  cm.  and  allowing 
6  eoL  per  side  for  winding  and  clearance,  it  is  seen  that  the 
minltniini  pole  pitch  is  about  18  cnL    But  the  pole  pitch  is  equal  to 

T  2 
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— ,  and  therefore  D  (in  cm.)  should  not  be  less  than  —^  or  6'75p. 

In  the  example  shown  in  Fig.  261,  the  upper  and  lower  limits  of 

4000  X  60 
air-gap  diameter  are  -^zr^ =  266  cm.  and  6'75  x  20  =  116  cm. 

uUU  X  TT 

respectively.     Assuming  a  normal  ratio  of  --^ — j—r  of  0-66,  the 

shapes  of  the  pole  shoes  in  the  six  cases  shown  in  Fig.  261  work 
out  as  shown  in  the  following  table  and  are  represented  in 
Fig.  262. 


Alr-flipDI«inetat=D 

X26 

160 
16-8 

176 

17-8 

17-8  x4r  8 
=  746 

200 

20-4 

20-4x82*0 
=668 

226 

28*0 

260 

PotoArc=0-«6^=« 

12-7 

12-7  X  820 
=  1040 

26*5 

Area  of  F6l6  Shoe=axX 

16-8  X  57-0 
=878 

28*0x26*8 
=682 

26-6x28-5 
=628 

It  is  preferable  to  choose  such  a  diameter  as  will  enable  an 
approximately  square  pole  to  be  adopted,  as  this  reduces  the  amount 
of  copper  required  by  the  field  system.  The  usual  ratios  of  armature 
length  to  pole  arc  for  26-  and  60-oycle  machines  vary  from  1  to 
1-2  and  1*7  to  2-0  respectively. 
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FIG.  202.-SbAp6f  Of  Pole  Shoe. 


The  magnitude  of  the  output  coefficient  is  fixed  by  the  maximum 
flux  density  in  the  air-gap  and  the  permissible  number  of  ampere- 
conductors per  inch  diameter  on  the  armature.  The  voltage  induced 
per  phase  is  given  by 

E  =  ^h^^JT  X  10- •  volts, 

where  Jkj  is  the  form  factor,  k^  is  the  breadth  factor,  ^  is  the  flux 
per  pole,  /  is  the  frequency,  and  T  the  turns  per  phase.  Putting 
ij  =  1-11  and  h^  =  0-96,  the  induced  voltage  becomes 

JP  =  4  X  Ml  X  0-96  ^/y  X  10- «  volts 
=  4-26*/T  X  10- «  volts. 

Choosing  a  suitable  maximum  flux  density  in  the  air-gap,  JB, 
the  total  useful  flux  per  pole  is  given  by 
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^  =  —P  X  area  of  pole  shoe 

TT 

IT  p 


\irliere  the  ratio 


pole  arc 


is  taken  as  0*65. 


pole  pitch 
The  expression  for  the  induced  voltage  then  becomes 

E  =  4-26  X  j|^  X  1-3  BDLfT  x  10" «  volts. 

The  total  output  in  k.V.A.  is 
k.V.A.  =  mIE 

=  wii  X  4-26  X  ^^f  X  hSBDLfT  x  10"  i^, 

where  m  is  the  number  of  phases. 

But  k.V.A.  =  nkD^L. 

Therefore 

nkD^L  =  ml  x  4-26  X  j^  X  hWDLfT  x  10", 

kD  =  mIx  ^2^0^^^  ^  ^^""' 
ifc  =  4-61B^X  10-". 

Again,  if  A  represents  the  ampere-conductors  per  inch  diameter, 
AD  =  2mIT  and  j.  ^  2-3£i4  X  10"". 

If  B  and  A  are  fixed  the  magnitude  of  the  output  coefficient  is 
fiixed,  and  hence  it  is  desirable  to  work  with  as  high  a  flux  density 
and  88  large  a  number  of  ampere-conductors  per  inch  as  possible. 
The  following  tables  show  the  average  values  adopted  in  practice 
for  the  ampere-conductors  per  cm.  and  per  inch  diameter  for 
polyphase  machines  and  also  the  usual  magnetic  densities  employed. 


Ampere-condcctoks 

PER  1N09    DiAMKTES. 

Output 

IS 

Flywheel  Type  Altemston. 

k.V.A. 



/=25. 
120O 

/=50. 
960       ' 

/=25. 

/=50. 

100-  250 





250-500 

1520 

,          1200 

— 



500-1000 

1700 

>          1430 

1520 

1350 

1000-2000 

1850 

1600 

1680 

1520 

2000-5000 

2000 

1770 

1830 

1680 
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Output 

AmfEKB-OOKDUCTORS  PSS  cm.   DlAMSTUt. 

IN 

k.V.A. 

Flywhoel  Type  Altenuton. 

/«25. 

/=60 

380 
480 
560 
630 
700 

/=25. 

600 
660 
720 

/=60. 

100-  250 

260-500 

500-1000 

1000-2000 

2000-5000 

480 
600 
670 
740 
800 

540 
600 
660 

Output 

AiK-OAp  Flux  Dknsitibs. 

IN 

k.V.A. 

Flywheel  Type  Altametora. 

Linee  per  cm.' 

lines  per  tn.3 

lines  per  om.2 

lines  per  In  s 

0-  500 

500-1000 

1000-2000 

2000-5000 

5500-7000 
7000-8000 
8000—8500 
8500-9000 

35000-45000 
45000-52000 
52000-55000 
55000—58000 

4500-5500 
5500-6500 
6500-7000 
7000-7500 

30000-35000 

42000—45000 
45000-48000 

The  above  figures  are  for  60-cyole  machines  and  may  be  increased 
by  10  per  cent,  to  15  per  cent,  for/  =  25.  Also  in  the  case  of  high 
voltage  alternators  they  should  be  reduced  by  about  5  per  cent,  to 
10  per  cent. 

Length  of  Stater  Core. — ^The  length  of  the  stator  core  is  definitely 
fixed  when  once  the  values  of  the  output  coefficient  and  the  air- 
gap  diameter  have  been  decided  upon,  since 


L  = 


k.V.A. 


or 


Ventilating  Ducts. — ^The  usual  practice  with  respect  to  flywheel 
type  alternators  is  to  have  a  number  of  radial  ventilating  ducts  in 
the  stator  about  }  in.  to  f  in.  in  width  and  spaced  about  3  in.  apart. 
In  the  case  of  turbo-alternators  an  increased  ventilation  is  necessary, 
since  the  overall  dimensions  are  much  smaller  for  a  given  output. 
This  means  that  each  cubic  inch  of  material  must  dissipate  more 
heat,  since  the  efficiency  and  the  total  losses  are  approximately  the 
same  in  each  ca^se.  The  distance  between  the  ventilating  ducts  is 
therefore  reduced  to  about  2  inches. 

Number  of  Slots. — These  vary  from  two  to  five  per  pole  per  phase 
in  the  ordinary  rotating  field  alternators.  The  larger  the  number 
of  slots  the  nearer  does  the  wave  form  approach  the  ideal  sine  wave, 
but  the  copper  space  factor  of  the  slot  goes  down  at  the  same  time. 
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pastioalarly  with  high  voltage  maohines.  In  the  latter  case,  there- 
fore, the  tendency  is  to  use  two  and  three  slots  per  pole  per  phase, 
whilst  with  low  voltage  machines  four  and  five  are  frequently  em- 
ployed. With  turbo-alternators,  the  pole  pitch  is  usually  consider- 
ably greater,  and  this  leads  to  larger  numbers  such  as  five  and  six 
slots  per  pole  per  phase.  The  total  number  of  slots  is  then  obtained 
by  multiplying  by  the  number  of  poles  and  the  number  of  phases. 
Armature  Winding. — ^The  number  of  annature  conductors  is 
settled  by  E.M.F.  considerations,  but  this  number  must  be  divisible 
by  the  total  number  of  slots.  The  induced  voltage  per  winding  is 
first  calculated,  this  being  equal  to  the  line  voltage  in  a  single 

and  two  phase  case  and  -y-  times  the  line  voltage  in  the  case  of  a 

three  phase  star-connected  alternator.  The  total  turns  in  series 
per  phase  is  then  given  by  the  equation 

E  =  ^k^k^^fT  X  10-8  volts  (see  p.  247) 
=  4-26*/T  X  10- »  volts 

as  a  first  approximation.  The  approximate  value  of  the  useful 
flux  per  pole  can  be  obtained  from  a  knowledge  of  the  dimensions 
of  the  pole  shoe  and  by  assuming  a  suitable  fiux  density  taken  from 
the  table  on  p.  278.  The  number  of  turns  required  can  then  be 
calculated,  and  the  nearest  possible  number  is  adopted,  taking  into 
consideration  the  number  of  slots.  The  'fiux  is  then  adjusted  to 
suit  the  number  of  conductors.  The  winding  itself  may  be  either 
coil  or  bar  wound,  the  particular  type  being  chosen  from  amongst 
those  explained  on  p.  239  or  others. 

Size  of  Armature  Condueton. — ^The  section  of  the  conductor  to 
be  employed  is  obtained  from  a  knowledge  of  what  is  a  suitable 
current  density  to  '.adopt.  This  varies  with  the  total  current 
carried  by  the  conductor,  and  values  are  shown  in  the  curve  in 
Xlg.  263.  Solid  wire  of  circular  cross  section  should  be  used  up 
to  sections  of  about  0*25  (cm.)*,  but  for  larger  sizes  the  conductor 
becomes  difficult  to  bend  and  two  or  more  conductors  are  connected 
in  parallel.  For  the  larger  sizes  of  conductor  rectangular  strip  is 
often  employed,  as  this  brings  about  a  higher  copper  space  factor 
in  the  slot. 

Size  of  Slots. — ^When  the  number  of  conductors  per  slot  and 
tbe  cross-sectional  area  of  the  conductors  are  settled,  the  space 
that  they  will  occupy,  when  covered  with  the  necessary  insulation, 
oan  be  drawn  out  and  the  slot  dimensions  fixed.  Since  the  width 
of  slot  plus  tooth  is  fixed,  the  dimensions  of  the  slot  determine  the 
dimensions  of  the  tooth,  and  this  should  not  be  too  narrow.  A 
suitable  maximum  magnetic  density  in  the  teeth  is  19,000  lines  per 
sq.  cm.  or  120,000  lines  per  sq.  in. 

Armature  Losses. — ^In  order  to  predetermine  the  heating  of  the 
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annature,  it  is  necessary  to  obtain  an  estimate  of  the  losses  inonired 
by  it.  lliese  will  consist  of  copper  and  iron  losses,  in  addition  to 
which  there  is  a  frictional  loss  produced  and  dissipated  in  the 
bearings  when  the  armature  is  the  rotating  element. 

The  copper  loss  can  be  predetermined  &om  a  knowledge  of  the 
number  and  dimensions  of  the  conductors.  The.  mean  length  of 
a  turn  must  be  estimated,  and  the  number  of  turns  in  series  per 
phase  being  known,  the  total  length  of  conductor  per  phase  can  be 
obtained.  Then,  knowing  the  cross-sectional  area,  the  resistance 
per  phase  can  be  calculated,  taking  care  to  allow  for  the  rise  of 
temperature.  At  a  temperature  of  about  50°  C.  the  specific  resist- 
ance of  copper  is  approximately  2  microhms  per  cm.  cube  or  0*8 
microhm  per  inch  cube.  From  the  current  per  phase  and  the 
number  of  pha^ses  the  total  watts  lost  due  to  ohmic  resistance  can 
be  calculated.    The  figures  obtained  in  this  way  will  be  frequently 
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too  low,  as  the  current  is  not.  always  imiformly  distributed  over  the 
conductors,  and  this  always  results  in  an  increase  in  the  watts  lost 
in  a  conductor. 

The  iron  loss,  comprising  the  hysteresis  and  eddy  current  losses, 
is  dependent  upon  the  fiux  density  in  the  core,  and  tests  have  been 
conducted  by  several  experimenters  in  order  to  determine  the 
combined  iron  loss  at  various  fiux  densities  and  frequencies.  It 
is  fourd  that  for  all  practical  purposes  the  losses  can  be  taken  as 
being  proportional  to  the  frequency,  although  this  is  not  true 
theoretically.  The  curves  in  Fig.  264  show  the  watts  lost  per  unit 
volume  at  unit  frequency  for  stationary  armatures.  These  figures 
require  to  be  multiplied  by  the  frequency  in  question. 
^*  V  Cooling  Surtaoe. — ^In  determining  the  cooling  surface  of  the  arma- 
ture, the  inner  and  outer  cylindrical  surfaces  of  the  stampings 
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may  be  considered  together  with  the  two  ends  of  the  iron  core  and 
one  side  of  each  ventilating  duct. 

Estimated  Temperature  Rise.— The  estimated  temperature  rise  of 
the  armature  depends  upon  the  watts  which  have  to  be  dissipated 
X>er  square  inch  of  the  cooling  surface.  With  the  usual  ventilating 
ducts,  a  temperature  rise  of  approximately  40^  G.  will  be  obtained 
Tvhen  the  watts  per  square  inch  are  1-1 1  in  the  case  of  rotating 
armature  alteriiators  and  {-l  in  the  case  of  rotating  field  alternators, 
the  cooling  surface  being  estimated  in  the  above  manner.  Here 
also  the  temperature  rise  may  be  taken  as  being  proportional  to 
the  watts  per  square  inch  of  cooling  surface,  but  these  preliminary 
calculations  are  by  no  means  accurate  and  are  subject  to  a  numben* 
of  disturbing  conditions. 

Flux  per  Pole. — ^The  no-load  useful  flux  per  pole  can  be  calcu- 
lated from  the  E.M.F.  formula,  since  the  number  of  conductors  is 
now  settled.    The  form  factor,  l^,  and  the  breadth  factor,  Ji^,  can 
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also  be  estimated  fairly  accurately,  and  the  useful  flux  per  pole  on 
no-load  is  given  by 

.g  X  10« 

/  being  the  frequency,  T  the  turns  in  series  per  phase  and  E  the 
no-load  induced  E.M.F.  per  phase.  For  the  same  terminal  voltage 
the  induced  E.M.F.  on  full  load  must  be  greater  owing  to  the  loss 
of  voltage  occasioned  by  the  synchronous  impedance  of  the  armature. 
The  resistance  may  be  calculated  from  a  Imowledge  of  the  dimen- 
sions of  the  winding  and  an  estimate  may  also  be  nlade  for  the 
synchronous  reactance,  but  the  calculations  are  rspther  involved. 
As  a  rough  approximation,  the  latter  may  be  taken  as  15  per  cent, 
or  20  per  cent,  of  the  no-load  voltage,  llie  full  load  useful  flux  per 
pole  is  thus  obtained,  to  which  must  be  added  the  waste  leakage 
flux,  which  will  ordinarily  be  of  the  order  of  10  per  cent,  to  35  per 
cent,  of  the  useful  flux.  The  figures  in  the  foUowing  table  refer 
to  the  leakage  factors  of  rotating  field  alternators  and  may  be 
ijaken  as  average  praotio^^ 
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k.VJi.  OnCinit 

2-5 

5 

10 

26 

50 

100 

200 

300 

500 

1000 

2000 

LeakaoB  Factor = A  ... 

1-4 

1-85 

1-30 

1-28 

1-25 

1-22 

1-20 

1-18 

115 

in 

1-10 

Air-gap. — ^The  radial  length  of  the  air-gap  in  modem  alternators 
is  fairly  oonatant  for  a  given  size  of  machine,  increasing  as  the  bore 
of  the  stator  goes  up.  Fig.  265  shows  the  usual  values  of  the  air- 
gap  length  in  the  case  of  modern  rotating  field  alternators  for  slow 
and  medium  speeds.  The  lengths  given  are  those  at  the  centre  of 
the  air-gap,  where  a  variable  length  is  employed  for  the  purpose  of 
improving  the  wave  form.  Oonsiderably  longer  air-gaps  are 
emjkloyed  in  the  case  of  turbo-alternators. 
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Ampere-turns  per  Pole.-7-Before  the  ampere-turns  per  pole  can 
be  calculated,  it  is  necessary  to  know  the  flux  densities  in  the 
various  parts  of  the  magnetic  circuit,  and  also  the  lengths  of  the 
lines  of  force  in  the  different  materials.  The  various  magnetic 
sections  are  settled  by  choosing  suitable  flux  densities,  and  for  this 
purpose  reference  may  be  made  to  the  following  table  : — 


Annature  cores 
Armature  teeth 
Magnet  poles 
Magnet  yokes 


lines  per  8q.  In. 


46000-  65000 
65000—  90000 
90000—100000 
70000-  80000 


Lines  per  Sq.  Cm. 


7000—10000 
10000—14000 
14000—15500 
11000—12600 


The  flux  in  the  armature  core  and  teeth  is  alternating  and  thus 
sets  up  an  iron  loss.  At  higher  frequencies,  therefore,  a  lower 
density  is  adopted,  this  accounting  for  the  considerable  range  shown 
in  the  table,  where  the  higher  figures  correspond  to  a  frequency  of 
25  and  the  lower  figures  to  a  frequency  of  50. 

The  magnetic  sections  being  chosen  and  the  various  flux  densities 
calculated^  the  corresponding  values  of  J7  must  be  obtained  from  a 
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3 — H  onrre  of  that  partioiilar  material.  For  this  purpose  the 
curves  in  Fig.  56  may  be  used.    From  the  formula 

H  =s—x  Ampere-turns  per  cm. 

the  ampere-turns  required  for  the  various  parts  can  be  obtained. 
Adding  all  these  ampere-turns  together,  the  total  no-load  ampere- 
turns  required  per  pole  can  be  evaluated.  It  is  usual  to  consider 
the  poles  and  yoke  as  carrying  all  the  leakage  flux  in  addition  to 
the  useful  flux,  whilst  the  armature  only  carries  the  useful  flux. 

The  above  calculation  should  now  be  rei)eated  for  full  load  at  the 
nunimum  specified  power  factor.  The  difference  between  the  two 
numbers  of  ampere-turns  fixes  the  size  of  the  field  regulator  required, 
a  suitable  margin  being  allowed. 

Field  Winding. — ^A  tentative  length  of  winding  space  and  an 
approximate  depth  of  the  winding  must  first  be  decided  upon.  If 
wire  wound,  the  length  of  the  mean  turn  can  be  estimated  from  the 
known  dimensions.    Then 

Volts  per  Coil  =  Exciting  Current  x  Resistance  of  Coil  (Hot) 

=  Exciting  Current  x  Turns  x  Resistance  of  Mean 
Turn  (Hot)' 

=  Ampere-turns  X  Resistance  of  Mean  Turn  (Hot) 

and        Resistance  of  Mean  Turn  (Hot)  =  -^ 2^^ • 

^  Ampere-turns 

From  this  the  resistance  per  yard  can  be  obtained,  and  a  workshop 
rule  to  get  the  cold  resistance  is  to  multiply  by  f .  The  nearest  wire 
to  this  in  the  wire  tables  is  chosen  anid  its  insulated  diameter  noted. 
Allowing  5  per  cent,  for  loss  of  winding  space  due  to  imperfect 
winding,  the  number  of  turns  per  layer  and  the  number  of  layers 
can  be  calculated.  The  total  number  of  turns  per  pole  and  the 
resistance  of  the  winding  are  next  evaluated,  giving  the  current 
taken  by  the  coil.  The  ampere-turns  thus  obtained  should  agree 
substantially  with  the  number  aimed  at  in  the  first  instance.  For 
a  temperature  rise  of  about  40°  C.  the  watts  per  square  inch  of 
cooling  surface  should  be  about  1~1|  for  rotating  fields  and  about 
f-1  for  stationary  fields,  as  in  the  case  of  armatures.  Further, 
the  watts  wasted  in  excitation  should  range  from  about  4  per  cent, 
for  small  alternators  to  about  1|  per  cent,  for  very  large  alternators. 
To  adjust  the  field  winding  for  ampere-turns  or  for  watts  lost  extra 
layers  may  be  put  on  or  taken  off.  Taking  off  turns  increases  the 
watts  lost  and  increases  the  ampere-turns  slightly,  since  the  turns 
which  are  removed  have  more  thism  the  average  resistance  per  turn, 
and  therrfore  the  current  is  increased  by  a  larger  percentage  than  the 
turns  are  decreased.    Similarly,  putting  more  turns  on  roduces  the 
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watts  lost  and  the  ampere-tnins  at  the  same  time.  This  does  not 
apply  to  a  winding  oonsisting  of  a  single  layer  of  strip  on  edge,  as 
all  the  turns  now  have  the  same  length.  The  depth  of  windiri^ 
having  been  fixed  in  this  case,  a  suitable  cross  section  is  chosen  so 
as  to  give  the  required  ohms  per  turn  from  which  the  number  of 
turns  and  the  exciting  current  follow. 

Estimated  Open  Cirenit  Magnetisation  Curve. — ^The  ampere-tnms 
for  one  value  of  the  voltage  and  flux,have  already  been  worked  oat, 
and  the  corresponding  exciting  current  can  also  be  evaluated,  since 
the  field  turns  per  pole  are  Imown.  This  gives  one  point  on  the 
curve,  and  a  number  of  other  points  can  be  obtained  in  a  similar 
manner.  A  value  of  the  voltage  is  chosen  and  the  corresponding 
flux  calculated.  The  ampere-turns  required  to  drive  this  Bxix 
through  the  various  parts  of  the  magnetic  circuit  are  worked  out, 
from  which  the  exciting  current  is  evaluated  as  above. 

Estimated  Short  CIreult  Charaeterlstlc. — It  the  synchronous 
reactance  is  known,  the  short  circuit  characteristic  can  be  obtained 
straight  away,  as  shown  on  p.  253,  but  otherwise  a  more  approxi- 
mate method  must  be  adopted.  The  ampere-turns  of  ihp  field 
may  be  considered  as  being  in  direct  opposition  to  the  ampere-turns 
of  the  armature,  diverting  the  resultant  field  into  leakage  paths. 
For  the  ordinary  type  of  alternators,  the  ratio  of  the  field  ampeie- 
tums  per  pole  to  the  armature  ampere-turns  per  pole  per  phase 
will  be  fairly  constant,  and  the  following  approximate  relationship 
may  be  stated : 

Field  ampere-turns  per  pole  = 

Armature  ampere-turns  per  pole  per  phase  x  Constant, 

and  this  constant  may  be  taken  as  2-5-3  for  three  phase  and  1*3-1 '6 
for  single-  and  two-phase  alternators.  The  short  circuit  current 
is  then  given  by 

Field  ampere-turns  per  pole 
Armature  turns  per  pole  per  phase  x  Constant 

Since  the  excitation  corresponding  to  these  field  ampere-turns 
is  known,  one  point  on  the  short  circuit  characteristic  can  be  plotted 
and  the  graph  taken  as  a  straight  line  passing  through  the  origin. 
The  short  circuit  current  should  be  about  three  or  four  times  the 
full  load  current  for  normal  excitation  in  the  case  of  slow  and  medium 
speed  sets  and  about  twice  full  load  current  in  the  case  of  turbo- 
alternators. 

Predetermination  of  Regulation. — Since  a  predetermination  has 
be^i  made  above  of  both  the  open  circuit  magnetisation  curve  and 
the  short  circuit  characteristic,  the  estimated  regulation  for  a 
particular  alternator  design  can  be  calculated  in  the  way  explained 
on  pp.  258-259. 

Example  of  Design. — ^As  an  example  of  a  design,  the  main  dimen* 
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sions  will  be  worked  out  for  a  three  phase  rotating  field  alternator 
hATing  an  ontpiat  of  200  k.V.A.,  2,200  volts,  60  cycles  per  second, 
and  376  r.p.m. 

The  number  of  poles  is  — 5=^ —  =  16, 

376 

The  alternator  being  star  connected,  the  volts  per  winding 

wiU  be  ^  =  1270  volts. 
V3 

The  fnirioad  current  will  be  —p= =  62-6  amperes. 

\/3x2200  ^ 

An  output  coefficient  of   0*9  x  10~*   will    be   chosen    [see 
Fig.  280  (&)],  and  the  value  of  2)<L  becomes 

r.p.m.       « 

376  ^  0^9  ~*®'^- 

The  diameter  is  limited  by  the  peripheral  speed,  which  should 
not  exceed  4,000  cm.  per  second,     llien 


7r2>  X  376 


and 


60 
4000x00 
w  X  376 


4000 


=  204  cm.  (maximum). 


The  minimum  diameter  settled  by  the  crowding  of  the  poles  is 
equal  to  6*76  X  16  =  02  cm. 

Several  corresponding  values  of  D  and  L  are  given  in  the 
following  table,  together  with  the  pole  arcs  assuming  a  ratio  of 
pole  arc 


pole  pitch 


=  0-«6. 


D           

100 
59-3 
12-8 

125 

140 

150 
26-4 

175 
19-4 

200 

L           

38-0 
16-0 

302 

14-8 

Pole  Arc           

17-9 

191 

22-3 

26-5 

Taking  a  ratio  of  armature  length  to  iK>le  arc  about  1-7  to  2*0 
the  diameter  of  140  cm.  is  sugg^ted,  which  accounts  for  its  in- 
clusion in  the  table.    This  gives  a  ratio  of 


Armature  Length  ^  30'2 
Pole  Arc  17-9 ' 


1-69. 
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An  air-gap  diameter  of  140  cm.  and  a  gross  core  length  of  30  om. 
will  be  adopted. 

There  will  be  three  ventilating  ducts,  each  1  cm.  wide,  leaving 
four  batches  of  stampings  7,  6-5,  6*5  and  7  cm.  in  width  respectively. 

With  three  slots  per  pole  per  pha^se  the  total  slots  number 

tr  '^  140 
3  X  16  X  3  =  144,  having  a  slot  pitch  of       f\*      =  3-05  cm. 

144 

Before  the  number  of  armature  turns  can  be  settled  a  tentative 
value  of  th6  useful  flux  per  pole  must  be  obtained,  ^ferring  to 
the  table  on  p.  278,  a  density  of  6,000  lines  per  sq.  cm.  may  be 
assumed,  giving  a  useful  flux  per  pole  of  6000  X  17*9  x  30  X  0*9  = 
2*9  X  10*  lines,  assuming  the  iron  is  90  per  cent,  of  ibe  pole  feoe. 

The  turns  in  series  per  phase  are  then  given  by 

E  =  4-26  ^/!r  X  10-«  (see  p.  279) 

The  slots  per  phase  are  48,  and  with  8  conductors  per  slot  this  gives 
192  turns  per  phase.  The  flux  per  pole  will,  therefore,  need  to  be 
increased  somewhat. 

As  a  check,  the  ampere-conductors  per  cm.  diameter  will  now  be 
worked  out.  The  total  armature  conductors  are  144  x  8  =  1152 
and  the  full  load  current  is  62*5  amperes.  The  ampere-conductors 
per  cm.  diameter  are,  therefore 

1162  X  625  _^ 
"140    "  ^^^ 

Comparing  this  with  the  table  on  p.  278,  it  is  seen  to  be  about  right. 

To   determine  the  size   of  conductor  reference  is   made  to 

Fig.  263  (b)  to  see  what  is  a  suitable  current  density.    This  will 

be  taken  at  300  amperes  per  sq.  cm.,  giving  a  conductor  having  an 

approximate  cross-sectional  area  of  -^v\  =  0*176  sq.  cm.    Using 

round  wire,  this  corresponds  to  a  diameter  of  0*472  cm.  The  nearest 
wire  to  this  is  No.  6  S.  W.6.  having  a  diameter  of  0*488  cm.  When 
insulated  with  d.c.c.  the  diameter  becomes  0*62  cm.  Allowing 
0*26  cm.  of  press-spahn  per  side  for  the  slot  lining,  the  width  of  the 
slot  becomes  0-25  +  0*62  +  0*62  +  0*26  =  1*64,  say  1*60  cm.,  and 
as  the  slot  pitch  is  3*06  cm.,  it  leaves  a  minimum  thickness  of  tooth 
of  3*06  —  1*60  =  1-45  cm.  The  depth  of  the  slot  is  2  x  0*26  -f 
4  X  0*62  =  2*68,  say  2*70  cm.,  with  a  bridge  0*3  cm.  thick  and  an 
opening  at  the  mouth  of  the  slot  0*3  cm.  wide  (see  Fig.  266). 
The  average  flux  per  tooth  is  approximately 

2*9  X  10'^o.32xlOMine8. 

«7 
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The  maximum  flux  per  tooth  is 


2 


X  0-32  X  10«  =  0-6  X  10*  lines. 


(This  figure  will  be  adjusted  later,  as  the  correct  flux  has  not 
yet  been  worked  out.) 

The  minimum  cross-sectional  area  of  a  tooth  is 

1-46  X  (30  —  3)  X  0-9  =  36-2  sq.  cm., 

0-6  X  10« 


and  the  maximum  flux  density  is 


36-2 


=  14200,  which  is 


rather  low. 

To  get  the  density  in  the  iron  behind  the  teeth,  the  flux  per 
magnetic  circuit  in  the  armature  is 

?:^^  =  1.46  X10«  lines. 


'*^05<' 


tr 


'MO-^ 


I   I 
I   I 


Fia.  t06.— Slot  DImoMioiis. 


The  diameter  at  the  tooth  roots  is  140  +  2x2-7  =  145-4  cm. 
If  a  depth  of  8-5  cm.  of  iron  behind  the  teeth  be  chosen,  the  flux 
density  behind  the  teeth  becomes 

1-45  x  10* 
STS^T?  ^^0^9  =  ^^  approximately. 

which  is  satisfactory. 

To  calculate  the  iron  loss  refer  to  Fig.  264.     Then 

Watts  per  c.o.  at  unity  frequency  =  0-00087, 

Watts  per  c.c.  at  50  frequency  =  60  X  0-00087  =  0-0435, 

Volume  of  iron  =  |  J  (162-42  -  145-42)  +  144  X  2-7  X  1-45| 

X  27  X  0-9  =  113000  c.c. 

Total  armature  iron  loss  =  0-0435  x  113000  =  4900  watts. 
This  flgure  cannot  be  guaranteed  as  to  its  accuracy. 
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The  copper  loss  is  calculated  as  follows  : — 

IT  X  140 


Pole  pitch 


16 


==  27-5  cm. 


Length  of  end  connection  assumed  =  30  cm. 
Embedded  length  of  conductor  =  30  cm. 

Length  of  turn  =  2  x  30  +  2  X  30  =  120  cm. 
Length  per  circuit  =  120  X  192        =  23040  cm. 

TT 

Cross-seotional  area  =  ^  X  0*488*  =  0-187  sq.  cm. 

T>    '  .  '  A'      iu  ^^  2xlO-«X  23040 

Resistance  per  winding  (hot)  =  — 


Total  armature  PR  loss 


Total  armature  loss 


0187 
=  0-247,  say  0:25  ohm. 

=  3  X  62-6«  X  0-26 

=  2070,  say  2100  watts. 

=  2100  +  4900  =  7000  watts. 


The  cooling  surface  is  determined  as  follows : — 

=  TT  X  140  X  30  =  13200 
sq.  cm. 

=  7r  X  162-4  X  30  =  15300 

sq.  cm\ 


Inner  cylindrical  surface 
Outer  cylindrical  surface 


Area  of  ends  of  iron  core 


Total  cooling  surface 


Armature  watts  per  sq.  em. 


or  per  sq.  in. 


=  2  X  J(162-4«-140«) 

=  10600  sq.  cm. 
=  13200  +  16300  +  10600 
=  39100  sq.  cm. 
7000 


""39100 
=  116. 


=  0-179, 


This  is  rather  high,  and  the  ventilating  ducts  should  be  looked 
to  in  order  to  prevent  an  undue  temperature  rise. 

The  calculations  for  the  field  system  are  as  follows : — 
No-load  useful  flux  per  pole 

10« 


2200  ^ 
V3       4kikJT 


10« 


^2200^ 

V3       4  X  Ml  X  0-96  X  50  X  192 
=-311xl0«. 
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Leakage  coefficient  X  (from  p.  282)  =  1*20. 
Total  no-load  flux  per  pole  =  1-20  X  3-11  x  10« 

=  3-73  X  10«  lines. 
Resistance  drop  per  phase  at  full  load  =  52-5  x  0*25 

=  13  volts. 
Reactance         „         „         „         „        ==  0-20  x  1270  (say) 

=  254  volts. 

The  E.M.F.  required  to  be  generated  on  full  load  at  a  power 
factor  of  0-8  is  obtained  from  Fig.  267  and  is  1,440  volts. 

mo 

Fio.  267.— Vector  Diagrmm  for  Full  Load  Voltage. 

The  full  load  flux  per  pole  is,  therefore, 

1440 
3.73  X  10.  X  j|^ 

=  4-23  X  10«  total  lines 
or  3*52  X  10*  useful  lines. 

A  length  of  air-gap  (see  Fig.  265)  of  0*6  cm.  will  be  chosen. 
The  approximate  air-gap  flux  density  on  full  load  is 

352  X  10*  _ 
=  7670. 

17*9  X  —J—  X  09 


The  field  ampere-turns  per  pole  required  for  the  air-gap  are 
Density  in  teeth 


^  X  7670  X  0-6  =  3680. 
47r 


^•^Xl<>'  =11100. 


9  X  1-46  X  27  X  0-9 


ff  =  5  (from  Fig.  57). 


Ampere-turns  for  teeth  =  ^—  x  5  X  2-7  =  11. 


Density  in  armature  core 

3-52  X  10« 


2  X  8-5  X  27  X  0-9 


=  8500. 


290  ALTERNATING  CURRENTS  ch. 

H  =  4  (from  Fig.  66). 
Length  of  path  =  20  cm.  (say). 
Ampere-turns  for  armature  core  =  :7-x4x20  =  64. 

Section  of  pole  =  15  x  30  with  semicircular  ends 

=  7  X  16«  +  16  X  16 

=  402  sq.  cm. 
Density  in  pole  =  —  ^^        =  10500. 

If  =  9. 
Assume  a  length  of  8  cm. 

Ampere-turns  for  pole  =  --  x  9  x  8  =  58. 

Assume  section  of  yoke  =  ISO  sq.  cm. 

Density  in  yoke  =  ^^^^   =  11800. 

H  =  11  6. 
Length  of  path  =  ^J-^^y)  =  11  cm.  (say). 

Ampere-turns  for  yoke  =  —  xll'5xll=  101*. 

Total  ampere-turns  per  pole  =  3680  +  11+64  +  68  +  101. 

=  3914. 

Assume  a  c.c.  supply  of  480  volts. 

480 
Volts  per  coil  =  -j—  =  30  volts. 

30 
Resistance  of  mean  turn  (hot)   =  j^^rr-r  =  0-(X)766  ohm. 

o914 

6 

7 

=  000666  ohm. 

Estimated  length  of  mean  turn  with  3  cm.  depth  of  winding 

=  7rxl8  +  2xl5==  86-6  cm. 
Ohm  per  metre  =  0-0076. 

The  nearest  wire  to  this  is  No.  16  S.W.6.,  having  a  resistance 
of  0*(X)818  ohm  per  metre  and  a  diameter  of  0*163  cm.  (bare)  and 
0-196  cm.  (d.c.c). 


(cold)  =  -  X  000766 
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g 

Turns  per  layer  =  ;r-=7^  X  0*95  =  39. 

0*195 
g 
Number  of  layers  =     -      x  0*96  =  14. 

Turns  per  coU  =  39  x  14  =  646. 

Length  of  coil  =  546  x  0-865 


7 
Resistance  of  coil  (hot)  =  473  x  0-00818  X  ^ 


=  473  metres. 

tlft   V    _ 


=  4-5  ohms. 

30 
Current  =  — -  =  6«67  amperes. 

4'0 

Ampere-turns  =  6*67  x  546 

=  3660. 
Watts  per  coil  =  30  X  6-67  =  200. 

Total  watts  lost  in  excitation  =  16  x  200  =  3200  watts. 
Cooling  surface  per  pole  =  (tt  X  21  +  2  x  15)  x  8 

=  770  sq.  cm. 

200 
Watts  per  sq  cm.  =  ==jr  =  0-26, 

or  per.  sq.  in.  ==  1-68. 

This  calculation  has,  however,  neglected  the  ends  of  the  coil 
which  will  bring  down  the  watts  per  sq.  cm.  somewhat. 

Allowing  about  2,000  watts  for  the  frictional  loss  the  full  load 
efficiency  works  out  at 

. 200000   X  100 

200000  +  2100  +  4900  +  3200  +  2000  ^ 

=  94«2  per  cent. 

The  question  of  the  E.M.F.  wave  form  has  not  been  gone  into, 
but  by  suitably  skewing  the  pole  shoe  this  could  be  made  approxi- 
mately sinusoidal. 
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CHAPTER  XIX 

HIGH  TENSION 

Standard  Voltages. — ^The  voltages  oommonly  employed  in  dectrie 
supply  systems  are  now  more  or  less  standardised,  although  various 
nonnstandard  voltages  are  often  met  with,  particulariy  in  old 
schemes.  The  various  voltages  are  classified  by  the  Board  of  Trade 
into  four  groups,  there  being  a  number  of  regulations  in  force  in 
this  country  dealing  with  each  of  the  several  groups.  These  four 
groups  of  voltages  are  called  low,  medium,  high  and  extra  high 
pressure  respectively,  and  their  ranges  are  as  follows  : — 

Low  pressure Not  exceeding  250  volts. 

Medium  pressure         Above   250   and   not   exceeding 

650  volts. 
High  pressure  Above   650   and   not    exceeding 

3,000  volts. 
Extra  high  pressure     Exceeding  3,000  volts. 

High  pressure  and  extra  high  pressure  systems  are  also  frequently 
called  High  Tension  (H.T.)  and  Extra  High  Tension  (E.H.T.)  respec- 
tively. 

For  lighting  purposes  110  and  220  volts  are  the  standards,  but 
200,  230,  240  and  even  250  volts  are  also  met  with.  For  mining 
work  250  volts  are  used,  this  being  the  limit  of  the  low  pressure 
supply.  For  tramways  and  railways  500-650  volts  is  the  usual 
pressure  except  where  H.T.  is  used.  The  standard  H.T.  voltage 
for  a  single  phase  A.C.  supply  is  2,200  volts,  whilst  for  three  phase 
6,600, 11,000  and  22,000  volts  are  now  standard  practice.  Extremely 
high  voltages  such  as  55,000  and  110,000  are  also  occasionally  met 
with,  but  on  account  of  the  relatively  few  examples  in  existence 
these  can  hardly  be  said  as  yet  to  be  standardised  by  practice. 

Commereial  Frequeneies. — ^The  standard  frequencies  are  50  for 
lighting  and  25  for  traction,  the  latter  being  undesirable  for  lighting 
on  account  of  the  flickering  produced  in  the  illumination,  whilst  the 
various  types  of  traction  motors  employed  work  better  on  low 
frequencies.  In  fact,  even  lower  frequencies  such  as  15  have  been 
adopted  on  occasion  for  traction  schemes.     In  systems   erected 
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before  the  standardisation  took  place,  a  number  of  peculiar 
frequencies  are  still  met  with,  the  most  common  being  probably 
40  and  60,  and  these  are  perpetuated  because  extensions  have  to  be 
made  at  the  original  frequencies. 

Insulation  Reslstanee. — ^The  insulation  resistance  is  the  joint 
resistance  of  all  the  leakage  paths  in  parallel  between  the  two 
insulated  conductors  concerned,  and  is  determined  by  measuring 
the  leakage  current  and  calculating  it  from  Ohm's  law.  In  the 
case  of  two  insulated  cables,  an  increase  in  the  length  is  really  an 
increase  in  the  leakage  surface,  and  results  in  a  decrease  in  the 
insulation  resistance  which  is  inversely  proportional  to  the  length. 
It  is  usually  specified  in  megohms  per  mile  and  varies  to  a  con- 
siderable extent  from  day  to  day,  smce  it  is  largely  dependent 
upon  the  amount  of  moisture  present,  which  in  tiu*n  depends  upon 
the  humidity  of  the  atmosphere,  even  when  the  insulation  is  impreg- 
nated with  non-hygroscopic  compounds.  The  effect  of  the  latter 
causes  a  considerable  time  lag,  however,  since  the  impregnated 
insulation  does  not  immediately  take  up  the  moisture  from  the 
atmosphere. 

Dieleetrie  Strength. — ^The  dielectric  strength  of  an  insulator  is  a 
totally  different  thing  from  its  insulation  resistance  and  is  measured 
by  the  voltage  which  each  centimetre 
thickness  of  the  insulation  will  stand, 
and  a  high  insulation  resistance  does  not 
at  all  imply  a  high  dielectric  strength. 
The  higher  the  voltage  the  greater  the 
strain  on  the  insulation,  and  thus  the 

maximum  value  of  the  voltage  must  be       

considered  and  not  the  R.M.S.  value,  since  seconds, 

it  is   possible,  by  having  two  different  '       fio.  268.--Time  curve  of  an 
wave  forms,  to  strain  the  insulation  differ-  inaiiutor. 

ently,  although  the  R.M.S.  value  may  be  the  same  in  the  two  cases. 
When  a  specimen  of  insulation  breaks  down  it  becomes  punctured, 
and  on  a  subsequent  application  of  voltage  this  puncture  acts  as  a 
conducting  path,  with  the  result  that  the  insulation  is  permanently 
mined.  Further,  it  has  been  found  by  experiment  that  straining 
a  specimen  of  insulation  close  up  to 'its  breakdown  point  is  bad  for 
it,  since  it  has  a  weakening  effect.  By  applying  a  voltage  slightly 
lower  than  that  which  will  cause  breakdown  for  a  considerable  time, 
a  reduction  in  the  maximum  voltage  which  the  insulation  will  stand 
is  brought  about,  thus  necessitating  a  considerable  factor  of  safety. 
In  fact,  time  curves  can  be  obtained  for  solid  insulators  showing  the 
relation  between  the  applied  voltage  and  the  time  taken  to  break 
down  the  insulation,  ^ese  curves  are  of  the  t3rpe  shown  in  Fig.  268. 
This  time  effect  is  also  present  in  the  case  of  air  insulation,  but  is 
so  irregular  as  to  prevent  such  a  curve  being  obtained.  Another 
point  in  connection  with  the  breakdown  voltage  is  that  it  is  not  by 
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any  means  proportional  to  the  thiokneBS  of  the  inBnlation,  moreasing 
more  slowly  than  the  thickness.  Also  two  layers  of  material  will 
give  a  different  value  from  one  layer  of  double  the  thickness,  whilst 
different  specimens  of  the  same  material,  even  from  the  same  batch, 
will  give  surprisingly  different  results. 

H.T.  Switehboards. — ^In  view  of  the  great  personal  danger  which 
would  be  incurred  in  operating  H.T.  switchgear  directly,  special 
precautions  have  to  be  taken,  resulting  in  the  evolution  of  switch- 
boards totally  different  from  those  in  use  on  L.T.  circuits.  The  H.T. 
apparatus  is  all  placed  in  chambers  which  are  normally  i^iaccessible 
when  the  gear  is  *'  live  "  and  is  operated  from  a  distance  by  what  is 
known  as  remote  control.  The  switchboard  itself,  as  biown  in 
L.T.  work,  is  done  away  with  and  the  apparatus  is  mounted  upon 
the  wall,  usually  in  separate  cells  or  cubicles  corresponding  to  the 
panels  of  a  L.T.  switchboard.  Two  types  of  remote  control  are 
employed,  viz.,  mechanical  and  electrical.  In  the  mechanical 
remote  control  the  switches  are  operated  by  long  rods  and  levers, 
which  project  through  a  protecting  partition  in  front  of  the  switch- 
gear.  In  some  cases  the  H.T.  switchgear  itself  is  placed  on  the 
ground  level,  whilst  the  operating  is  done  from  a  gallery  situated 
above,  in  which  case  the  switch  levers  come  up  through  the  floor. 
All  ammeters  and  voltmeters  are  operated  through  transformers, 
so  that  only  L.T.  apparatus  is  dealt  with  by  the  switchboard 
attendant. 

Electrical  remote  control  consists  in  having  the  switches  operated 
by  means  of  electromagnets  or  small  motors,  the  controlling  gear 
being  supplied  from  an  auxiliary  source  at  a  low  pressure. 

Examples  of  pneumaticaJly  controlled  switchgear  are  also  in 
existence,  but  they  suffer  from  the  disadvantage  of  complication  in 
common  with  electrical  remote  control. 

Seetionalised  Bus  Bars. — ^In  large  generating  stations  it  is 
advisable  to  divide  the  bus  bars  into  sections  in  order  to  minimise 
the  possibility  of  a  shut-down.  It  may  also  be  desired  to  run  the 
different  sections  separately  on  occasion.  Duplicate  bus  bars  are 
employed,  each  one  frequently  being  built  in  the  form  of  a  dosed 
ring  so  that  it  may  be  supplied  from  either  end.  A  complete  set 
of  synchronising  gear  is  required  for  each  section,  and  in  addition 
another  set  is  necessary  for  the  purpose  of  indicating  whether  the 
various  sections  are  in  phase  before  paralleling  them.  A  modem 
development  consists  in  inserting  reactance  coils  between  the  sections 
in  order  to  limit  the  effects  of  a  possible  short  circuit.  These  do 
not  cause  any  loss  of  power  and,  further,  do  not  interfere  with  the 
regulation,  merely  limiting  the  amount  of  power  transferred  from 
one  section'  to  another. 

H.T.  Fuses. — ^The  great  difficulty  with  H.T.  fuses  lies  in  effectually 
extinguishing  the  arc  which  is  formed  when  they  operate.  For  this 
purpose  very  long  fuses  are  employed,  often  encased  in  porcelain 
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tubes  which  sometimes  reach  a  length  of  several  feet.  These 
porcelain  tubes  are  apt  to  become  broken  by  the  violence  of  the 
explosion  on  a  sndden  short  circuit,  and  to  reduce  the  chance  of  this 
they  are  sometimes  lined  with  plaster  of  Paris,  which  serves  as  a 
buffer. 

Oil  immersed  fuses  (such  as  the  Ferranti  oil  fuse)  are  also  em- 
ployed, the  fuse  itself  being  kept  in  tension  by  means  of  springs,  so 
that  when  it  melts  the  broken  ends  are  drawn  rapidly  apart  and 
dragged  under  the  oil,  where  the  arc  is  effectually  extinguished. 

Relays. — ^Belays  are  largely  used  on  H.T.  circuits  for  the  purpose 
of  oi)6rating  circuit  breakers  and  have  superseded  fuses  to  a  large 
extent  on  account  of  their  greater  reliability.  Belays  may  be 
divided  broadly  into  the  following  groups  : — 

1.  Maximum  or  Overload  Belays. 

2.  Minimum  Belays. 

3.  No-load  or  No-voltage  Belays. 

4.  Beverse  Current  Belays. 
6.  Beverse  Power  Belays. 
6.  Differential  Belays< 

A  simple  form  of  the  solenoid  type  of,  overload  relay  is  shown  in 
Fig.  269.  The  main  current  is  passed  through  a  solenoid  which 
attracts  an  iron  plunger  the  move- 
ment of  which  is  retarded  by  means 
of  a  dashpot,  producing  what  is 
knownasafime  lag.  In  the  majority 
of  cases  instantaneous  action  is  not 

desired,  the  amount  of  time  lag  V-L— Ail«M«rf 

required  being  dependent  upon  the         ACGmait^  1 1^^^""*** 
duties    which    the    relay    fulfils.  ^MVingar 


When  the  plunger  is  lifted  two  ^^^^OilDashPM: 

switch  contacts  are  closed,  allowing 

an   auxiliary   battery  to   send   a  Fio.  260.-ov«rioad  Eeiay. 

current  through  the  trip  coil  of  the 

circuit  breaker,  which  causes  it  to  operate.    The  induction  or 

Ferrari's  principle  is  also  used,  the  action  being  the  same  as  in  the 

induction  type  ammeter  and  voltmeter  except  that  instead  of  a 

pointer  a  cord  runs  over  a  pulley  and  lifts  or  lowers  a  movable 

switch  contact  which  closes  and  opens  the  trip  coil  circuit. 

Minimum  current  and  no-voltage  relays  are  constructed  on  the 
same  principle  as  the  above,  only  the  switch  contacts  are  closed 
when  the  plunger  sinks  to  a  certain  level. 

An  example  of  a  reverse  current  relay  for  A.C.  work  is  shown  in 
Fig.  270,  which  jllustrates  the  Andrews'  discriminating  relay.  The 
relay  contacts  are  carried  on  an  iroji  core  which  is  magnetised  by 
two  windings  in  ])arallel.  As  these  two  are  magnetically  in  opposi- 
tion»  there  is  no  resultant  pull  in  normal  conditions.    The  two  free 
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ends  of  the  coils  on  the  plunger  are  connected  to  a  similar  differential 
winding  on  a  choking  coil,  the  whole  arrangement  being  oonnected 
across  the  bus  bars  through  a  potential  transformer.  The  choking 
coil  is  also  magnetised  by  another  winding  obtained  from  a  current 
transformer  in  series  with  the  main  line.  If  the  main  current  is 
normal  the  effect  of  this  additional  winding  is  to  weaken  the  top 


Owkii^Coil'^ 


ACBusBars 


Fio.  270.— Andrews'  Discriminating  Relay. 


half  of  the  differential  winding  and  to  strengthen  the  lower  half, 
thus  holding  the  plunger  down.  On  the  other  hand,  if  a  reversal 
of  the  current  occurs,  such  as  is  obtained  when  an  alternator  takes 
a  motoring  current  from  the  bus  bars,  the  upper  half  of  the  differen- 
tial coil  is  strengthened  and  the  plunger  is  raised,  thus  closing  the 
trip  coil  contacts. 

The  wattmeter  principle  is  frequently  adopted  for  reverse  power 
relays,  since  the  deflection  of  a  wattmeter  pointer  reverses  when 

the  direction  of  transference  of 
power  is  reversed.  In  the  relisby  the 
pointer  is  replaced  by  a  disc  which 
rotates,  thereby  raising  or  lowering 
the  trip  coil  switch  contact.  A 
diagram  of  connections  of  such  a 
Hjgl*"  relay  is  given  in  Fig.  271.  The 
relay,  B,  has  a  series  and  shunt  coil 
fed  from  a  current  transformer, 
O.T.,  and  a  potential  transformer, 
P.jT.,  respectively.  The  latter  cir- 
cuit is  protected  by  a  fuse,  F. 
When  the  relay  Contacts  are  closed 
the  battery,  B,  sends  a  current 
through  the  trip  coil,  jP.,  so  as  to 
operate  the  circuit  breaker  and  thus 
isolate  the  generator,  G. 
Merz-Prlee  Gear. — ^The  Merz-Price  protective  gear  has  for  its 
object  the  isolation  of  a  faulty  feeder  when  a  breakdown  occurs, 
the  relays  not  operating  in  the  case  of  a  surge  or  a  temporary  over- 


FiG.  271.— Eerene  Power  Belay 
Connections. 
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load.  ♦  The  feeder  to  be  protected  has  a  small  current  transformer, 
G^T,^  placed  in  series  with  it  at  each  end,  the  two  secondaries  being 
joined  in  series  with  one  another,  but  in  opposition,  and  in  series 
with  two  relays,  -B,  as  shown  in  Kg.  272.  This  necessitates  a  small 
auxiliary  cable  Joining  the  two  relays,  which  are  situated  at  opposite 
ends  of  the  feeder.  Since  the  two  current  transformers  are  similar 
and  in  opposition,  they  will  balance  one  another  for  all  loads,  and 
the  relays  will  not  open  the  circuit  breakers  even  on  an  overload. 
But  if  a  fault  develops  on  the  feeder,  the  current  flowing  out  at  the 

^-^ivvv^ — Wh- 
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Fig.  272.— Arrangemeiit  of  Men-Price  Gear. 

far  end  is  no  longer  equal  to  the  current  flowing  in  at  the  near  end, 
and  the  two  secondaries  will  no  longer  balance  each  other.  The 
resulting  current  in  the  relay  circuit  now  operates  the  circtiit  breaker 
and  isolates  the  faulty  feeder.  In  the  case  of  a  feeder  linking  up 
two  sub-stations,  the  current  may  flow  either  way  in  normal  circum- 
stances, and  thus  a  reverse  current  relay  would  not  be  admissible, 
whilst  this  apparatus  would  protect  the  circuit. 

In  the  case  of  a  three  phase  system,  a  three  core  pilot  cable 
is  laid  with  each  feeder  to  provide  the  relay  circuits. 

Instruments. — For  voltmeters  in  use  on  H.T.  circuits  the  usual 
practice  is  to  operate  them  through  potential  transformers  [see 
Fig.  175  (a)],  the  scales  of  the  instruments  being  marked  so  as  to 
indicate  the  line  voltage.  Each  voltmeter  must  be  calibrated  in 
conjunction  with  its  own  particular  potential  transformer. 

In  a  similar  way,  ammeters  are  run  from  the  secondaries  of 
current  transformers  [see  Fig.  175  (6)],  so  that  the  instruments  them- 
selves are  not  in  electrical  contact  with  the  H.T.  system. 

In  the  case  of  wattmeters  and  watt-hour  meters,  the  pressure 
coils  are  treated  like  voltmeters,  being  run  through  potential  trans- 
formers, and  the  current  coils  are  treated  like  ammeters,  being  run 
through  current  transformers. 

Line  Choking  CoUs. — Choking  coils  of  a  particular  design  and 
carrying  the  full  line  current  are  employed  at  the  generator  end 
of  a  transmission  line  for  the  purpose  of  protecting  the  apparatus 
behind  it  from  the  effects  of  a  lightning  discharge  the  frequency  of 
which  is  supposed  to  be  of  the  order  of  millions  of  cycles  per  second. 
These  choking  coils  usually  consist  of  two  fiat  copper  spirals,  mounted 
one  on.  each  side  of  a  marble  slab  and  connected  in  parallel  with 
one  another,  but  in  series  with  the  main  line.    At  the  normal 
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freqtiencieB  of  supply  these  are  practically  non-inductive,  but  with 
the  extremely  high  frequencies  obtained  in  the  case  of  a  lightning 
discharge  they  produce  a  very  strong  choking  effect,  so  that  practi- 
cally none  of  the  induced  current  flows  through  them,  but  is  dissi- 
pated by  the  lightning  arresters  instead. 

Earthing. — ^^e  advisability  of  earthing  A.C.  systems  has  given 
rise  to  much  discussion:  In  the  case  of  single  phase  railway  systems 
an  earthed  return  is  used,  the  line  wire  being  insulated.  In  poly- 
phase transmission  schemes  it  is  the  neutral  point  which  is  earthed, 
except  in  those  cases  where  the  whole  system  is  left  insulated.  With 
perfectly  balanced  loads  the  neutral  point  automatically  assumes  the 
earth  potential,  but  these  conditions  are  by  no  means  always  ful- 
filled. The  potential  of  the  neutral  point  then  tends  to  assume  a 
value  other  than  that  of  the  earth,  and  this  is  prevented  by  putting 
the  two  points  in  electrical  contact.  This  tends  to  maintain  equality 
in  the  capacity  currents  to  earth  in  the  different  phases  and  prevents 
the  consequent  unbalancing  of  the  voltages:  It  also  tends  to 
maintain  equality  in  the  maximum  stress  in  the  insulation  to  earth, 
the  magnitude  of  which  would  be  increased  if  the  potential  of  the 
neutral  point  were  allowed  to  alter. 

On  the  other  hand,  a  single  earth  fault  on  the  system  is  sufficient 
to  cause  an  interruption  of  the  supply,  which  is  not  the  case  if  the 
whole  system  is  insulated  throughout  in  normal  circumstances.  In 
ordpr  to  limit  the  short  circuit  current  resulting  from  such  a  fault, 
it  is  usual  to  insert  a  resistance  or  a  choking  coil  in  the  earth 
connection  from  the  neutral  point. 
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Overhead  Lines. — The  overhead  system  of  transmission  consists 
in  its  simplest  form  of  a  number  of  bare  wires  supported  by  insulators 
carried  from  the  cross-arms  attached  to  wooden  or  iron  poles.  The 
cost  per  mile  of  such  a  system  is  only  about  half  that  for  a  corre- 
sponding underground  system,  added  to 
which  there  is  the  frui>her  advantage 
afforded  by  the  ease  with  which  inspection 
and  repairs  can  be  carried  out.  It  is  not 
particularly  suitable  for  densely-populated 
area49,  partly  on  account  of  the  danger 
incnrred  in  the  event  of  a  breakage  and 
partly  on  account  of  its  ugliness.  For  long 
distance  transmission  over  stretches  of 
country,  however,  it  is  the  only  system 
which  need  be  considered.  Stranded  con- 
ductors are  employed  in  H.T.  lines  in  order 
to  obtain  a  imiform  distribution  of  stress. 
For  pressures  up  to  about  20,000  volts  the 
lines  should  be  spaced  at  not  less  than  two 
feet  apart,  this  minimum  distance  gradu- 
ally increasing  as  the  transmission  voltage 
is  raised. 

Wooden  poles  impregnated  with  creosote 
are  used  as  supports,  but  modem  develop- 
ments have  tended  to  complicate  matters  in 
this  case,  A-  and  H-shaped  erections  being 
sometimes  used,  these  being  formed  of  two 
poles  stiitably  braced  together.  The  adop- 
tion of  longer  spans  with  the  consequent  increase  in  the  height  of  the 
supporting  poles  has  led  to  the  development  of  latticed  towers  built 
up  of  angle  and  channel  steel.  These  towers  sometimes  reach  the 
height  of  70  feet  and  have  to  be  constructed  very  strongly,  especially 
when  they  form  what  is  known  as  a  dead  end,  which  is  the  end  tower 
of  a  line.    In  such  cases,  the  towers  have  to  be  very  securely  anchored 
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FIG.  273.— LaAttoed  Steel 
Tower. 
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in  order  to  withstand  the  large  unbalanced  horizontal  force  to  which 
they  are  subjected.  Fig.  273  shows  an  example  of  a  latticed  steel 
tower  as  used  in  this  class  of  work. 

Underground  Hains. — ^In  this  country  the  majority  of  H.T.  trans- 
mission systems  are  carried  out  by  means  of  armoured  cables  laid 
underground.  For  three  phase  systems,  cables  having  three  cores 
inside  one  lead  sheath  are  largely  employed.  As  the  tendency  is 
to  raise  the  working  voltage  as  the  transmission  distance  is  increased, 
it  follows  that  the  comparatively  short  distances  met  with  in  this 
country  do  not  call  for  any  extraordinarily  high  pressures.  Under- 
ground mains  operating  with  pressures  up  to  20,000  volts  and  trans- 
mitting to  distances  of  20  or  30  miles  are,  therefore,  employed  in 
the  great  majority  of  cases. 

Insulators. — line  insulators  are  required  to  withstand  both 
mechanical  and  electrical  stresses,  in  addition  to  which  the  surface 

leakage   path   must   have    a    sufficiently 
high  resistance  to  prevent  any  appreciable 
leakage  current  flowing  to  earth.    A  line 
insulator  may  break  down  in  two  ways. 
It  may  flash  over,  in.  which  case  a  spark 
passes  from  the  line  wire  over  the  su^ace 
of  the  insulator  and  possibly  jumps  across 
an  air-gap  in  places,  or  it  may  puncture^ 
in  which  case  the  6park  actually  passes 
through  the  material  to  earth.    When  a 
breakdown  of  the  former  type  occurs  the 
insulator  will  continue  to  act  in  its  proper 
capacity  after  the  event,  but  when  it  is 
punctured  it  is  ruined  permanently. 
Line  insulators  are  mostly  constructed  of  porcelain,  although 
other  materials  are  also  occasionally  met  with,  for  example,  glass. 
Two  main  types  are  used,  called  the  pin 
type  and  the  sTiapension  type  respectively. 
The  pin  type  (see  Fig.  274)  consists  of 
a  metal   pin  or  bolt,  threaded  at   the 
upper  end,  upon  which  is   screwed  the 
porcelain   insulator  built  up  in  several 
sections  which  are   cemented   together. 
A   large   number  of   modem  insulators 
have    the    pin     cemented    into    place. 
Wooden  pins  are  also  used.     An  ade- 
quate length  of  leakage  path  is  obtained 
by  providing  the  insulator  with  a  num- 
ber of  petticoats,  as  they  are  termed.    These  serve  to  increase  the 
flash-over  voltage  and  are  so  designed  that  even  if  the  upper 
surfaces  are  exposed  to  the  action  of  rain  there  is  still  sufficient 
insulation. 


Fig.  274.— Pin 
35,000 


Insulator. 


FlO.  275.— SnspenBion  Type 
Insulator. 
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The  suspension  type  of  insulator  consists  of  a  number  of  units 
suspended  from  one  another,  the  upper-most  one  being  carried  from 
the  cross-arm  on  the  standard,  whilst  the  line  wire  is  supported  from 
the  underneath  side  of  the  lowest  one.  Each  unit  consists  of  one  or 
two  porcelain  sheds  cemented  together,  as  shown  in  Eig.  275.  The 
outer  shed  or  petticoat  is  covered  by  a  metal  cap  cemented  in  place, 
the  upper  end  of  which  terminates  in  two  lugs  which  receive  a  pin 
from  which  the  unit  is  suspended  from  the  next  one  above.  The 
bolt  of  the  pin  type  insulator  is  replaced  by  a  metal  pin  cemented 
in  position  and  terminating  in  a  hook  or  an  eye,  from  which  the 
next  tmit  is  hung.  On  account  of  their  increased  mechanical 
strength,  insulators  of  this  type  are  now  universally  employed  for 
very  hig^  voltage  lines. 

Cables. — CaUes  for  A.C.  work  frequently  have  all  the  conductors 
built  up  inside  a  common  covering,  a  more  compact  construction 
being  thus  obtained.  For  three  phase  work  this  involves  three 
conductors  being  built  up  together,  forming  what  is  known  as  a 
three  core  cable.  Each  conductor  must  be  efficiently  insulated 
from  its  neighbour  and  also  from  earth  and  is  stranded  in  itself, 
whilst  the  three  cores  are  given  a  slow  twist  or  toy,  so  that  they  trace 
out  a  spiral  path  instead  of  running  straight  along  the  cable.  Paper 
insulation  is  universally  adopted  for  high  voltages,  and  as  this  is 
hygroscopic,  a  lead  sheath  is  drawn  over  the  whole  as  a  protection 
against  moisture.  Mechanical  injury  is  prevented  by  steel  armouring. 


{a)  (h) 

#10.  276.— Three  Core  Lead-covered  Cables. 

I^g.  276  (a)  shows  the  section  of  a  three  core  lead-covered  cable, 
wUlst  Fig.  276  (6)  shows  a  more  economical  design  resulting  in  a 
reduction  of  the  overall  diameter  without  decreasing  the  minimum 
thickness  of  the  insulation.  For  extremely  high  voltages  it  is 
desirable  to  have  a  large  radius  of  curvature,  and  to  this  end  the 
conductors  are  sometimes  formed  by  winding  the  strands  round  a 
hollow  lead  tube,  but,  unfortunately,  this  leads  to  an  increase  in 
the  diameter.  Fig.  277  shows  an  example  of  such  a  cable  intended 
for  use  on  100,000  volts. 

A  different  type  of  cable  is  that  known  as  the  concentric^  where 
there  is  a  central  stranded  conductor  surrounded  by  the  other 
one,  which  is  .made  of  a  single  layer  of  strands  in  tubular  form.    For 
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three  phase  work  inph-concenirie  cables  are  sometimes  used,  as 
shown  in  Fig.  278,  the  sizes  of  the  strands  in  the  three  conductois 
being  necessarily  different,  since  they  must  each  have  the  same 
cross-sectional  area.  These  cables  suffer  from  the  disadvantage 
of  having  unequal  capacities  between  phases,  this  leading  to  a  certain 
amount  of  unbalancing  of  the  load.  The  magnetic  field  exterior 
to  the  cable  is,  however,  eliminated,  and  in  this  respect  it  is  superior 


Fia.  277.-100,000  Volt  Cable. 


to  the  three  core  cable.  In  the  latter  an  appreciable  magnetic  field 
is  set  up  in  the  near  neighbourhood,  and  this  gives  rise  to  an  eddy 
current  loss  in  the  lead  sheath.  Further,  since  the  three  cores  are 
wound  spirally  round  each  other,  they  each  act  as  a  solenoid  and 
thus  possess  a  certain  amount  of  inductance. 

The  armouring  is  obtained  by  enclosing  the  cable  in  a  layer  of 
steel  tape  or  galvanised  steel  wires  bedded  down  on  to  a  layer  of 


Insulation 
'Lead  Sheath 
Yam  Bedding 
Steel  Tape 
Jnte  Coyeiing 


Fio.  279.-*Steel  Ta^M  Armoured 
Cable. 


Fio.  278.— Trlple-ooncentric 
Cable. 


yam  with  which  the  lead  sheath  is  served.  One  method  of  armouring 
consists  in  winding  two  steel  tapes  spirally  round  the  cable,  one  on 
top  of  the  other,  in  such  a  manner  that  all  the  joints  in  the  first 
are  covered  up  by  the  second.  Another  type  of  steel  tape  armouring 
is  shown  in  Fig.  279.  When  wire  armouring  is  adopted,  a  single 
layer  of  galvanised  steel  wires  is  wound  spirally  on  to  a  yam 
bedding  as  shown  in  Fig.  280.  For  additional  strength  a  double 
layer  Of  wire  is  sometimes  used,  and  a  particular  type  known  as 
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kfck-coil  armour  has  recently  been  introduced.  In  this  case  the 
wire  is  made  of  a  peculiar  cross  section,  as  shown  in  Fig.  281,  so 
thsLt  each  wire  is  locked  into  position  by  its  neighbours.     The 


Insulation 
Lead  Sheath 
Yam  Bedding 
Galvanised  Steel  Wires 
Jute  Covering 

Fig.  280.— Wire  Armoured  Cable. 

armouring  itself  is  protected  from  corrosion  by  means  of  *  an 
external  layer  of  jute  which  has  been  impregnated  with  some 
preservative  compound  to  prevent  it  from  rotting. 


Insulation 
Lead  Sheath 
Yam  Bedding 
Lock-ooU  Armour 
Jute  Covering 


Fu.  281.— Lock-ooil  Annoured  Cable. 

Graded  Insulation. — ^In  ordinary  cylindrical  cables  there  is  an 
unequal  electrical  stress  on  the  insulation,  this  being  a  maximum 
at  the  surface  of  the  conductor.  If  the  radius  of  curvature  of  the 
conductor  be  decreased  this  maximum  value  of  the  stress  is 
increased.  The  reason  for  sometimes  arranging  the  strands  of  very 
high  voltage  cables  round  a  hollow  lead  cylinder  is  thus  apparent. 
If  the  conductor  is  imagined  to  be  charged  up  to  a  high  potential, 
the  outside  surface  of  the  insulation  being  earthed,  it  is  found  that, 
on  traversing  the  insulation  from  conductor  to  earth,  the  voltage 
drop  per  cm.  in  the  dielectric  is  not  constant.  The  potential  falls 
at  a  greater  rate  in  the  immediate  vicinity  of  the  conductor  than  it 
does  when  further  away.  There  is,  therefore,  an  increased  tendency 
for  the  inside  layers  to  break  down,  which  would  reduce  the  total 
insulation.  The  next  inside  layer  would  then  break  down  until  the 
whole  insulation  was  punctured.  If  the  inside  layers  are  made 
sufficiently  strong  for  their  work,  the  outside  layers  are  stronger 
than  is  necessary,  assuming  a  uniform  dielectric  throughout.  In 
order  to  equalise  the  volts  per  cm.  over  the  different  layers  graded 
insuiaiion  is  emjiloy^.  This  consists  of  concentric  layers  of 
insulation  having  different  specific  inductive  capacities  or  dielectric 
constants.    The  material  nearest  the  conductor  itself  has  the  highest 


304  ALTERNATING  CURRENTS  ch. 

dielectric  constant.  This  leduces  the  voltage  drop  in  this  neigh- 
bourhood just  as  the  voltage  drop  over  a  portion  of  a  simple  series 
O.C.  circuit  is  reduced  by  decreasing  the  resistance  of  that  portion 
of  the  circuit. 

Grading  the  insulation  in  this  manner  is  only  of  commercial 
interest  in  the  case  of  E.H.T.  cables. 

Corona. — ^When  bare  conductors  are  suspended  in  proximity  to 
one  another  and  have  a  very  high  voltage  impressed  upon  them,  they 
become  surrounded  by  a  faint  luminous  glow  called  the  cororuiy  if 
the  voltage  is  sufficiently  high.  As  the  voltage  is  raised  still  further, 
this  glow  is  accompanied  by  a  hissing  and  crackling  sound,  whilst 
faint  streamers  and  sparks  appear  to  come  from  the  outer  zone 
of  the  corona  and  finally  disappear  in  the  atmosphere.  This  latter 
stage  is  called  the  hru^  dUcharge, 

The  luminous  belt  surrounding  the  conductor  consists  of  air 
which  has  broken  down  under  the  high  electrical  stress  to  which  it 
has  been  subjected  and  has  become  temporarily  conducting.  The 
action  is  similar  to  that  of  the  cable  illustration  in  the  previous 
paragraph.  The  inside  layers  break  down  first  because  the  voltage 
drop  per  cm.  increases  as  the  surface  of  the  conductor  is  approached, 
and  if  the  voltage  be  sufficiently  high,  or  the  radius  of  curvature 
of  the  conductor  sufficiently  small,  the  surface  layer  of  air  is  not 
capable  of  withstanding  the  pressure  and  breaks  down,  forming  the 
conducting  belt  which  comprises  the  corona.  The  corona  thus 
formed  extends  until  the  external  radius  of  curvature  is  sufficient 
to  bring  the  voltage  drop  per  cm.  within  the  limits  which  ordinary' 
air  can  withstand.  The  diameter  of  the  corona  depends  upon 
the  voltage,  and  if  the  latter  corresponds  to  a  diameter  less  than 
that  of  the  wire  itself,  then  no  corona  will  be  formed. 

The  effect  of  increasing  the  radius  of  curvature  of  the  conductor 
is  to  prevent  the  appearance  of  the  corona  until  a  higher  voltage 
has  been  reached.  The  critical  voltage  also  depends  upon  the 
distance  apart  of  the  wires,  being  higher  for  greater  distances. 
After  a  certain  point,  however,  a  further  increase  in  the  distance 
apart  has  no  appreciable  effect. 

The  maintenance  of  a  corona  involves  the  dissipation  of  a  certain 
amount  of  power,  particularly  if  a  brush  discharge  is  formed  in 
addition.  The  loss  varies  with  the  ph3rsical  conditions  of  the 
atmosphere,  the  effect  of  rain  being  relatively  small,  whilst  that  due 
to  fog  and  smoke  is  much  larger.  With  the  extremely  high  voltages 
used  in  some  long  distance  transmissions  the  loss  may  amount  to 
several  kilowatts  per  mile. 

Comparative  Effieienoies  of  Overhead  Systems. — ^The  efficiency  of 
transmission  is  not  the  same  for  all  the  different  systems,  the  three 
phase  having  a  distinct  advantage  over  the  pther  A.C.  systems. 
In  order  to  compare  them  with  one  another  when  an  overhead 
line  construction  is  employed,  cases  will  be  considered  when  the 
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power  transmitted,  distance  and  maximum  voltage  to  earth  are 
fixed. 

liot  the  power  to  be  transmitted  be  P,  the  maximum  voltage 
to  earth  be  E,  and  the  resistance  of  each  line  wire  be  R  when  C.C. 
is  employed. 

C€i8e  L     Caniinuoua  Current. 

Assuming  the  middle  point 'of  the  system  earthed,  the  line 
voltage  is  2E. 

Line  current  ~  oj?* 

P* 
Watts  lost  per  line  =  Tm^- 

Total  watts  lost      =  2^B  =  ^i?. 

Let  the  cross  section  of  each  conductor  be  one  unit  and  the 
total  weight  of  copper  employed  be  one  unit. 

Ciise  II.     Single  Phase,  One  Line  Earthed, 

E 
R.M.S.  volts  between  lines  =  —=• 

\/2 
p 
Line  current 


^XCO«^ 


2P* 

Watts  lost  per  line  =  =r ^—.  -R,- 

^  E^  cos*  if>     '^' 

Total  watts  lost  =  ^= =rT  -R*  v » 

E*  cos*  <l>     '^ 


*t.p. 


where  i2«.D.  is  the  resistance  of  each  line  wire, 

Z!.ff-       4P* 
2E^  JB«cos«^ 

^  ^     cos*  S 

and  Rgp  =  Rx      q  ^* 


For  equal  losses      ^^R  =  „,,_,^  R.p. 


The  cross  section  of  each  conductor  must,  therefore,  be 


cos*  ^ 
g 

units  and  the  total  weight  of  copper  — ^—,  units. 
®  ^'^      cos*  ^ 

This  comparison  is  not  altogether  fair,  because  the  C.C.  system 
was  considered  as  having  its  middle  point  earthed,  whilst  the  A.C. 
system  had  one  line  earthed.  In  single  phase  railway  work,  how- 
ever, it  is  usual  to  have  one  line  earthed. 

X 
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Caae  III,     Two  Phase,  Middle  Point  Earthed, 


CH. 


R.M.S.  volts  to  earth 

R.M.S.  line  volts 
Line  current 

Watts  lost  per  line 
Total  watts  lost 

For  equal  losses, 


=  ;^  (see  Kg.  282). 
=  V2=^^' 


2  X  y/2E  X  cosif^ 

^  8^«cos«^^*P- 

-         P'       E 
""2^cos«^    *^ 

p%  p% 

2i72^  =  2J^«co8«^^^ 


and 


R^  =  R  cos*  <f>. 


The  cross  section  of  each  conductor  =  —  Vi  units. 

cos*^ 


Total  weight  of  copper 


2 


cos*^ 


units. 


////////////nnnniiDitiiiiinihiiiiin 


Fio.  282.— Two  Phase  Tranimluion ;  Middle  Point  Earthed. 

Cast  IV,     Two  Phase,  Three  Wire. 


R.M.S.  line  volts 
Line  current 


=  ^(8eePig.283). 


2x^Xcos^ 
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\/2P 


Line  current  in  common  return  = 


2x^Xco8^ 


Ecosiff 


pi 
Watte  lost  per  outgoing  Une        :^  2^^  cos'  d>  ^'^ 

Since  the  common  retu^  carries  V2  times  the  current  in  each 
of  the  other  lines,  the  cross  section  must  be  increased  in  the  same 
ratio  to  maintain  the  same  current  density.     The  resistance  of  this 

line  is,  therefore,  — ;=  X  B'a^, ,  and  the  wattTs  lost  in  it  are 

V2  ^' 


E^  cos"  <f>         y/%  * 

Total  watts  lost  =  2^^=^^*'     +  ^^^\j.  X  ^ 
2-Er*cos*^     *^'      E*cos*<l>       V2 


r 


vw^-^ 


Ems' 


mmnfiwmwm/m//////////, 

Fia.  283.^Two  Phase  Three  Wire  TranHmtwInn. 


For  equal  losses 

J  Df  D  008*  <l>  »  n  COS*  A 

and  *'„.  =  *  X ^ —  =  *  X  _    ■    > 


K'  +  ^.)       '+^* 


The  cross  section  of  each  small  conductor 

2  +  \/2       .^ 

= «-i~  uiuts. 

cos'^ 


z  2 
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The  cross  section  of  the  large  conductor 

2\/2+2      .^ 

= r-7-  units. 

cos'^ 

The  total  cross  section 

_2(2  +  V2)  ,  2V2  +  2 
cos*  ^  cos*  <l> 

6  +  4\/2 


units 


cos*  (f) 

as  compared  with  the  2  units  in  the  C.C.  case. 

3  +  2V2 


The  total  weight  of  copper  = 


cos*^ 
5-82 


cos*^ 
Case  V.     Three  Phase. 

R.M.S.  volts  to  earth  =  ^,- 

y/2 

a/3 

and  R.M.S.  line  volts        =-^2P. 

\/2 

Line  current  = 


units. 


/-      \/3 
a/3  X  —Eco^ik 

V2  ^ 


y/2P 


Watts  lost  per  line     =  ^^g^^oi  jl  *-p 


3J?cos^ 

2P* 

9J5*  cos*  ^ 

2P* 
Total  watts  loBt         =^^^__iJ,, 

Fbr  equal  losses 

pa  2P* 

2F^'"3iS?*cos*^^«'' 

A  r»  r»         3C0S*^ 

and  i?3y  =  5  X  — ^-^ . 

4 

The  cross  section  of  each  conductor  = 


3  cos*^ 


The  total  weight  of  copper  =  ;r =-7  X  - 

®  ^^  3cos*^      2 

2 

~  cos*  ^ ' 
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From  the  above  point  of  view  the  C.C.  system  is  seen  to  be 
superior  to  all  the  A.C.  systems  considered,  but  the  generation  of 
C.C.  at  high  voltages  presents  a  number  of  difficulties  which  have 
enabled  the  A.C.  systems  to  hold  their  own  up  to  the  present. 

Comparative  Efficiencies  of  Underground  Systems. — In  working 
out  the  comparative  efficiencies  for  imderground  systems  the 
maximum  voltage  between  any  two  conductors  will  be  considered 
constant  and  taken  as  E  volts.  Equal  distances  and  powers  trans- 
mitted (P)  will  also  be  considered. 

Case  /.     ContinuotLS  Current. 

Line  voltage  =  E. 

P 


Line  current 


E' 


P^ 
Watts  lost  per  line  =  -=R. 

2P2 
Total  watts  lost      =  -=^  Jf?. 

Again,  let  the  cross  section  of  each  conductor  be  one  unit  and 
the  total  weight  of  copper  employed  be  one  unit. 


Ciue  II.     Single  Phase. 

R.M.S.  line  volts 

Line  current 


E 

vr 

P  V2P 


Acos^      ^^^^* 

^                                      2P* 
Watts  lost  per  line  =  ^„ i-T-B«.p 

4pa 
Total  watts  lost      =  r== r-r  B^p 

For  equal  losses 

2pa  4P« 

JE^"""'JE^co8«^    •^^• 
and  B$.p,  =  i?  X  — s —  • 

Cross  section  of  each  conductor  =  —  ^j- 

Total  weight  of  copper  = 
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Case  III.     Two  Phase  Four  Wire. 

The  middle  point  of  each  phase  is  assumed  to  be  at  the  same 

potential. 

E 
R.M.S.  line  volts     =  — ^ . 

V2 


Line  current 


2— 7r.COS^ 


Watts  lost  per  line  =  ^p^a^^*- 

4P2 

Total  watts  lost      =  ^^ — ^-j  R^ 
2E^coR^<f>    ^' 

For  equal  losses 

2f2  4P2 

E^  2^2cos«^'^- 

and  5^.  =-8  X  cos*^. 

1 
Cross  section  of  each  conductor  = 


cos*^* 

2 

Total  weight  of  copper  =  — j~r . 

Case  IV.     TuDo  Phase  Three  Wire, 

The  maximum  voltage  occurs  in  this  case  between  the  outer 

ends  of  the  two  phases  (see  Fig.  283).     The  maximum  volts  per 

E 
phase  are,  therefore,   -^,  and  the  R.M.S.  volts  per  phase  are 

~E         _E 

V2  X  V2       2  • 

Line  current  in  each  outgoing  line  = 


E 
2  X  2  X  cos^ 

Line  current  in  common  return      =  JV- 

^COS0 

pa 

Watts  lost  per  outgoing  line  =  = ^1.  *  V 

The  common  return  is  supposed  to  have  V2  times  the  cross 
section  of  each  of  the  other  two  lines,  and  the  watts  lost  in  the 
common  return  are 


XX  TRANSMISSION  OF  POWER  311 

Total  watts  lost  =  ^t^^^ i* ».  +  Jjf^^  X  -^ 

For  equal  losses 

and  «-..-*  x|f^. 

2  +  \/2 
The  cross  section  of  each  small  conductor  =  . 


(2  +  V2)  V2 
The  cross  section  of  the  large  conductor  =  — {. ^ — 

®  2C08'^ 


2co8*^  * 

[2  +  V2 

2C08« 

V2  +  1 


The  total  cross  section  ==  2 


cos"^ 

2  +  V2  ,  \/2  +  l 


2oos«^       cos«^ 
3  +  2V2 


cos*^ 

as  oom]>ared  with  2  units  in  the  C.C.  case. 

3  +2V2 
The  total  weight  of  copper  =  -^ jrr- 

2-91 


oos*^ 


Case  V.     Three  Phase. 


E 
B.M.S.  line  volts     =  7^* 

Line  current  = 


V3  X~^  xcos^ 


V2 

2P* 
Watts  lost  per  line  =  ^^^^^R^, 

Total  watts  lost      =3^,^^'^^^^. 
21« 


i^cosV 
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OH. 


For  equal  losses 


and 


2P«  2P« 


B^^  =  R  cos*  <f>. 
Cross  section  of  each  conductor  = 


cos* 


Total  weight  of  copper 


1 


""2      cos«^ 
1-5 


cos*^' 

Three  phase  transmission  is  seen  to  be  the  most  economical  of 
the  A.C.  systems.  From  the  point  of  view  of  generation  both  two 
and  three  phase  systems  are  more  economical  than  single  phase, 
but  the  latter  gains  somewhat  on  the  score  of  simplicity  in  switch- 
gear. 

It  is  seen  that,  for  equal  losses,  the  total  weight  of  copper 
employed  is  inversely  proportional  to  the  square  of  the  power  factor. 
The  effect  of  operating  at,  say,  0*8  power  factor  instead  of  unity  is 

to  increase  the  weight  of  copper  used  in  the  ratio  of  1 :  zr^  or 

1  : 1'56.  A  very  considerable  saving  can  be  effected,  therefore, 
in  the  transmission  copper  if  a  high  power  factor  of  the  load  can  be 
guaranteed. 

Aluminium  Conduetors. — ^Aluminium  conductors  are  now  used  to 
a  limited  e^ctent  for  overhead  lines,  the  question  of  whether  alu- 
minium or  copper  is  the  most  economical  depending  ultimately  upon 
the  relative  price  at  the  time.  In  addition  to  overhead  conductors, 
insulated  aluminium  cables  can  now  also  be  obtained.  The  advan- 
tages of  ieduminium  over  copper  are  (1)  a  less  weight  for  a  given 
resistance  per  mile,  (2)  a  reduced  corona  loss  for  a  given  voltage  due 
to  the  increased  diameter  of  the  wire,  and  (3)  a  less  temperature  rise 
for  a  given  current  and  resistance.  The  disadvantages  of  aluminium 
are  (1)  a  lower  mechanical  strength,  (2)  an  increased  sag  due  to  a 
greater  expansion  on  the  rise  of  temperature,  (3)  a  greater  cross 
section  to  be  affected  by  wind  and  snow,  and  (4)  an  increased 
difficulty  in  soldering  and  jointing. 

The  following  table  gives  some  of  the  properties  of  good  com- 
mercial  copper  and  aluminium. 


Material. 

Sp.  Bes. 

In  mlorobiiis 

p«r  (om.)» 

Weight 

In  lb.  per 

cQ.in. 

in  lb.  per  aq.ln. 

CJoppor 

Aluminium 

1-7 
2-8 

0-32 
0-094 

eoooo 

28000 
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CvOTJT)©r  1*7 

The  relative  resiBtance  is  -n — ^t— —  =    ^^k    =  0-61. 

Aluminium        2*8 

The  relative  density  is  -n — ^^ —  =  ;rs?n  =  ^*^- 

•^  Alumimum      0094 

rwr^       ,  ..      X      .,     X      _.,_  .       Copper  60000 

The  relative  tensile  strength  is  -^ — ^r-, —  =  s^skkr  =  2*  14. 
^         Alumimum      28000 

An  aluminium  wire  to  have  the  same  resistance  as  a  copper  one 

must  have  -      =1-64  times  the  cross  section,  and  the  weight  per 

mile  is,  consequently,  •1*64  x  ^-jt.  =  0*48  times  that  of  the  copper 

wiite.     If  the  price  of  aluminium  is  double  that  of  copper,  the  cost 

of  the  wire  itself  is  just  about  the  same  for  both  materials,  but  there 

are  a  number  of  other  items  the  relative  cost  of  which  cannot  be 

estimated  in  this  simple  way. 

In  the  case  of  insulated  aluminium  cables  the  increased  cross 

section  causes  a  considerable  increase  in  the  cost  of  the  insulation. 

For  example,  if  the  copper  wire  has  a  cross  section  of  1  sq.  in.  the 

diameter  is  1-13  in.      The  corresponding  aluminium  wire  has  a 

cross  section  of  1*64  sq.  in.  and  a  diameter  of  1-45  in.    The  amount 

at  insulation  necessary  is  proportional  to  the  circumference,  the 

1-46 
ratio  of  copper  to  aluminium  being    -j^  =  1-28.    The  aluminium 

cable  requires,  therefore,  28  per  cent,  more  insulation  than  the 
corresponding  copper  one,  and  the  higher  the  voltage  the  more 
important  does  this  factor  become. 

Induetanee  of  Lines. — ^When  considering  a  pair  of  parallel  over- 
head lines  (single  phase)  situated  at  a  distance  d  apart,  each  having 
a  radius  r ,  it  can  be  shown  that  the  inductance  of  each  conductor  is 

d 
7-4  X  10"*  logi0  -  henries  per  mile. 

The  conductors  in  a  three  phase  line  are  often  arranged  in  the 
form  of  an  equilateral  triangle.  The  inductances  of  the  three  leads 
are  equal,  since  the  arrangement  is  symmetrical,  and  is  somewhat 
greater  than  in  a  single  phase  case,  since  each  pair  of  conductors 
is  affected  by  the  jBux  set  up  by  the  other  loops  in  addition  to  the 
flux  set  up  by  itself.  When  the  three  coiiductors  are  arranged  side 
by  side  in  a  line,  the  arrangement  is  no  longer  symmetrical  and 
leads  to  unequal  voltage  drops,  which  tend  to  unbalance  the  line 
voltages. 

The  inductance  of  a  concentric  cable  is  negligible  for  all  practical 
purposes,  since  the  total  current  flowing  in  one  direction  is  equal  to 
the  total  current  flowing  in  the  other  direction. 
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Capaelty  of  Lines. — ^The  capacity  of  two  overhead  wires  lying 

side  by  side,  the  distance  apart  being  at  least  10  diameters  and  the 

wires  being  relatively  far  distant  from  the  earth  or  neighbouring 

buildings,  is 

0-0194       ., 
^  mfd.  per  mile, 

where  D  is  the  distance  between  the  wires  and  d  their  diameter. 
The  units  chosen  do  not  matter,  since  only  the  ratio  is  required. 

The  capacity  of  a  single  overhead  wire  at  a  height  h  above  the 
ground  is 

0039       ., 

In  a  three-phase  line  the  charging  current  is  about  15  per  cent, 
greater  than  in  a  single  phase  line  with  the  wires  situated  the  same 
distance  apart. 

Voltage  Drop  along  Line. — ^All  transmission  lines  possess  a  certain 
amount  of  resistance,  inductance  and  capacity.  The  first  two 
properties  result  in  a  direct  drop  of  voltage,  whilst  the  presence  of 
capacity  causes  a  charging  current  to  flow  into  the  line  even  when 
it  Ib  on  open  circuit.  The  current  fed  into  the  line  is  slightly  greater 
than  the  load  current,  and  this  again  affects  the  voltage  at  the 
receiving  end.  Let  the  total  resistance  and  leakage  reactance  of 
a  single  phase  line  be  represented  by  R  and  X  respectively,  the 
distributed  capacity  being  assumed  to  be  concentrated  at  the 


yft^ 

_^^^^^^^^ 

^^^^-^""^ 

i 

^t>- 

V          r 

^~^/ 

FIG.  284.— Vector  JDiagram  of  Tranwnlaaton  Line. 

centre  of  the  line.  The  charging  current  l^  will  lead  the  voltage 
by  90^  and  will  cause  a  further  voltage  drop,  since  it  has  to  flow 
through  Ao//  the  resistance  of  the  line  wires.  Fig.  284  represents 
the  vector  diagram  of  the  circuit,  where  OF  is  the  voltage  at  the 
receiving  end  and  01  the  load  cmrent.  The  resistance  drop  BI 
Ib  in  ph^e  with  01  and  the  leakage  reactance  drop  XI  leads  01  by 
90^.  In  order  to  make  an  allowance  for  the  resistance  drop  due  to 
the  capacity  current,  the  vector  \RIt  is  added  at  right  angles  to 
OY,    This  latter  is  only  an  approximation  and  is  not  sufficiently 
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accurate  for  exact  work  if  the  charging  current  is  considerable,  as 
is  the  case  on  very  long  lines.  On  adding  all  these  voltages  to  OV, 
the  applied  voltage  OE  is  obtained,  ^e  drop  is  given  by  the 
numerical  difference  between  OE  and  OV.  When  the  power  factor 
is  high,  01  is  nearly  in  phase  with  OV  and  the  value  of  BI  largely 
settles  the  drop,  but  when  the  power  factor  is  very  low,  XI  becomes 
the  predominating  factor. 

For  all  ordinary  line  power  factors  OE  may  be  taken  as  equal  to 
OE^y  and  this  in  turn  is  equal  to 

F  +  ^/  cos  ^  +  XI  sin  ^. 

The  line  voltage  drop  may,  therefore,  be  taken  as  approximately 
equal  to  BI  coaif>  +  XI  sin  ^. 

In  the  case  of  a  balanced  three  phase  system,  it  can  be  shown 
that  the  total  voltage  drop  is  the  same  as  in  a  single  phase  system 
with  the  same  sized  conductors  and  the  same  spacing,  the  total 
amount  of  power  transmitted  being  half  that  in  the  three  phase 
case. 

drde  Diagram  for  Transmission  Line. — ^For  the  sake  of  simplicity 
it  will  be  assumed  that  the  load  at  the  receiving  end  consists  of  a 
motor-generator  of  which  the  motor  has  a  constant  reactance  whilst 
the  power  component  of  the  current  varies  with  the  load.  l?he 
motor  can,  therefore,  be  replaced  approximately  by  a  constant 
reactance  in  series  with  a  variable  resistance.  The  impedance  of 
the  line  is  constant,  so  that  the  example  resolves  itself  into  a  case 
of  two  constant  reactances,  a  constant  resistance  and  a  variable 
resistance  in  series  over  all  which  a  constant  voltage  is  applied. 
The  circle  diagram  is  shown  in  Fig.  53,  where  EO  represents  the 
voltage  at  the  far  end  of  the  line.  In  a  practical  case,  of  course, 
the  voltages  AE  and  OB  would  be  small  compcu^  with  AB  and  EO. 

Voltage  Rise  due  to  Switehing  in  Cable. — ^An  unloaded  cable  acts 
like  a  condenser  and  when  switched  into  circuit  has  got  to  be  charged 
up  to  the  line  potential.  This  is  done  in  an  extremely  short  time, 
and  consequently  a  considerable  charging  current  flows  immediately 
after  closing  the  switch.  This  charging  current  is  proportional 
to  the  rate  at  which  the  charge  is  changing,  and  this  rate  gradually 
decreases.  But  owing  to  the  inductance  of  the  circuit  this  charging 
current  does  not  cease  even  when  the  cable  is  charged  up  to  the 
alternator  voltage,  and  this  results  in  the  potential  of  the  cable 
rising  momentarily  beyond  that  of  the  alternator. 

Jn  some  cases  arrangements  are  made  for  the  voltage  to  be 
applied  to  the  cable  gradually  so  as  to  avoid  this  effect. 

Resonanee  in  Line. — Since  the  line  possesses  both  inductance  and 
capacity,  it  is  possible  for  resonance  to  be  set  up  ;  but  with  the  lines 
ordinarily  met  with  in  practice  the  critical  frequency  is  much  higher 
than  that  usually  emplo3red.  It  is  much  more  probable  that 
resonance  with  one  of  the  harmonics  should  be  set  up  rather  than 
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resonance  with  the  fundamental.  Considerable  voltage  rises  may 
therefore  be  produced  accompanied  by  an  extraordinary  distortion 
of  the  wave  form.  To  prevent  this  and  the  consequent  danger 
to  the  insulation,  alternators  are  so  designed  that  the  E.M.F.  wave 
form  is  as  near  a  sine  wave  as  possible. 

Surges. — A  short  circuit  on  a  line  is  frequently  accompanied  by 
a  transient  rise  of  pressure  called  a  surge.  The  short  circuited  line 
may  be  considered  for  the  moment  as  consisting  of  a  condenser 
in  series  with  an  inductance,  the  short  circuit  being  equivalent  to 
closing  the  switch.  Up  to  this  point  the  condenser  is  charged,  but 
no  current  flows.  When  the  short  circuit  occurs  the  condenser 
begins  to  discharge,  causing  a  current  to  flow  through  the  inductance, 
and  this  continues  until  the  condenser  is  completely  discharged. 
The  energy  stored  up  in  the  condenser,  ^CE^  (see  p.  66),  is  now 
converted  into  an  electromagnetic  form  and  is  equal  to  ^LP,  but 
owing  to  the  inductance  of  the  line  the  current  /  cannot  stop  immedi- 
ately, with  the  result  that  the  condenser  becomes  charged  up  again, 
but  this  time  in  the  reverse  direction.  The  action  is  then  repeated 
until  all  the  energy  concerned  is  frittered  away  in  heating  the 
circuit. 

K,  now,  the  short  circuit  happens  to  occur  at  the  moment  when 
the  current  is  at  or  near  its  maximum  value,  the  quantity  ^LP 
will  be  relatively  large.  This  energy  is  transformed  into  an  electro- 
static form  ^CE^,  and  since  C  is  fixed,  the  magnitude  of  the  voltage 
to  which  the  line  is  momentarily  charged  may  be  considerable. 
From  this  it  follows  that  surges  of  a  dangerous  nature  are  more 
likely  to  occur  on  low  voltage  lines  with  heavy  currents  than  on 
high  voltage  lines  with  relatively  small  currents. 

Underground  systems  are  not  subjected  to  surges  to  the  same 
extent  as  overhead  lines  on  account  of  the  fact  that  the  capacity 
of  an  underground  line  is  usually  greater  than  that  of  an  overhead 
one,  and  hence  E  is  less  for  a  given  value  of  ^GE^. 

Effeet  of  Power  Factor. — ^When  comparing  the  efficiencies  of  the 
different  systems  of  transmission,  it  was  found  that  the  power 
factor  had  a  considerable  effect.  For  a  given  efficiency  of  trans- 
mission the  weight  of  copper  employed  is  inversely  proportional  to 
the  square  of  the  power  factor.  On  the  other  hand,  in  the  case  of 
a  line  already  laid  down  the  loss,  for  a  given  power  and  voltage,  is 
inversely  proportional  to  the  square  of  the  power  factor,  since  the 
latter  is  inversely  proportional  to  the  current.  A  low  power  factor, 
thrai,  has  a  serious  effect  upon  the  efficiency  of  transmission  and 
should  be  avoided  as  far  as  possible.  A  number  of  devices  are  now 
employed  for  the  purpose  of  improving  the  general  power  factor  of 
a  load,  and  some  of  these  will  be  dealt  with  in  Chapter  XXII. 


CHAPTER  XXI 

SYNGHBONOUS  MOTOBS 

Alteriifitor  used  as  a  Motor. — If  two  alternators  are  run  in 
parallel  and  the  driving  force  of  one  is  suddenly  cut  off,  the  machine 
will  continue  to  run  as  a  motor  and  will  take  the  power  necessary 
to  drive  it  from  the  other  machine,  which  will  be  loaded  to  a  certain 
extent  on  this  account.  The  supply  of  C.C.  to  the  field  system 
most  be  maintained  throughout.  For  an  alternator  to  act  as  a 
motor  it  must,  therefore,  be  supplied  with  A.C.  for  the  armature 
and  C.C.  for  the  field  system,  and  further,  as  will  be  seen  later,  the 
machine  must  be  brought  up  to  the  speed  of  synchronism  before  the 
motoring  action  takes  place. 

In  order  to  examine  the  action  in  detail,  take  the  case  of  the 
elementary  two  pole  single  phase  synchronous   motor  shown  in 
Fig.  285.     This  machine  is  supposed 
to  be  exactly  the  same  as  the  corre- 
sponding alternator,  and  may  have  a 
stationary  field  and  a  rotating  arma- 
ture, or  vice  veraa,  the  current  being 
led  into  the  rotating  element  by  means 
of  slip  ring?.    Consider  the  conductor 
which   arrives  at  A  at   the   moment 
when  the  current  is  zero.    The  instan- 
taneous value  of  the  torque  due  to  this     ^^  ^gs^-AcUon^f  synchrooous 
conductor  is  also  zero,  smce  it  is  propor-  Motor. 

tional  to  the  product  of  thefieldstrength 

and  the  armature  current.  The  field  strength  is  assumed  to  be 
constant  throughout.  A  moment  later  the  conductor  has  arrived 
at  B  and  the  armature  has  rotated  through  an  angle,  0.  But  the 
current  has  also  advanced  in  phase  by  6^  and  is  supposed  to  be 
flowing  away  from  the  observer.  This  produces  a  torque  in  a 
clockwise  direction  and  causes  the  armature  to  revolve.  When 
the  conductor  reaches  C  the  current  has  reached  its  maximum 
value,  and  by  the  time  the  conductor  reaches  D  the  current  has 
died  down  to  zero.  Throughout  the  whole  of  this  half-revolution, 
which  has  taken  place  whilst  the  current  has  advanced  through  half 
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a  cycle,  the  torque  haa  been  in  the  same  direction.  A  little  later 
the  conductor  arrives  at  E^  but  the  current  has  now  started  to 
grow  in  the  reverse  direction.  However,  since  this  reverse  current 
is  cutting  the  magnetic  field  in  the  reverse  direction,  the  torque  still 
tends  to  produce  rotation  in  a  clockwise  direction.  By  the  time 
the  armature  has  completed  one  whole  revolution  the  current  has 
advanced  through  one  whole  period.  This  is  the  essential  condi- 
tion for  the  continuance  of  rotation ;  the  armature  must  rotate 
synchronously  with  the  current,  and  hence  the  machine  is  called 
a  synchronous  motor.  The  currents  in  the  other  armature  con- 
ductors produce  torques  which  aid  one  another,  for  during  the  first 
half-period  of  the  current  they  are  cutting  the  field  in  one  direc- 
tion, and  during  the  second  half -period,  when  the  current  reverses, 
they  are  cutting  the  field  in  the  other  direction.  ^ 

The  same  principle  operates  in  the  case  of  two  and  three  phase 
synchronous  motors,  these  being  much  superior  in  their  performance 
to  the  single  phase  machines,  their  great  advantage  lying  in  the ' 
fact  that  they  are  much  less  likely  to  drop  out  of  step  when  subjected 
to  overloads. 

Conditions  for  Running. — Such  a  motor  as  is  described  above  is 
not  self -starting,  and  it  is  necessary  first  to  run  up  the  machine  to 
synchronous  speed  by  some  external  means  and  then  to  synchronise 
it  with  the  supply,  the  field  having  first  been  excited.  In  other 
words,  the  machine  must  be  run  up  and  synchronised  exactly  like 
an  alternator,  and  the  same  conditions  apply.  The  machine  will 
then  continue  to  run  and  take  a  motoring  current  from  the  supply 
as  long  as  it  keeps  in  step.  By  this  is  meant  keeping  in  sjmchronism. 
If  the  armature  does  not  rotate  sjmohronously  with  the  variations 
of  the  current,  there  come  certain  points  in  the  revolution  where  a 
reverse  torque  is  produced,  and  this  tends  to  pull  the  motor  up. 
The  retardation  of  the  armature  causes  it  to  fall  still  further  out  of 
step,  with  the  result  that  the  motor  quickly  comes  to  rest.  Since 
the  armature  is  still  supplied  with  current,  the  circuit  should  be 
opened  immediately,  to  prevent  damage,  since  the  motor  at 
standstill  has  only  the  impedance  of  its  armature  to  limit  the 
current. 

Speed. — ^The  speed  of  a  two  pole  synchronousonotor  has  already 
been  shown  to  hp  one  revolution  per  cycle,  and  this  corresponds 
to  a  speed  of  60/  revolutions  per  minute,  where  /  is  the  frequency. 
If  the  motor  is  a  multipolar  machine  having  p  poles,  the  armature 
conductors  will  advance  past  one  pole  pair  every  cycle,  or,  in  other 

2 
words,  the  armature  will  rotate  through  -  ths  of  a  revolution.   The 

revolutions  per  minute  will  then  be  equal  to 
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The  speed  of  a  pol3^ha8e  synchronous  motor  is  the  same  as  that  of 
the  coireeponding  single  phase  machine  with  the  same  number  of 
poles. 

•The  only  way  to  vary  the  speed  is  to  vary  the  frequency,  and 
this  is  not  a  practical  method.  Synchronous  motors  are,  therefore, 
esBentially  constant  speed  machines. 

No-load  Conditions. — ^When  a  synchronous  motor  is  first  syn- 
chronised with  an  alternator,  the  two  machines  momentarily  act 
as  generators  in  parallel  across  the 
same  bus  bars,  their  E.M.F.'s  acting 
in  the  same  direction.  Considering 
the  local  circuit  formed  by  the  two 
armatures,  these  may  be  regarded 
as  being  in  series  with  each  other 
with  their  two  E.M.F.'s  always 
opposing,    as   shown   in   Fig.   286. 

Tlie  armature  of  the  motor  may,      T^i — ^^  ^^Mot^ 

therefore,  be  considered  as  settincr 

r^'  ,      t^t^TtI  V  ^°^*'^"*5  Fia.  286.-Alternator  driTlng 

up   a  back   E.M.F.   equal  to   and  SynduoDoas  Motor. 

opposite  in  phase   to  the  applied 

voltage.  The  resultant  voltage  in  this  circuit  is  ssero,  and  so 
no  current  is  supplied  to  the  motor  armature.  Since  the  latter 
receives  no  power  in  an  electrical  form  from  the  supply,  it  immedi- 
ately commences  to  slow  up  when  the  mechanical  driving  power  is 
removed.  But  as  soon  as  the  motor  armature  falls  behind  the 
position  where  it  should  be  if  it  maintained  an  absolutely  syn- 
chronous motion,  the  back  E.M.F.  and  the  applied  E.M.F.  no  longer 
neutralise  each  other,  for,  notwithstanding  the  fact  that  they  are 
equal,  no  two  voltages  can  completely  neutralise  one  another  unless 
they  are  in  phase  opposition.  The  applied  and  the  back  E.M.F. 
now  produce  a  resultant  voltage  which  causes  a  current  to  flow 
through  the  motor  armature  and  supplies  it  with  a  certain  amount 
of  power.  If  this  power  is  sufficient  to  maintain  the  rotation,  the 
motor  continues  to  rotate  synchronously,  but  always  lagging  by  a 
constant  small  angle.  If  the  power  supplied  to  the  motor  in  this 
manner  is  not  sufficient  to  overcome  the  losses  at  this  speed,  the 
armature  is  retarded  and  lags  behind  by  a  greater  angle.  The 
ejffect  of  this  is  to  increase  the  resultant  voltage  and  tl^e  armature 
current,  and  the  power  supplied  to  the  motor  is  thereby  increased. 
This  action  goes  on  until  the  motor  lags  by  such  an  angle  as  to 
produce  a  resultant  voltage  which  will  cause  the  necessary  amount 
of  power  to  be  transferred  to  the  motor. 

The  action  is  similar  in  a  way  to  that  which  takes  place  in  a 
C.C.  shunt  motor  where  the  back  E.M.F.  is  exactly  in  opposition 
to  the  applied  E.M.F.,  only  in  the  A.C.  case  the  back  E.M.F.  lags 
by  rather  more  than  180°  behind  the  applied  E.M.F.  instead  of  being 
in  exact  phase  opposition. 
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Torque. — ^In  a  simple  two  pole  single  phase  synchronous  motor 
the  axis  of  the  armature  field  may  be  considered  as  lying  along  the 

line  joining  the  two  conductors 
which  are  connected  to  the  slip 
rings,  just  as  in  a  C.C.  motor  the 
armature  field  lies  along  the  line 
joining  the  brushes.  This  field 
rotates  with  the  armature,  but 
also  varies  according  to  a  sine 
law  with  time,  and  it  reacts  with 
the  main  field  produced  by  the 
exciting  current.  Since  the  latter 
field  is  constant,  the  torque  is 
proportional  to  that  component 
of  the  armature  field  which  is 
at  right  angles  to  the  main  field. 
The  magnitude  of  the  armature 
field  after  the  armature  has  moved 
through  6^  from  the  zero  position  may  be  represented  by  4>sin^, 
where  <b  is  the  maximum  value.  At  the  same  instant,  the  vertical 
component  of  this  (see  Fig.  287)  is  sin  0  times  its  actual  value, 
and     thus     the    instantaneous  , 


FiQ.  287.— HsrpotheUcal  Annature  Flux. 


<psm6 


^sm(e*2Un 


Fio.  288.— Hypothetical  Armatnra  Fluxes  In 
Three  Phaie  Motor. 


torque  is  proportional  to  ^sin*tf . 
This  expression  shows  that  the 
torque  is  of  a  pulsating  character, 
although  it  never  reverses  in 
direction. 

In  the  case  of  a  three  phase 
synchronous  motor,  the  arma- 
ture field  may  be  regarded  as 
-consisting  of  three  components  <psm(d^J2(f) 
spaced  120°  apart  in  space  and 
differing  by  120°  in  phase.  The 
useful  part  of  each  component  is  obtained  in  the  same  way  as  before. 
The  instantaneous  magnitudes  of  the  three  hypothetical  fluxes  are 

*  sin  0,  *  sin  {0  +  120°),  and  ^sin  (0  +  240°),  as  shown  in  Pig.288. 
The  vertical  components   are    *  sin*  0,   4>  sin*  (0  +  120°),    and 

*  sin*  {0  +  240°).      The  resultant   vertical  field  is   obtained  by 
adding  these][together,  and  is  equal  to 

^  sin*  0  +  <b  sin*  {0  +  120°)  +  *  sin*  {0  +  240°) 
=  *  {J  -  J cos2^  +  J  -  |cos2(tf  +  120°)  +  i  -  |cos2  {0  +  240°)} 
=  4>  {f  -  J  cos  25  -  J  cos  {20  +  240°)  -  \  cos  (20  +  120°)} 
=  4)  { 3  _  I  cos  25  —  I  cos  20  cos  240°  +  \  sin  20  sin  240° 

-  I  cos  20  cos  120°  +  \  sin  20  sin  120°} 

=  *|f  —  |cos25  +  icos25--  ^8in25  +  icos25  +  ^sin25> 
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In  other  words^  the  magnitude  of  the  torque  is  independent  of 
the  position  of  the  armature,  and  the  same  statement  holds  true 
for  a  two  phase  machine.  The  faot  that  the  torque  is  constant  in 
magnitude  in  a  pol3^hase  machine  whilst  it  is  of  a  rapidly  pulsating 
character  in  a  single  phase  motor,  dropping  to  zero  twice  per  period, 
indicates  the  reason  why  a  single  phase  synchronous  motor  is  so 
much  more  liable  to  drop  out  of  step  when  a  heavy  overload  or  a 
sudden  change  of  load  occurs. 

Efleet  of  Load* — When  a  load  is  put  upon  the  shaft  of  the  motor, 
the  first  tendency  is  to  retard  the  rotation,  but  as  soon  as  the  arma- 
ture commences  to  drop  behind,  it  causes  the  back  E.M.F.  to  lag  by 
a  rather  larger  angle  than  before.  It  will  be  remembered  that  the 
angle  of  phase  difference  between  the  applied  and  the  back  voltage 
is  rather  more  than  180^,  the  applied  voltage  leading.  But  an 
increase  in  the  angle  of  lag  of  the  back  voltage  causes  an  increase 
in  the  resultant  voltage  acting  on  the  circuit,  and  this  in  turn  causes 
an  increased  current  to  flow,  with  the  result  that  the  motor  takes 
more  power  from  the  supply.  The  motor  armature  then  drops 
behind  imtil  its  position,  relatively  to  that  of  the  driving  alternator, 
is  such  as  to  produce  a  resultant  voltage  capable  of  causing  suiBScient 
current  to  flow  to  deal  with  the  load.  The  armature  will  then 
continue  to  rotate  synchronously  with  the  driving  alternator.  If 
the  motor  should  drop  too  far  behind,  the  power  which  it  will  take 
from  the  supply  will  be  greater  than  is 
necessary,  and  so  the  armature  will  be 
accelerated  until  it  is  in  its  correct 
relative  position.  Some  motors  are 
subject  to  this  overshooting  the  mark, 
and  when  a  motor  is  constantly  retarded 
and  accelerated  in  this  manner  the 
effect  is  called  hunting  or  phase-awing' 
ing. 

Veetor  Diagram. — ^The  study  of  the 
vector  diagram  of  the  sjmchronous 
motor  is  the  best  means  of  under- 
standing what  is  really  going  on  inside 
the  motor.  For  the  sake  of  simplicity, 
the  case  of  a  single  phase  machine 
will  be  oonsida^ed,  but  the  same  prin- 
ciples apply  in  the  case  of  polyphase 
machines.  In  Fig.  289(a)  OE^  re- 
presents the  applied  voltage  and  OE^  the  back  voltage.  In  the 
first  instance  these  two  voltages  will  be  taken  as  equal,  representing 
the  conditions  which  occur  when  the  machine  is  perfectly  synchro- 
nised, OE^  lagging  behind  OEi  by  an  angle  180^  -f  0.  Combining 
these  two  voltages  together,  the  resultant  voltage  OEr  is  obtained. 
This  voltage  leads  the  applied  voltage  by  rather  less  than  90^. 
For  the  purposes  of  this  vector  diagram,  the  armature  reactance 
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TiQ.  280.— Vector  DUgrAms  of 
SyncfaronoiM  Votor. 

(a)  On  ITo-load.     (k)  On  Load. 
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and  armature  reaotion  will  be  combined  together  under  the  term 
synchronous  reactance  as  in  the  case  of  alternators  (see  p.  257). 
The  effect  of  armature  reaction  need  not  then  be  allowed  for  separ- 
ately, and  the  resultant  voltage,  OE^t  can  be  considered  as  acting 
on  a.  circuit  having  a  definite  resistance  and  synchronous  reactance. 
As  these  two  quantities  are  approximately  constant,  the  angle  cxf 
lag  of  the  current  behind  the  resultant  voltage  will  be  constant. 
If  the  synchronous  impedance  of  the  armature  be  known,  the 
current  vector,  0/,  can  be  plotted,  lagging  behind  OBr  by  a  fixed 

angle,  a,  equal  to  tan"^  ^,  the  magnitude  of  the  current  being  given 


by 


Er 


VB^  +  X^' 


The  angle  of  lag  or  lead,  ^,  of  this  current  with 


FIG.  £80.— Bffeot  of  «. 


respect  to  the  applied  voltage  determines  the  power  factor  under 
which  the  motor  is  operating,  the  current  leading  in  the  example 
shown  in  the  figure.  Since  the  applied  voltage,  E^y  is  supposed  to 
be  constant,  the  power  taken  by  the  motor  is  represented  to  scale 
by  OP,  which  is  the  projection  of  01  on  OEi,  After  subtracting 
the  losses  incurred  by  the  motor,  the  output  is  obtained. 

An  increase  of  load  results  in  an  increase  in  the  angle  0,  as  shown 
in  Fig.  289  (6).  This  swings  the  vector  OEr  round  a  little  and 
increases  its  magnitude.  The  magnitude  of  the  current  is  now  also 
increased,  since  the  synchronous  impedance  remains  unaltered,  and 
the  power  taken  by  the  motor  {Ej^I  cos  <f>)  goes  up  as  well.  By 
choosing  a  number  of  values  for  0  the  corresponding  values  of  £,., 
I  and  cos  <f>  can  be  obtained,  and  these  are  plotted  in  Fig.  290  for  a 
particular  example,  where  the  applied  E.M.F.  is  100  volts,  the 
back  E.M.F.  is  75  volts,  B  =  0-04  and  X  =  0*20.  These  curves 
are  re-plotted  in  Fig.  291  on  a  base  of  power  input  instead  of  0. 
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Bfleet  of  BzeltatioiL — The  direct  effect  of  varying  the  ezoita- 
tion  18  to  vary  the  back  E.M.F.,  and  this  reacts  upon  the  behaviour 
of  the  machine  to  an  enormous  extent.  In  a  G.C.  shunt  motor  a 
variation  in  the  exciting  current  produces  a  variation  in  the  speed, 
bnt  in  the  sjmchronous  motor  this  is  not  possible,  and  so  a  variation 
in  the  current  is  ]nroduced  instead.  But  as  the  power  supplied  to 
the  motor  depends  upon  the  load  and  not  upon  the  exciting  current 
(except  in  so  far  as  the  losses  are  varied),  the  variation  in  the  current 
most  be  accompanied  by  a  variation  in  the  power  factor.  The  e£tect 
can  be  studied  best  by  a  reference  to  the  vector  diagram.  For  this 
purpose  Tig.  289  (b)  has  been  reproduced  in  Eig.  292  (a).  Now 
suppose  that  the  exciting  current  has  been  decreased  so  as  to  reduce 
the  back  E.M.F.  to  75  per  cent,  of  its  former  value.    The  value  of 


^  V 


Ponw,  P 
Fio.  201  —Power  Curves. 


the  angle  0  will  not  change  appreciably,  as  this  depends  largely 
upon  the  load.  The  resultant  voltage,  Er,  will  be  brought  nearer 
in  phase  to  E^,  and  the  current,  lagging  by  the  fixed  angle  a  behind 
Ery  will  be  retarded  in  phase,  as  shown  in  Fig.  292  (b).  A  further 
reduction  of  the  back  E.M.F.  to  50  per  cent,  of  its  original  value 
accentuates  this  effect  and  causes  the  current  to  lag  still  further 
behind  its  former  position  [see  Fig.  292  (c)].  On  the  other  hand, 
an  increase  in  the  exciting  current  raising  the  back  E.M.F.  to 
125  per  cent,  of  its  original  value  advances  the  phase  of  Er  and  /, 
thus  tending  to  reduce  the  lag  or  increase  the  lead  of  the  current 
[see  Fig.  292  (<!)]. 

It  thus  appears  that  the  phase  of  the  current  with  respect  to  the 
applied  voltage  may  be  adjusted  at  pleasure  by  the  simple  expedient 
of  varying  the  excitation,  and  the  motor  may  be  made  to  operate 
on  any  i)Ower  factor  with  either  a  leading  or  a  lagging  current. 
There  is,  of  course,  a  limit  to  this  reduction  of  the  power  factor,  due 
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to  the  dangerous  heating  which  is  set  up  on  aoooimt  of  the  ezoetfive 
cunent,  or  the  motor  may  drop  out  of  step.  Sjmdironoas  motois 
have,  however,  been  known  to  remain  nmning  even  thoac^  tiie 
excitation  has  been  wholly  interrupted,  the  maofaines  nmning  on 
their  residual  magnetism. 


/    / 
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Fie.  SM.— Sffeet  of  BxdUtioii. 


V*earvss» — ^If  a  series  of  vector  diagrams  is  drawn  with  various 
back  E.M.F.'s  like  those  in  Fig.  292,  a  number  of  currents  can  be 
obtained  aU  relating  to  the  same  power  output.  Each  current  will 
correspond  to  a  particular  back  E.M.F.,  which  in  turn  will  corre- 
spond to  a  particular  excitation.    The  latter  can  be  determined 


[  Cuifeut 
no.  SB08.-V-eww. 


Vie.  SM.— Poww  Austor  i 


from  the  magnetisation  curve  of  the  machine.  By  varying  the 
excitation,  a  number  of  corresponding  pairs  of  armature  current 
and  exciting  current  can  be  obtained.  It  is  found  that  on  plotting 
these  figures  the  resulting  curve  takes  the  form  of  a  V,  as  shown 
in  Fig.  293,  and  is  known  as  a  V-curve.  (|yhen  the  excitation  is 
small,  the  back  E.M.F.  is  low,  giving  rise  to  a  resultant  voltage  leading 
the  applied  voltage  by  a  relatively  small  angle.    This  causes  the 
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current  to*  lag  behind  the  applied  voltage  by  a  oonsideirable  an^^e, 
and  since  the  power  factor  is  small  the  current  is  relatively  large. 
As  the  excitation  is  increased,  the  back  voltage  is  also  increased, 
thus  swinging  the  resultant  voltage  vector  round  and  advancing  it 
in  phase,  l^e  current  is  also  advanced  in  phase,  its  magnitude 
decreasing  since  the  power  factor  is  increased.  When  the  current 
becomes  in  phase  with  the  applied  voltage  it  reaches  a  minimum 
value,  after  which  it  commences  to  increase  again.  The  excitation 
corresponding  to  this  minimum  current  is  called  the  normal  exciting 
current  for  that  particular  load.  The  effect  of  over-exciting  a 
synchronous  motor  is  to  cause  the  current  to  lead  the  applied 
voltage  due  to  the  lengthening  of  the  back  E.M.F.  vector.  As  the 
excitation  is  still  further  increased  the  armature  current  also  increases 
and  the  power  factor  falls.  On  no-load,  the  point  on  the  V-curve 
is  sbcurply  accentuated,  but  if  the  machine  is  loaded  the  tendency 
is  to  round  off  the  point,  this  effect  being  more  marked  at  the 
higher  loads. 

Power  Factor. — ^From  the  preceding  paragraph  it  is  seen  that  the 
armature  current  varies  between  wide  limits  for  the  same  power 
output,  and  this  causes  the  power  factor  to  vary  widely  in  accordaiice 
with  it.  The  curves  of  power  factor  corresponding  to  the  armature 
currents  represented  in  Fig.  293  are  shown  in  Fig.  294,  where  it  is 
seen  that  they  look  like  inverted  current  curves.  Again,  the  no-load 
power  factor  curve  is  fairly  sharp  at  the  apex,  whilst  the  others  are 
less  sharp,  an  increase  in  load  tending  to  flatten  out  the  curve.  An 
examination  of  these  power  factor  curves  shows  that  particularly 
on  no-load  the  armature  current  and  the  power  factor  are  very 
susceptible  to  changes  of  excitation.  The  warming  up  of  the  field 
coils  ia  quite  sufficient  to  cause  a  material 
change  in  the  armature  current. 

Bxam^e  of  V-eurve. — Instead  of  as- 
suming the  angle  d  to  be  constant  for  a 
given  load,  the  power  iriput  may  be 
assumed  constant  instead.  In  this  case, 
since  the  applied  voltage  is  fixed,  the 
power  component  of  the  current  remains 
imaltered,  even  although  the  excitation 
varies.  Li  Fig.  296,  where  OE^  represents 
the  applied  voltage  and  01  the  armature 
current  a  Uiie  drawn  through  /  at  right  ^,  »5^i^v«*«Dii>,r«n 
angles  to  OEi  is  the  locus  of  the  current  of  SynotuonoiM  Motor. 
vector.    A  line  drawn  from  O  to  any  point 

in  this  line  represents  a  current  the  power  component  of  which  is  OP. 
Taking  any  random  value  of  01,  the  resultant  voltage  producing  it 
can  be  obtained  by  multiplying  by  the  synchnmous  impedance.   Tbia 

X 
volta^  leads  the  current  by  an  angle,  a,  equal  to  tan~^  ^.     Then» 
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knowing  the  value  of  this  resultant  voltage  and  the  applied 
voltage,  the  back  E.M.F.  generated  is  obtained  by  subtraction. 
The  excitation  corresponding  to  this  back  E.M.F.  is  then  read 
off  the  magnetisation  curve.  Working  backwards  in  this  way, 
a  series  of  vector  diagrams  can  be  construct<ed  without  making  any 
assumption  as  to  the  magnitude  of  the  angle  0,  If  a  series  of 
values  of  /  are  taken  in  this  way,  a  series  of  values  of  Er  and  E^ 
can  be  obtained  and  the  locus  drawn  in  for  each,  this  being  done  in 
Fig.  296.  The  whole  diagram  can  then  be  repeated,  if  desired,  for 
another  load.  Strictly  speaking,  the  locus  of  the  current  for  a 
given  output  is  not  a  straight  line,  since  the  losses  are  increeksed 
when  the  current  goes  up,  so  that  the  input  is  not  quite  constant. 
This  can  be  allowed  for  by  making  the  current  locus  bend  upwards 
a  little  on  each  side. 

Bxperimental  Determination  of  V-eurves. — ^The  actual  experimental 
determination  of  one  of  these  curves  is  carried  out  by  maintaining 
a  constant  load  throughout  a  single  series  of  observations  and  by 
varying  the  excitation  through  as  wide  limits  as  the  machine  will 
permit  without  overheating  or  falling  out  of  step.  The  applied 
voltage  should  be  maintained  constant  throughout,  and  this  will 
often  be  a  source  of  trouble,  because,  if  the  driving  alternator  is 
comparable  in  output  with  the  motor,  the  large  current  at  the  very 
low  power  factor  obtained  will  necessitate  a  certain  amount  of  field 
regulation  in  order  to  maintain  the  voltage  constant. 

A  series  of  such  curves  can  be  obtained  from  the  one  motor, 
each  one  corresponding  to  a  particular  load. 

Ampere-turn  Diagrams. — In  the  previous  paragraphs  a  constant 
synchronous  reactance  was  assumed,  the  effects  of  both  armature 
reactance  and  armature  reaction  being  included  in  it.  An  alterna- 
tive method  of  treatment  is  to  assume  a  constant  reaction,  including 
in  its  effects  those  of  the  true  armature  reactance.  The  armature 
is  thus  assumed  to  be  non-inductive,  and  for  the  sake  of  simplifica- 
tion the  effect  of  the  armature  resistance  will  be  neglected.  This 
will  not  produce  a  very  appreciable  error.  With  these  assumptions, 
the  back  E.M.F.  will  be  excu^tly  equal  and  opposite  in  phase  to  the 
applied  voltage  and  will  be  wholly  independent  of  the  exciting 
current.  The  exciting  current  produces  an  M.M.F.  which  can  be 
split  up  into  two  components,  one  producing  the  useful  air-gap 
flux  which  generates  the  bcu^k  E.M.F.,  and  the  other  a  neutralising 
M.M.F.  equal  and  opposite  to  that  set  up  by  the  armature  ampere- 
turns,  lliese  two  component  M.M.F.'s  are  in  quadrature,  and  their 
vector  sum  gives  the  total  M.M.F.  which  must  be  supplied  by  the 
exciting  current.  The  vectorial  addition  of  the  fluxes  produced  by 
these  M.M.F.'s  is,  however,  not  strictly  acciurate,  as  it  neglects  the 
effect  of  changes  of  permeability  consequent  upon  the  changes  in 
flux  density.  If  this  point  be  neglected,  the  vector  diagram  might 
be  drawn  to  a  scale  of  ampere-turns  instead  of  M.M.F.'s,  since  they 
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are  proportional  to  one  another,  or  it  may  be  drawn  to  a  scale  of 
eliciting  current  even,since  the  turns  on  the  field  system  are  constant. 
Kg.  296  (a)  represents  the  vector  diagram  when  the  power  factor 
of  the  motor  is  unity,  the  compounded  vectors  being  drawn  to  a 
scale  of  ampere-turns.  E^  represents 
the  applied  voltage  and  E^  the  back 
E.M.F.,  these  two  being  exactly  equal 
and  opposite.  The  armature  current,  (at 
J,  is  in  phase  with  E^,  since  the  power 
factor  is  unity,  and  its  magnitude  is 
determined  by  the  load.  The  back 
E.M.F.  generated  is  proportional  to 
the  rate  of  change  of  M.M.F.,  and  this 
quantity  leads  the  actual  M.M.F.  by 
90^,  as  was  shown  when  dealing  with 
reactance.  The  ampere-turns  produc-  , 
ing  the  back  E.M.F.,  therefore,  lag  '^^ 
behind  E^  by  90^  and  are  represented 
by  AT^  The  ampere-turns  required 
to  balance  the  armature  ampere-turns 
are  in  phase  with  the  armature  cur- 
rent and  are  represented  by  A  Ta-  The 
vector  sum  of  these  two  is  given  by 
ATf,  which  is  proportional  to  the  ex- 
citing current  required.  If  the  arma- 
ture current  be  zero,  AT^  disappears  '^^ 
and  AT^  becomes  equal  to  ATf,  The 
applied  voltage  being  maintained  con- 
stant, AT^  win  have  a  constant  value 
independent  of  the  load,  and  can  be 
determined    from    the    open    circuit     _^  ^ 

magnetisation  curve  when  the  machine  '  of  syneinononi  MotorT 
is  run  as  an  alternator.  Similarly,  if 
AT^  be  made  zero,  then  AT^  is  equal  to  AT^,  These  conditions 
are  imitated  by  running  the  motor  as  an  alternator  on  short 
circuit.  The  magnitude  of  AT^  can  then  be  determined  for 
various  values  of  the  armature  current. 

If  the  armature  current  lags  behind  the  applied  voltage  the 
conditions  are  represented  by  Fig.  296  (5),  where  it  is  seen  that  for 
the  same  power  input  the  exciting  current  is  reduced.  If  the  motor 
id  running  with  a  leading  current  the  conditions  are  those  shown  in 
Fig.  296  (c),  which  shows  at  a  glance  why  the  motor  must  be  over- 
excited. 

These  ampere-turn  diagrams  should  be  compared  with  those  in 
Fig.  247  relating  to  the  alternator,  remembering  that  the  generated 
E.M.F.  in  the  alternator  corresponds  to  the  back  E.M.F.  in  th^ 
synchronous  motor. 
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In  actually  drawing  a  diagram  of  this  kind  it  is  much  simpler 
to  draw  it  to  a  scale  of  exciting  current  rather  than  ampere-turns, 
as  the  number  of  field  turns  is  not  then  required. 

In  order  that  Fig.  296  (a),  (6),  and  (c)  should  represent  the  same 
load,  it  is  necessary  that  the  power  component  of  I  should  be  equal 
in  all  three  cases.  An  increa.se  of  load  would  result  in  an  increase 
in  the  power  component  of  /. 

Armature  Reaetion. — The  armature  reaction  of  a  synchronous 
motor  can  be  investigated  in  the  same^way  as  is  adopted  in  the  case 
of  an  alternator.  Reference  should  be  made  to  Figs.  243  and  244, 
remembering  that  in  the  synchronous  motor  the  current  is  in  phase 
with  the  applied  voltage  if  the  power  factor  be  unity,  and  conse- 
quently leads  the  generated  back  E.M.F.  by  an  angle  180°  +  ff. 
As  a  first  approximation,  therefore,  if  the  currents  in  Figs.  243 
and  244  be  reversed,  the  diagrams  will  represent  the  action  in 
the  synchronous  motor,  and  proceeding  in  this  manner  it  is 
seen  that  when  the  motor  is  operating  with  a  lagging  current 
the  magnetic  flux  is  increased  in  magnitude,  and  when  a  leading 
current  is  taken  the  magnetic  flux  is  decreased,  this  being  the 
reverse  of  what  happens  in  an  alternator.  In  addition,  the  flux 
is,  of  course,  distorted  in  both  cases.  A  lagging  current  thus 
tends  to  increase  the  back  E.M.F.,  whilst  a  leading  current  tends 
to  decrease  it. 

Overload  Capaeity. — If  the  applied  •  voltage  and  the  exciting 
cmrent  of  a  synchronous  motor  be  kept  constant,  the  eflEect  of  an 
increase  of  load  is  to  retard  the  back  E.M.F.,  thus  causing  an  in- 
creased resultant  voltage  and  an  increased  current.  The  power 
input,  however,  does  not  go  on  increasing  indefinitely,  since  the 
gradual  retardation  of  the  back  E.M.F.  vector  causes  the  current 
to  lag  more  and  more  behind  the  volta^,  and  there  comes  a  time 
when  the  power  factor  decreases  at  a  greater  rate  than  the  current 
increas^.  A  further  increase  of  load  then  causes  a  further  retarda- 
tion of  the  back  E.M.F.,  resulting  in  a  decrease  in  the  power  absorbed 
and  in  the  driving  torque.  The  reduced  driving  torque  retards  the 
motor  again,  which  reduces  the  power  input,  and  so  this  action  goes 
on  until  the  motor  falls  out  of  step  and  comes  to  rest.  The  difference 
between  the  maximum  load  capable  of  being  overcome  and  the 
normal  full  load  of  the  motor,  expressed  as  a  percentage  of  the  full 
load,  is  called  the  overload  capacity  of  the  motor.  In  Fig.  290  the 
relation  between  the  power  input  and  the  angle  d  is  plotted  for  a 
constant  excitation  and  back  E.M.F.  If  these  curves  were  continued 
for  larger  values  of  d  it  would  be  seen  that  the  power  developed 
reaches  a  maximum  value,  after  which  it  commences  to  decrease 
for  a  further  increase  of  0,  Similarly,  it  would  be  seen  that  in 
Fig.  291  there  are  two  values  of  0  corresponding  to  each  value  of 
the  power  input.  The  smaller  of  these  two  angles  (shown  in  the 
diagram)  represents  the  stable  running  condition,  whilst  the  lar^^ 
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Fio.  297.— RelAtloD  betireen  Excitation 
and  OTerload  Capacity. 


angle  represents  the  unstable  condition  when  the  motor  is  falling 
out  of  step  and  pulling  np. 

An  increase  in  excitation  results  in  a  roughly  proportional 
increase  in  the  overload  capacity  until  magnetic  saturation  occurs. 
This  can  be  determined,  by  re- 
drawing Fig.  290  for  a  number 
of  different  excitations  and  find- 
ing the  maximum  power  input 
in  each  case.  (The  losses  of  the 
motor  are  neglected. )  The  rela- 
tion between  the  percentage 
overload  capacity  and  the  ex- 
citing current,  obtained  in  this 
way,  is  shown  in  Fig.  297. 

The  presence  of  reactance  in 
the  motor  armature  is  also  bad, 
and  any  reduction  in  this  direc- 
tion is  accompanied  by  an  in- 
crease in  the  overload  capacity. 
Thus  whilst  reactance  is  beneficial  from  the  synchronising  point  of 
view,  it  is  objectionable  if  the  motor  is  called  upon  to  withstand 
sudden  heavy  overloads. 

Hnntlng. — Sudden  changes  of  load  on  synchronous  motors  some- 
times set  up  oscillations  which  are  superposed  upon  the  normal 
rotation,  giving  rise  to  periodic  variations  in  speed  of  a  very  low 
frequency.  IMs  effect  is  known  as  hunting  or  phase-swinging, 
and  can  be  detected  by  ear  on  account  of  the  different  notes  which 
are  set  up  by  the  fluctuating  speed  of  the  motor.  Occasionally 
the  trouble  is  aggravated  by  the  motor  having  a  natural  period  of 
oscillation  approximating  to  the  hunting  period,  when  it  is  possible 
for  the  motor  to  be  phase-swung  into  the  unstable  region,  thus  causing 
it  to  fall  out  of  step. 

The  first  effect  of  a  sudden  increase  of  load  is  a  retardation  of  the 
armature  causing  the  vector  E^  [see  Fig.  289  (a)]  to  take  up  some 
such  position  as  is  shown  in  Fig.  289  (6).  But  during  this  period  of 
retardation  the  armature  is  running  at  a  speed  slightly  less  than 
that  of  synchronism,  and  when  E^  has  reached  a  position  such  that 
the  power  input  is  exactly  that  required  to  overcome  the  load,  it 
id  still  running  at  this  slightly  reduced  speed.  Owing  to  the  inertia 
of  the  armature,  however,  this  reduced  speed  is  maintained  for  a 
very  short  interval  longer,  during  which  the  angle  0  continues  to 
increase.  The  power  input  is  now  greater  than  is  required  for  the 
load  on  the  motor,  and  the  armature  ceases  to  be  retarded  and 
conunences  to  accelerate.  This  causes  the  vector  E^  to  gain  on  E-^ 
and  the  angle  0  conmiences  to  decrease.  When  the  stable  position 
is  reached  the  armature  is  running  a  trifle  faster  than  the  absolutely 
porrect  i^chronous  speedy  and;  due  to  its  inertia  again,  it  continues 
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to  run  a  little  fast  after  this  point  has  been  reached.  The  angle  0 
has  now  become  too  small,  resulting  in  a  decreased  power  input 
which  is  no  longer  capable  of  maintaioing  the  rotation  sbgainst  the 
resisting  torque  of  the  load.  The  armature  is  thus  again  subjected 
to  a  retardation  and  the  whole  cycle  of  events  is  repeated.  The 
net  result  is  that  the  motor  perpetually  increases  and  decreases  in 
speed,  the  power  input  periodically  varying  in  unison.  The  fre- 
quency of  these  changes  is  usually  quite  capable  of  being  detected 
by  ear  and  also  by  observation  of  the  wattmeter  pointer,  which 
oscillates  about  a  certain  mean  position  on  the  scale. 

In  order  to  prevent  himting,  modem  synchronous  motors  are 
fitted  with  damping  grids  or  amortisseurs  (see  p.  248).  Whenever 
any  motion  takes  place,  other  than  the  absolutely  synchronous 
rotation,  the  flux  in  the  poles  is  distorted,  and  the  movement  of 
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Fig.  208.— ShowtDg  Greater  Chuige  of  ^Torque*  with  9  for  Sticmg  Ezdtatloii. 

this  flux  across  the  bars  of  the  damping  grids  sets  up  eddy  currents 
which  tend  to  damp  out  the  superposed  oscillatory  movement.  If 
the  rotation  is  absolutely  uniform,  there  is  no  relative  movement 
of  the  flux  and  the  damping  grid,  and  so  no  eddy  currents  are  set 
up  and  no  losses  occur. 

Another  method  of  reducing  hunting  is  to  work  with  relatively 
strong  fields,  since  if  E^  be  made  large  a  given  change  in  the  angle  0 
results  in  a  greater  change  in  the  torque  produced,  as  can  be  seen 
by  referring  to  Mg.  298.  The  force  tending  to  pull  the  motor  into 
step  is  thus  greater  when  strong  fields  are  employed  than  when  weak 
excitations  are  worked  with. 

Starting. — ^As  the  ordinary  synchronous  motor  is  not  self -starting, 
it  is  necessary  to  make  arrangements  for  starting  it  by  some  auxiliary 
means.  In  some  instances  there  is  a  small  C.C.  exciter  direct  coupled 
to  the  motor  shaft,  and  this  can  be  employed  to  start  up  the  set. 
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This  method,  however,  necessitates  a  G.C.  supply  for  the  purpose  of 
running  up  the  exciter,  and  if  a  C.C.  supply  is  available  there  is  no 
need  for  the  exciter. 

A  second  method  of  starting  up  is  to  employ  a  small  auxiliary 
motor  of  the  induction  type  (see  Copter  XXVI).  As  these  motors 
always  run  at  a  speed  slightly  less  than  that  of  synchronism,  taking 
into  consideration  the  number  of  poles,  it  is  seen  that  if  the  auxiliary 
motor  has  the  same  number  of  poles  as  the  main  synchronous  motor 
the  set  can  never  be  run  up  to  the  correct  speed  for  synchronising. 
In  order  to  get  over  this  difficulty,  the  auxiliary  induction  motor  is 
made  with  fewer  poles  than  the  main  motor,  so  that  the  set  can  be 
synchronised  as  it  runs  through  the  correct  speed. 

Synchronous  motors  direct  coupled  to  G.C.  generators  are 
frequently  used  for  subnstation  work  in  transforming  from  H.T., 
A.C.  to  L.T.,  C.C.  The  C.C.  bus  bars  are  never  dead  except  when 
a  complete  shut  down  occurs,  and  the  motor-generator  set  can  be 
run  up  from  the  C.C.  side,  using  the  generator  as  a  motor.  The 
correct  speed  for  synchronising  is  obtained  by  shunt  regulation, 
and  after  the  A.C.  motor  has  been  thrown  on  to  the  bus  bars  the 
field  of  the  C.C.  machine  is  strengthened,  which  tends  to  lower  the 
speed.  But  since  the  A.C.  machine  must  run  at  synchronous  speed, 
it  follows  that  the  back  E.M.F.  of  the  C.C.  machine  when  running 
as  a  motor  becomes  greater  than  the  bus  bar  pressure,  and  so  it 
commences  to  generate.  In  the  event  of  a  complete  shut  down, 
these  sets  would  be  unable  to  commence  running  again,  and  so  one 
set  at  least  must  be  provided  with  independent  means  for  starting 
up. 

Polyphase  synchronous  motors  can  also  be  started  up  by  the 
addition  of  a  special  winding  on  the  field  system  known  as  a  squirrel 
cage.  This  consists  of  a  number  of  bars  let  into  the  poles  after  the 
manner  of  damping  grids,  all  the  bars  being  joined  at  each  end  by  a 
stout  copper  ring  going  right  round  the  field  system.  The  action  of 
such  a  winding  is  discussed  in  full  in  Chapter  XXVI,  where  squirrel 
cage  induction  motors  are  dealt  with.  It  is  sufficient  to  say  here 
that  the  currents  in  the  armature  set  up  a  rotating  magnetic  fiux 
which  cuts  the  squirrel  cage  winding  on  the  field  system  and  induces 
eddy  currents  in  it.  A  torque  is  developed  and  the  motor  runs  up 
to  a  speed  a  littk  less  than  that  of  synchronism.  The  motor  will 
now  be  subjected  to  a  true  synchronous  motor  torque  trying  to 
pull  it  into  step,  just  as  is  the  case  when  hunting  is  set  up.  When 
synchronous  speed  ia  attained  the  exciting  current  may  be  switched 
on  and  the  machine  continues  to  run  as  a  synchronous  motor.  This 
method  of  starting  does  away  with  the  necessity  for  synchronising 
gear,  and  in  addition  the  squirrel  cage  winding  acts  like  a  damping 
winding  when  running  and  serves  to  prevent  hunting.  On  account 
of  the  large  starting  current  required  by  this  method,  it  is  usual  to 
start  up  the  motors  through  auto-tranirformers. 
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Applieatloii  to  Sub-station  Work.— As  the  synohtonous  motor  is 
essentially  a  constant  speed  motor,  it  is  useless  where  speed  regula- 
tion is  required,  but  it  &ids  a  considerable  application  in  sub-station 
work  in  conjunction  with  C.C.  generators.  Since  the  motors  can 
be  wound  for  high  voltages,  there  is  no  necessity  for  transformers, 
as  the  motors  can  be  run  direct  off  the  H.T.  mains.  Again,  the 
fact  that  a  constant  C.C.  voltage  is  required  calls  for  a  constant 
speed  machine,  and  the  difficulties  of  starting  are  easily  overcome 
either  by  using  a  self -starting  motor  as  described  in  the  last  para- 
graph, or  more  frequently  by  using  the  C.C.  generator  as  a  starting 
motor.  In  a  modern  sub-station  a  number  of  such  sets  are  run  in 
parallel  on  both  sides,  the  power  factor  being  regulated  by  adjust- 
ment of  the^motor  field. 
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Bfleet  of  Low  Power  JFaetor. — ^In  view  of  the  fact  that  the  great 
majority  of  loads  contain  more  inductance  than  capacity,  the  current 
in  most  transmiflsion  lines  lags  behind  the  voltage,  giving  rise  to 
power  factors  of  less  than  unity.  This  means  that  the  line  current 
for  a  given  power  transmitted  is  greater  than  it  need  be  and  causes 
two  results.  First,  the  losses  in  transmission  are  increased,  or, 
conversely,  the  size  of  wire  is  increased,  leading  to  the  employment 
of  larger  quantities  of  copper,  and,  second,  the  voltage  regulation 
is  made  poorer,  due  to  the  increased  voltage  drop  in  the  line  with  the 
larger  currents.  To  illustrate  this  fsict,  &e  case  will  be  considered 
where  a  given  amount  of  power  is  transmitted  at  a  power  factor  of 
0*7,  and  comparison  will  be  made  with  what  would  be  the  case  if 
the  power  factor  were  unity.    The  current  is  inversely  proportional 

to  the  power  factor  and  is  ^  of  its  minimum  value,  or  43  per  cent. 

greater  than  it  need  be.  If  the  size  of  wire  be  kept  constant  through- 
out, the  losses,  being  proportional  to  the  square  of  the  current,  are 

(rv?)  '  ^^  approximately  double  their  value  in  the  ideal  case.    If 

the  losses  are  kept  the  same,  approximately  double  the  amount  of 
copper  must  be  employed.  The  latter  arrangement  leaves  the 
regulation  unaltered,  but  the  former  results  in  an  increased  voltage 
drop.  These  figures,  which  are  quite  practical  ones,  will  suffice 
to  show  the  magnitude  of  the  effect  and  the  desirability  for 
improving  the  power  factor  wherever  possible. 

General  Method  of  Improvement. — ^llie  power  factor  of  a  system 
can  be  improved  in  two  main  ways.  The  first  is  to  use  only  that 
apparatus  which  works  at  approximately  unity  power  factor,  and 
some  supply  authorities  make  it  a  rule  not  to  allow  motors  of  more 
than  a  given  output  and  working  below  a  certain  power  factor  to 
be  connected  to  their  mains.  In  general,  however,  this  method  is 
impracticable.  The  second  method  is  to  add  to  the  existing  load, 
apparatus  which  will  take  a  leading  current  of  such  a  magnitude  as 
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to  neutralise  the  lagging  current  brought  about  by  the  general 
character  of  the  load.    T^is  method  is  now  widely  adopted. 

Magnitude  of  the  Required  Idle  Current. — ^For  the  purposes  of 
investigation  the  load  current,  which  is  imagined  to  lag  behind  the 
line  voltage,  can  be  split  up  into  a  power  component  and  an  idle 
component,  th^  latter  lagging  by  90^  behind  the  line  voltage.    In 

!E1g.  299,  /  represents  the  load  current 
lagging  behind  the  line  voltage  i?  by  an 
angle  ^  such  that  cos  ^  is  equal  to  the 
power  factor.  The  power  component  of 
the  current  is  equal  to  Jp  =  /  cos  ^  and 
the  idle  component  is  equal  to  i^=/sin^. 
Fifl  ftfto^RKA-in- »»•«♦«#  AAA^A  ^  order  to  neutralise  this  idle  current, 

|ia.  299.--Bliowlng  ^eot  of  Added  ,^   .  ^         ••,       ■      -i.  ^ 

iieadiug  Cmrent  on  Power  factor,  it  IS  necessary  to  add  a  leading  current, 

lof  of  the  same  magnitude,  ^e  vector 
sum  of  /  and  Iq  is  then  given  by  Ip,  which  is  lees  than  J.  The 
current  is  thus  brought  into  phase  with  thd  voltage,  raising  the 
power  factor  to  unity,  and  its  magnitude  is  decreased  at  the  same 
time  without  any  reduction  in  the  amount  of  power  transmitted. 
The  magnitude  of  the  required  leading  idle  current  is,  therefore, 

/c  »  /  sin  ^ 

=  /  X  VT^cos*^ 

«  /  X  Vl  —  (power  factor)*. 

The  relation  between  the  power  factor  and  the  value  of  [^ 
expressed  as  a  percentage  of  the  line  current  /  is  represented  in 
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Fig.  800.— aelation  between  Added  Leading  Cnirent  and  Initial  Power  Factor. 


Rg.  300.    The  varying  steepness  of  this  curve  shows  that  different 
amounts  of  leading  current  are  required  at  different  power  faotois 


xxn  POWER  FACTOR  IMPROVEMENT  386 

in  order  to  effect  the  same  improvement.  When  in  the  neighbour- 
hood of  unity  power  factor  a  greater  amount  of  additional  leading 
current  is  required  for  a  given  improvement  than  is  the  case  at  low 
power  factors.  This  really  means  that  it  is  easier  to  raise  the  power 
factor  when  it  is  very  bad  than  when  it  is  high. 

The  above  reasoning  applies  equally  well  to  a  pol3rphase  system, 
provided  that  in  Fig.  300  the  added  leading  idle  current  and  the 
line  current  refer  to  the  same  circuit. 

Im^ovement  by  Ckindensers. — ^The  first  obvious  way  of  providing 
a  leading  current  in  addition  to  the  existing  load  current  is  to 
connect  a  number  of  condensers  in  parallel  across  the  mains  at 
the  receiving  end.  The  capacity  O  necessary  to  bring  the  power 
factor  up  to  unity  is  easily  calculated  from  a  knowledge  of  the 
power  transmitted,  voltage,  frequency  and  initial  power  factor. 
Oonsidering  first  a  single  phase  case  where  these  quantities  are 
represented  by  P,  By  f  and  (p./.)  respectively,  the  magnitude  of  the 
required  condenser  current  is 

/e  =  /xVl-(j>./.)^ 

Then  2irfCE  =  /  X  Vl  -  (p./.)* 


-^v 


and 


""^(^^^ 


It  is  thus  seen  that  a  high  frequency  is  desirable  when  condensers 
are  used  for  improving  the  power  factor.  At  first  sight,  it  also 
appears  as  if  a  high  voltage  is  very  favourable  to  this  method,  since 
the  capacity  is  inversely  proportional  to  the  square  of  the  voltage, 
but  the  use  of  higher  voltages  necessitates  a  greater  thickness  of 
insulation  and  considerably  increases  the  cost  per  mfd.,  so  that  the 
total  cost  is  not  affected  to  any  enormous  extent. 

In  a  three  phase  transmission,  the  power  is  given  by 

P  =  V3EI  X  (i>./.), 

where  E  and  /  are  the  line  voltage  and  line  current  respectively. 

p 
The  latter  is  equal  to   -y=r- — ,  and  the  idle  component  of 

the  line  current  is  equal  to 
P 


V3E  X  (l>./0 


X  Vl  -  ip./.)* 


P     X 


VSE 


therefore, 
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Aflsuming  the  condeiwers  to  be  connected  in  mesh  across  the 

lineSy  the  current  per  condenser  circuit  is  2irfCE.     The  condenser 

current  per  line  is  the  vector  sum  of  the  currents  of  two  condenser 

circuits,  and  is,  therefore,  VS  X  2irfGE.    If  the  final  power  factor 

P  I     1 

is  to  be  unity,  this  must  be  equal  to     ^     X  y  - — j^  —  1,  and, 

Since  there  are   three    condenser    circuits,    the   total    capacity 
required  is 

which  is  the  same  as  in  the  single  phase  case  for  the  same  line 
voltage. 

If  the  condensers  are  connected  in  star  instead  of  mesh,  the 

voltaire  across  each  condenser  is  reduced  to  —7=  =  0*577  times  its 
former  value,  and  the  cost  per  xnfd.  is  correspondingly  reduced. 

But  the  current  per  condenser  circuit  is  now  equal  to  2irfC—^ ,  and 

V3 

P  I     1     

this  must  neutralise  a  lagging  idle  current  of     ^     X  a/ 7 — tt:  —  I- 

The  capacity  per  condenser  circuit  is,  therefore. 


and  the  total  capacity  required  is 

or  three  times  as  much  as  when  the  condensers  were  connected  in 
mesh.  Provided  the  condensers  will  stand  the  voltage,  therefore, 
the  mesh  connection  is  the  more  preferable  of  the  two. 

In  any  case,  this  method  is  too  expensive  in  practice,  and  other 
methods  are  usually  adopted. 

Synehronoas  Motor  as  Rotary  Condenser  or  Phase  Advaneer.— 
Since  a  synchronous  motor  can  be  made  to  take  a  leading  current 
by  over-exciting  it,  such  a  motor  might  be  employed  to  produce 
the  required  leading  current  for  the  purpose  of  improving  the  power 
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factor.  The  magnitude  of  the  ourrent  taken  by  a  synchronous 
motor  depends  to  an  enormous  extent  upon  the  excitation,  and  full 
load  current  can  easily  be  attained  even  when  the  motor  is  running 
l^ht.  The  function  of  a  synchronous  motor  used  in  this  manner 
is  to  act  as  a  variable  rotary  condenser,  and  the  general  term  phase 
advancer  is  applied  to  machines  which  have  for  their  object  the 
improvement  of  the  power  factor.  The  motor  is  not  for  the  purpose 
of  overcoming  any  load,  although  in  practical  cases  it  may  be  utilised 
for  this  purpose  as  well,  but  only  in  a  subsidiary  way.  The  primary 
object  is  to  produce  a  leading  current  to  neutralise  the  existing 
lag. 

Considering  first  an  ideal  motor  with  no  losses,  the  current  taken 
will  lead  the  voltage  by  90''  if  it  is  over-excited,  and  the  magnitude 
of  this  current  will  depend  upon  the  value  of  the  excitation.  The 
current  can  thus  be  adjusted  to  suit  the  load  and  the  power  factor 
by  varying  the  excitation  of  the  machine,  this  being  much  more 
convenient  than  varying  the  number  of  condensers,  which  would  be 
necessary  if  they  were  employed. 

If  the  losses  of  the  synchronous  motor  are  taken  into  considera- 
tion, it  means  that  a  certain  power  component  must  be  added, 
vectorially,  to  the  leading  current  already  mentioned,  the  result 
being  that  the  motor  current  leads  the  voltage  by  an  angle  which  is 
less  than  90°.  ,  The  extra  power  taken  from  the  mains  is,  of  course, 
wasted. 

This  method  is  equally  applicable  to  the  case  of  polyphase 
systems,  being,  in  fact,  cheaper  in  first  cost,  since  polyphase  syn- 
chronous motors  cost  less  per  k.y.A.  than  single  phase  ones.  Since 
the  construction  of  these  motors  is  the  same  as  for  alternators,  it 
follows  that  they  can  be  designed  for  any  line  voltages  which  are 
obtained  directly  from  alternators. 

One  of  the  disadvantages  of  this  method  of  power  factor  improve- 
ment lies  in  the  starting  of  the  motor.  Unless  a  self -synchronising 
motor  be  adopted,  some  auxiliary  means  of  running  up  the  motor 
must  be  provided. 

Situation  of  Phase  Advancer. — ^The  correct  situation  for  the  phase 
advancer  is  at  the  receiving  end  of  the  line  as  close  to  the  load  as 
possible.  If  placed  at  the  generatoi"  end  of  the  line,  it  would  improve 
the  power  factor  of  the  generators  and  reduce  their  current,  but  it 
would  not  relieve  the  line  at  all,  nor  would  it  affect  the  voltage 
regulation  of  the  line.  When  placed  at  the  receiving  end  of  the 
line,  however,  it  not  only  improves  the  power  factor  of  the  generators 
and  reduces  their  armature  currents,  but  it  reduces  the  main  line 
curr^it  and  improves  the  regulation.  The  ideal  spot  for  the  motor 
is  alongside  the  actual  load  taking  the  lagging  current,  but  this  is 
impracticable  in  the  great  majority  of  cases.  In  the  case  of  H.T. 
transmissions  where  the  volta^  is  stepped  down  and  distributed 
from  a  number  of  sub-stations,  the  phase  advancer  is  placed  in  the 
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8ub-etation.  Its  effects  are  thus  felt  throughout  the  whole  of  the 
H.T.  system,  but  the  L.T.  network  is  unaffected. 

There  is  an  obvious  disadvantage  in  plaoing  the  phase  advancer 
alongside  the  load,  even  when  the  latter  is  sufficiently  large  to 
warrant  the  employment  of  a  phase  advancer  all  to  itself,  since  the 
load  is  usually  on  the  consumer's  premises,  whilst  the  phase  advancer 
is  naturally  the  property  of  the  supply  company. 

Idle  Current  Generator. — ^When  a  synchronous  motor  is  employed 
as  a  phase  advancer,  it  may  be  regarded  as  an  idle  current  generator. 
Considered  as  a  motor,  it  receives  a  small  in-phase  current  which 
supplies  the  losses  of  the  machine  together  with  an  idle  current 
leading  the  voltage  by  M"".  This  leading  motoring  current  may  be 
regarded  as  a  generator  current  by  reversing  its  direction,  so  that 
the  synchronous  motor  may  be  said  to  receive  an  in-phase  motoring 
current  to  supply  its  losses  and  to  generate  an  idle  current  lagging 
by  90**  behind  the  voltage.  There  is,  of  course,  no  power  associated 
with  this  idle  current  which  supplies  the  purely  inductive  portion  of 
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the  load.  The  main  generators  supplying  the  power  may  thus  be 
regarded  as  working  on  a  non-inductive  load.  There  is  a  kind  of 
local  circuit  formed  by  the  inductive  portion  of  the  load  and  the 
synchronous  motor  in  which  resonance  is  set  up,  this  resonating 
current  being  sui>erposed  on  to  the  main  in-phase  current  flowing 
between  the  generators  and  the  load.  The  general  idea  of  the 
system  applied  to  a  three  phase  case  is  shown  in  Fig.  301,  where  the 
generator  is  working  at  a  power  factor  of  unity  and  is  delivering  a 
current  (Ip  +  Ii),  the  latter  term  representing  the  power  current 
supplied  to  the  phase  advancer  to  overcome  its  losses.  The  syn- 
chronous motor  is  working  at  a  very  low  power  factor  and  receiving 
a  power  current  /{,  whilst  generating  a  purely  lagging  current  /«. 
The  load,  the  power  factor  of  which  is  less  than  unity,  is  receiving 
a  current  It  which  is  the  vector  sum  of  Ip  and  /{,  the  angle  of  lag 
being  determined  by  the  power  factor. 

K.V.A.  Capaelty  of  Phase  Advaneer.— Since  a  phase  advancer  is 
only  required  for  the  purpose  of  producing  a  purely  idle  current, 
the  only  power  which  it  receives  is  that  necessary  to  overcome  its 
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losses.  The  machine  will  also  work  on  a  very  low  power  factor,  so 
that  it  is  obviously  unfair  to  rate  it  on  a  kilowatt  basis.  The 
proper  unit  for  specifying  the  capacity^  of  the  machine  is  the 
kiloYolt-ampere.     In  a  single  phase  case,  neglecting  the  losses,  the 

idle  current  is  given  by  /  X  VlT^Mp/)*  ^^^  ^^^  *o^l  k.V.A. 
capacity  of  the  phase  advancer  is 


EI  X  VI  -  (p./)*  X  io-». 

Expressed  as  a  percentage  of  the  k.y.A.  capacity  of  the  alter- 
nators, this  is 

VT"-^.7)2  X  100, 

and  this  expression  applies  equally  to  the  case  of  a  polyphase 
system. 

The  size  of  the  phase  advancer  is  thus  seen  to  be  unaffected  by 
the  value  of  the  ciurent  or  the  voltage,  provided  the  power  trans- 
mitted and  the  power  factor  are  constant.  A  high  voltage  is 
associated  with  a  low  current  and  vice  versa,  but  it  is  their  product 
which  determines  the  size  of  the  machine,  just  as  in  the  case  of 
alternators. 

Effect  of  Motor  Losses. — ^If  the  synchronous  motor  is  running 
unloaded  the  only  power  which  it  takes  is  that  required  to  overcome 
its  losses.    The  angle  of  lead  of  the 
current  is  thus  not  quite  90**,  but       Ipa 
rather  less.     The    heating   of   the      /^"-^ 
machine    is    dependent    upon    the     /k      """^.^ 
losses,  and  since  it  is  to  be  heavily    /  ;^  "^"-^ 

over-excited,  special  care  must  be  4;-i^ — i j ^  ^m^"*   m£ 

taken  in  the  design   of   the  field    ^"'^^-^    /  /| 

system    to    prevent    over-heating.  ^"^*''*^-^  '  I 

The  fact  that  the  power  factor  is  ^^""^^"^^   ' 

greater  than  zero  affects  the  k.V.A.  /^ 

modifies  the  vector  diagram,   the  by  synoiizonoiii  Motor, 

general  form  of  which  is  shown  in 

Fig.  302,  which  is  drawn  for  a  single  phase  case.  The  line  current, 
/{,  is  drawn  lagging  behind  the  line  voltage,  E,  by  an  angle  ^|, 
where  cos  ^|  is  the  power  factor  of  the  load.  The  synchronous 
motor  whicn  is  used  as  a  phase  advancer  takes  a  current,  /p^,, 
leading'  the  line  voltage  by  an  angle,  ^^.,  where  cos  ^p.«.  is  its 
power  factor.  The  magnitude  of  /p^.  is  so  adjusted  that  the 
vector  sum  of  /j  and  7^^.  gives  a  current  in  the  mains,  7^,  in  phase 
with  the  voltage.     In  order  to  bring  this  about,  the  leading  idle 

*  The  term  "capacity"  here  has  no  reference  whatever  to  the  condenser 
effect,  the  unit  of  which  is  the  fanuL 

Z  2 
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current  of  the  phaae  advanoer  must  be  equal  to  the  lagging  idle 
current  of  the  load,  bo  that 


/pa.  Bin  ^p^  =/|Sin^ 


'I 


and  /,^=/,_»5iL. 

The  k.V.A.  capacity  of  the  synchronous  motor  is  thus 
EI,^  X  10- » 

^EI^.$^X  10-' 


^El.yjJ- 


-^K  X  10- 


The  power  factor  of  the  synchronous  motor  will  usually  lie 
somewhere  between  0-1  and  0*2,  so  that,  taking  the  larger  value, 
the  expression  Vl  —  {pj.p,a)^  becomes  equal  to  Vl  —  0-2*  =  0-98. 
The  effect  of  taking  the  losses  into  accoimt  is  thus  seen  to  increase 
the  k.V.A.  capacity  by  only  2  per  cent.,  and  it  can,  therefore,  be 
neglected  in  the  majority  of  cases. 

As  an  actual  example,  the  case  will  be  taken  where  a  load  of 

1,000  k.W.  is  transmitted  at  a  power  factor  of  O*?^  the  phase 

advancer  running  at  a  leading  power  factor  of  0*16  so  as  to  bring 

the  resultant  power  factor  up  to  unity.     The  total  k.V.A.,  ex- 

1000 
eluding  the  phase  advancer,  is  -^r-^  =  1490,  and  the  idle  k.V.A.  is 

V1480'  — 1000^  =  1022.  If  the  power  factor  is  015,  then 
sin  ^pa.  ==  Vl  —  0*i5*  =  0*989,  and  the  capacity   of    the  phase 

1022 
advancer  is  =  1033  k.V.A,  the  power  taken  by  it  being 

U'9oy 

1033  X  015  =  155  k.W.     The  total   power  transmitted  is  now 

1155  k.W.  instead  of  1000  k.W.,  an  increase  of  15*5  per  cent.,  but 

the  total  current  in  the  mains  is  reduced  in  the  ratio  of  1430  to 

1000,  and  as  the  copper  losses  are  proportional  to  the  square  of 

/1000\* 
the  current  they  are  reduced  to  (tiqjv)  ,  or  0*49  of  their  initial 

value.  There  is,  therefore,  a  saving  of  51  per  cent,  of  the  copper 
losses  in  the  mains  against  an  additional  loss  of  15*5  per  cent,  of 
the  total  useful  load.  The  question  as  to  whether  there  is  a 
resultant  saving  or  not  depends  ux>on  the  resistance  of  the  mains 
and  must  be  settled  for  each  individual  case 

Partial  Improvement  of  Power  Factor. — ^Instead  of  raising  the  power 
factor  from  its  initial  value  to  unity,  it  might  be  raised  to  some  such 
value  as,  say,  0*9  by  the  employment  of  a  smaller  phase  advancer. 
A  considerable  improvement  is  still  effected  if  this  be  done,  and  it 
is  found  to  be  much  more  expensive  to  raise  the  power  factor  by  a 
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given  amount  when  it  is  near  unity  than  when  it  has  a  much  lower 
vaJue.  It  is  thus  possible  to  instal  a  phase  advancer  having  a  k.  V.  A. 
capacity  insufficient  to  raise  the  power  factor  to  unity,  but  sufficient 
to  raise  it  to  some  predetermined  lower  value.  This  machine  will 
be  considerably  smaller  than  one  designed  to  raise  the  power  factor 
to  unity  and  may  be  more  economical  to  instal  on  account  of  the 
reduced  capital  outlay  required. 

The  k.V.A.  capacity  oi  the  phase  advancer  for  a  partial 
improvement  can  be  calculated  in  the  following  way.  Let  p.f.i 
be  the  power  factor  of  the  load  in  the  first  instance,  p.f.r  be  the 
resultant  power  factor  after  the  phase  advancer  has  been  installed, 
and  p-f>p,a.  be  the  leading  power  factor  of  the  phase  advancer 
itself.  The  idle  component  of  the  load  current  is  /,  x  \/l  —  (p./.i)*, 
where  /j  is  the  load  current.  The  power  component  of  the  current 
in  the  mains  after  the  improvement  has  been  effected  is 

II  X  pj.i  +  Ipa.  X  p.fpa. 

where  /,.«.  is  the  current  taken  by  the  phase  advancer,  and  the 
total  final  current  is 

1 1  Xp.f.i  +  Ip,a.  Xp.f.p.a. 
The  idle  component  of  the  resultant  current  is 

P-JT 


^V(7b-'- 


=  (II  X  p.f.t  +  Ip.a.  X  p.f.p.a.)  X 

The  difference  between  the  idle  components  before  and  after  the 
phase  advancer  is  installed  represents  the  idle  current  taken  by 
the  latter,  and  this  is  equal  to  Ipa.  X  VI  —  (p.f-p.a.)*-    Therefore, 

/^.-.xVl-(p./.,^)»  

=/,  X  Vi-{p.f.i)'-(ltxp.f.t+lp.^  xpf-,.J  x  ^|^T^»  -1. 

and 


/,.»  X  VI -(p /.,...)»+/,.,.  xp.Ua.  X  y  ^ 


(p./r)* 


*p.a. 


=  J,  X  Vl-(p.f.i)*-Iixp.f.i  X  V(^i  -1- 
[vi-{p.f.,^)*+p.f.,^  X  V^Ij,  -l] 

=7{vi-(p./,)»-p./.,x  V(^J-p  -l]. 


342 


ALTERNATING  CURRENTS 


GH. 


Vi-(p.f.,,.)*+p.f. 


p.a. 


p/pi. 


_V^ij'-'^+V(^.-\ 


But  the  ratio  -^'  is  the  ratio  of  the  k.V.A.  of  the  phase  advancer 

to  the  k.V.A.  x)f  the  load,  so  that,  expressing  the  k.V.A.  capacity 
of  the  phase  advancer  as  a  percentage  oi  the  k-V.A.  of  the  load, 
it  becomes 


PJp.a. 


X 


^{Pj-l)'''^''^lpjr)'' 


Aidzy'-''^'J^^' 


X 100  per  cent. 


Expressing  the  k.V.A.  capacity  of  the  phase  advancer  as  a  per- 
centage of  the  k.W.  transmitted  to  the  load,  it  becomes 


P'fp.a. 


X 100  per  cent. 


The  above  expression  can  be  utilised  to  work  out  in  a  particular 
example  the  sizes  of  the  various  phase  advancers  for  the  purpose  of 
raising  the  power  factor  from  0*7  to  different  final  power  factors, 
the  power  factors  of  the  synchronous  motors  being  taken  as  0*15. 
The  required  k.  V.  A.  per  100  k.W.  of  load  are  shown  in  the  following 
table,  together  with  the  increase  in  the  k.y.A.  for  each  additional 
increase  of  0*05  in  the  power  factor,  showing  the  relative  expense  of 
increasing  the  power  factor  from  0*95  to  unity. 


Final  Power  Factor 


k.V.A.  per  100  k,W.  load 


Additional  k.V.A. 


0-75    !    0-80 

0-85 

0-90 

0-95 

1-00 

12-2         24-5 

37  0 

50-3 

66-5 

103-0 

12-3         12*5         133         16-8  36-5 
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Most  Beonomleal  Final  Power  Faotor. — ^The  question  as  to  what  is 
the  most  economical  final  power  factor  is  a  very  important  and 
practical  one  and  is  ultimately  decided  by  considerations  of  cost. 
When  the  power  factor  is  raised  it  involves  an  extra  expenditure 
on  account  of  the  phase  advancer,  but  there  is  a  reduction  in  the 
cost  of  the  mains,  or,  alternatively,  they  are  capable  of  transmitting 
a  greater  load.  If  the  load  is  expanding  it  may  be  more  economical 
to  instal  a  phase  advancer  in  preference  to  laying  down  additional 
mains.  * 

Starting  from  the  low  power  factor  due  to  the  load  and  gradually 
raising  it,  the  saving  in  the  mains  at  first  far  outweighs  the  extra 
cost  of  the  phase  advancer  in  the  majority  of  cases,  but  as  the  power 
factor  is  rcJsed  still  further  the  cost  of  the  phase  advancer  be^ns  to 
approximate  to  the  saving  in  the  mains,  and  finally  any  additional 
saving  in  the  mains  is  only  obtained  by  a  greater  expenditure  in 
increasing  the  size  of  the  phase  advancer.  There  is  a  point,  there- 
fore, beyond  which  it  is  not  economical  still  further  to  improve  the 
power  factor,  and  this  usually  occurs  at  a  power  factor  somewhere 
about  0*95. 

Phase  Advaneer  with  Meehanleal  Load. — ^A  synchronous  motor  used 
as  a  phase  advancer  can  be  utilised  to  develop  mechanical  power 
in  the  same  way  as  an  ordinary  synchronous  motor.  All  that  is 
necessary  is  that  the  motor  whould  be  over-excited  to  a  certain 
extent.  The  idle  component  of  the  motor  current  tends  to  eliminate 
the  lagging  idle  current  of  the  remainder  of  the  load,  whilst  the 
power  component  of  the  motor  current  serves  to  develop  the  torque 
required  for  the  load.  Whilst  the  motor  adds  to  the  useful  power 
loaii  on  the  supply,  it  materially  increases  the  total  power  factor. 

An  example  will  be  worked  out  wherein  a  600  k.  V.  A.  synchronous 
motor  developing  360  B.H.P.  is  installed  to  improve  the  power 
factorof  a  three  phase  transmission  line  having  a  load  of  1000  k.  V. '. 
at  a  power  factor  of  0-8,  the  line  voltage  being  6600. 

llie  line  current  is,  excluding  the  synchronous  motor, 

1000  Xl0»      ^^ 

--= =3  87-6  amperes, 

VS  X  6600  ^ 

and  lags  behind  the  phase  volts  by   an   angle    of    37^,    since 
ooe  37^  =:  0-8  [see  Fig.  303  (a)].     Assuming  an  efficiency  of  0-9 

for  the  synchronous  motor,  its  input  is ^r-^ =  298-4  k.W,, 


and  its  power  factor  is  ~^r  =  ®'^-      '^^  motor  current  is 

AnO  V  lA' 

— — ss  62-6  amperes,  and  leads  the  phase  volts  by  an  angle 

V3X6600  ^  ^  j^       ~^ 

of  60^,  since  cos  60^  =  0-60.     The  lagging  idle  current  of  the  load 
18  87-6  X  sin  37^  8  62-6  amperes,  and  tl^  leading  idle  current  of 
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the  synohronous  motor  is  52-6  x  sin  60^  =  45*6  ampereB.  The 
resultant  idle  ciuTent  (lagging)  is  58*5  —  45*5  =  7*0  amperes.  The 
resultant  wattful  current  is  87-6  X  0-8  -f  52-5  X  0-5  =  96-25  am- 
peres.    The  resultant  line  current  is  V96'26*  +  7*  =  96*5  amperes, 

96-! 


and  the  final  power  factor  is 
seen  that  for  an  increase  of 


96-5 


•'  0'997,  say,  unity.     It  is  thus 


96  5  -  87'g 
87-6 


X  100  =s  10-3  per  cent,  in 


the    current    the    power    transmitted    has    been    increased    by 

800  -I-  298*4 

^^ X  100  =  37'3  per  cent.,  the  efficiency  of  transmission 

being  considerably  improved. 

nie  case  will  now  be  considered  where  the  synchronous  motor 
is  run  unloaded,  assuming  it  to  run  at  a  power  factor  of  0*1, 
thus  taking  60  k.W.  to  drive  it  light.      The  motor  current  is 

600  X  10' 

-^= =  52*5  amperes,  the  same  as  before,  but  the  idle  com- 

V  8  X  6600 

ponent  is  now  62-6  x  Vl  —  O'l*  =  62-2  amperes,  and  the  power 
component  82*5  x  0*1  =  5-25  amperes.  The  resultant  idle  current 
(lagging)  is  62*5  —  52*2  »  0*3  amperes,  and  the  resultant  wattful 
component  is  87*5  x  0*8  +  5*25  =  76*25  amperes.  The  final 
line  current  is  V76*25*  +  0*3*  =  75*3  amperes,  the  power  factor 
being    unity.      The    line   current    has    thus    been   reduced    by 

X  100  =3 14  per  cent,  at  the  expense  of  an  additional 


87-6 


60 


power  loss  of  r^  x  100  «  7*5  per  cent,  of  the  total  power  load. 

The  vector  diagram  for  one  phase,  both  loaded  and  unloaded, 
is  shown  in  Fig.  303  (a)  and  (&). 


/e 

(a)  Loaded  {b)  Unloaded 

Fio.  808.~4ynebronoiiB  Motor  as  Fhaae  Advanoer 

Kapp  Vibrator. — ^This  piece  of  apparatus  is  a  particular  kind  of 
phase  advancer  and  is  used  to  inject  a  leading  E.M.F.  into  the 
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IftG.  304.— Ks]yp  Vlfantor. 


rotor  cironit  of  an  induction  motor.  As  wiU  be  shown  in  Chapter 
XXVI,  these  motors  generate  a  rotor  omrent  which  ordinarily 
lags  behind  the  flux  by  90'',  and 
if  this  angle  can  be  reduced  the 
8l>ator  current  becomes  automatic- 
ally advanced  in  phase  with  a 
consequent  improvement  in  the 
power  factor  and  overload  capa- 
city. 

The  Kapp  vibrator  is  con- 
nected in  series  with  the  rotor 
circuit  of  the  motor  and  the  starter 
and  actually  reduces  the  lagging 
current  taken  by  the  motor.  Its  action  is  thus  totally  different 
from  that  of  the  over-excited  synchronous  motor  which  compen- 
sates for  the  lagging  current,  whereas  this  machine  prevents  its 
production  in  the  first  place. 

The  vibrator  consists  of  an  armature  having  a  commutator  on 
which  two  brushes  press  at  opi)Osite  ends  of  a  diameter,  as  shown  in 
Fig.  304.  This  armature  is  placed  in  an  ordinary  bipolar  field 
system  excited  from  an  auxiliary  battery.  The  armature,  being 
connected  in  series  with  the  rotor  circuit  of  the  motor,  receives  an 
A.C.  of  very  low  frequency  (see  Chapter  XXVI  for  the  theory  of  the 
induction  motor)  and  experiences  a  torque  due  to  the  combined 
action  of  the  field  and  the  armature  current.  The  armature  will 
thus  commence  to  rotate.  When  the  current  reverses  the  torque 
reverses  and  the  armature  slows  down  until  it  comes  to  rest  at  the 
moment  when  the  current  reaches  its  maximum  value.  During 
the  next  quarter  of  a  period  when  the  current  is  dying  down  the 
armature  conmiences  to  rotate  in  the  opposite  direction.  When 
the  current  becomes  zero,  the  velocity  reaches  a  maximum,  and  for 
the  next  quarter  of  a  period  whilst  the  cxurent  is  growing  it  exerts 
a  retarding  effect  on  the  armature.  As  a  net  residt,  the  armature 
never  becomes  displaced  to  any  great  extent,  but  merely  vibrates 
to  and  fro.  An  alternating  back  E.M.F.  proportional  to  the  speed 
is  generated  in  the  armature.  This  reaches  a  maximum  when  the 
velocity  is  a  maximum,  but  the  current  at  this  instant  is  zero. 
The  back  E.M.F.  is  thus  in  quadrature  with  the  current,  and  as  no 
mechanical  power  is  supplied  to  the  vibrator,  the  energy  associated 
with  its  movement  must  therefore  be  derived  from  an  electrical 
source  and  obviously  comes  from  the  rotor  of  the  induction  motor. 
The  vibrator  armature  executes  approximately  a  simple  harmonic 
motion  and  has  its  maximum  velocity  in  the  middle  of  its  swing. 
At  this  moment  its  kinetic  energy  is  also  a  maximum,  whilst  at 
the  extremity  of  its  swing  its  velocity  and  kinetic  energy  are  zero. 
When  the  current  is  decreasing  the  velocity  and  kinetic  energy  are 
iQcmudng.    Eneirgy  is  being  transferred  to  the  vibrator  and  with^ 
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drawn  from  the  electrioal  circuit.  The  current,  therefore^  dies 
down  at  an  increased  rate.  Again,  when  the  current  ia  increasing 
the  velocity  and  kinetic  energy  are  decreasing.  The  energy  is 
being  transferred  back  to  the  electrical  circuit,  so  that  the  growth 
of  the  current  is  accelerated.  The  action  of  the  vibrator  is  tiius  to 
advance  the  phase  of  the  current  all  the  time,  and  this  reacts  on  the 
main  stator  current,  advancing  its  phase  and  improving  the  power 
factor  of  the  motor. 

Since  the  rotor  circuits  are  always  wound  for  low  voltages,  even 
when  the  stators  are  run  from  H.T.  mains,  there  is  no  trouble  from 
conmmtation.  In  fact,  metal  brushes  are  used.  When  the  main 
induction  motor  is  started  up,  however,  high  voltages  are  induced 
temporarily  in  the  rotor  circuit,  so  that  arrangements  are  made 
to  cut  out  the  vibrator  during  this  period. 

When  applied  to  a  three  phase  motor,  three  vibrator  armatures 
are  employed,  these  being  arranged  inside  a  conmion  field  system, 
as  shown  in  Fig.  306. 


il. 


-rtr^ 


Motor 


Starffr 


ill 


1 


Happ  Vibrator 
Fio.  SOLATIUM  Fbase  Kai»p  Vibrator. 

Leblane*8  Bzolten. — ^In  the  previous  paragraph  it  was  shown 
that  if  a  leading  E.M.F.  were  injected  into  the  rotor  circuit  of  an 
induction  motor  the  general  power  factor  would  be  improved.  This 
can  be  done  by  coupling  a  number  of  exciters  to  the  shaft  of  the 
motor,  one  for  each  phase.  These  exciters  are  made  like  single 
phase  series  motors  provided  with  compensating  windings  (see 
Chapter  XXX).  The  action  can  be  most  easily  followed  in  the  case 
of  a  two  phase  rotor  (see  Fig.  306).  Wi  and  W^  represent  the  two 
phase  windings  of  the  rotor  and  E^  and  E^  the  armatures  of  the 
two  exciters.  The  current  from  the  phase  Wi  passes  from  the  slip 
ring  through  the  compensating  winding  O^,  through  the  armature 
El,  and  then  through  the  field  F^  of  the  exciter  in  ti^e  second  phase, 
and  thence  to  the  star  point.  The  cxurent  from  the  phase  W^ 
pa^sjBs  tjixpngih  the  compensating  winding  C^  through  the  armature 
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B^  and  then  thiongh  the  field  F^  at  the  exciter  in  the  fiist  phase 
and  to  the  star  point.  The  leBistances  B^  and  jB^  are  those  of  the 
starter  for  the  main  motor,  the  exciters  bdng  short-circnited  during 
starting  up.  When  the  motor  is  running,  the  armature  E^  has 
generated  in  it  an  E.M.F.  which  is  in  phase  with  the  current  in 


Ike.  806.— LeUaao's  Bzdten  for  Two  Fhue  Eotor. 

the  second  phase.  If  the  polarity  of  the  poles  is  suitably  arranged 
this  E.M.F.  will  lead  the  current  in  the  first  phase  by  W*.  In  a 
similar  manner,  the  armature  B^  generates  an  E.M.F.  in  the  second 
phase,  again  leading  the  current  by  90^.  The  introduction  of  this 
leading  E.M.F.  advances  the  phase  of  the  whole  rotor  current,  which 
in  turn  adrances  the  stator  current,  so  that,  if  desired,  the  induc- 
tion motor  can  be  made  to  take  a  leading  current  from  the  supply. 


Vl«.  807^— LeUaoo^f  Bxdten  for  Three  Phaae  Rotor. 


In  the  case  of  a  three  phase  rotor  three  exciters  are  required, 
and  this  constitutes  the  main  drawback  to  the  method.  Li  this 
case  each  exciter  receives  its  magnetising  current  from  the  next 
phase,  as  shown  in  Fig.  307,  which  shows  the  connections  of  the 
main  field  and  armature  windings. 
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Seberbias  Phase  AdYaneer.— The  three  exciters  desoribed  above 
can  be  combined  in  one  machine,  the  armature  of  which  is  made 
like  an  ordinary  drum  wound  G.C.  armature.  This  is  surrounded 
by  a  ring  of  laminations  having  inwardly  projecting  poles,  but 
without  any  field  windings.  The  commutator  is  |»t>vided  with 
four  brushes  spaced  90^  apart  if  used  on  a  two  phase  circuit,  and 
with  three  brushes  spaced  120^  apart  if  used  on  a  three  phase  circuit. 
This  is  shown  diagrammatically  in  Fig.  308  (a)  and  (6).  These 
brushes  are  connected,  through  the  starting  resistances,  to  the  slip 
rings  of  the  induction  motor.  The  action  of  the  two  phase  machine 
will  be  studied  as  being  the  simpler,  remembering  that  the  three 
phase  machine  behaves  in  a  similar  manner.  Considering  the 
first  phase  where  the  current  is  led  into  and  out  of  the  armature 
at  Ai  and  ^3,  an  alternating  magnetic  flux  will  be  set  up  having 
for  its  axis  the  line  of  the  brushes  Ai  and  A^-    Similarly,  the  second 


Fig.  808.— 8oh0rbiiu  Amuigemcot. 


phase  will  set  up  a  magnetic  flux  90°  out  of  phase  with  the  first 
along  the  axis  BiB^-  These  two  component  fluxes  do  not  really 
exist  separately,  but  it  is  convenient  to  treat  them  as  if  they  did. 
Actually,  there  is  only  one  resultant  flux.  Each  phase  winding  in 
the  armature  will  have  an  E.M.F.  induced  in  it,  due  to  rotation  in 
the  flux  produced  by  the  other  phase.  This  is  equivalent  to  exciting 
each  phase  by  means  of  a  magnetising  current  obtained  from  the 
other  phase.  The  similarity  to  the  arrangement  in  Fig.  306  is  now 
apparent.  A  great  advantage  is  obtained  over  the  separate  Leblanc 
exciters,  inasmuch  as  the  armature  ciurrents  themselves  excite  the 
field.  It  will  also  be  seen  that  the  stator  iron  stampings  are  not 
really  necessary,  except  in  so  far  as  they  may  reduce  the  reluctance 
of  the  magnetic  circuit  when  an  open  slot  winding  is  used  on  the 
armature.  If  a  winding  with  dosed  slots  is  used,  the  magnetic 
circuit  may  lie  wholly  within  the  armature,  the  external  stator 
being  altogether  dispensed  with.    The  use  of  the  external  frame. 
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however,  poesesses  several  advantages  from  the  designer's  pomt  of 
view. 

If  the  phase  advancer  be  stationary  it  acts  like  a  three  phase 
choking  coil,  but  if  it  is  driven  from  the  shaft  of  the  motor  the  power 
factor  of  which  it  is  going  to  raise,  then  a  leading  E.M.F.  will  be 
induced  in  each  phase,  the  effect  of  which  is  to  advance  the  phase 
of  the  current. 

The  main  advantage  possessed  by  the  phase  advancers  described 
above  over  the  over-excited  synchronous  motor  is  that  they  are 
machines  of  relatively  small  output.  The  reason  for  this  is  that 
the  phase  advancer  stands  in  the  same  relation  to  an  induction  motor 
as  an  exciter  does  to  a  synchronous  motor.  An  exciter  of  compara- 
tively small  capacity  can  over-excite  a  synchronous  motor  so  as 
to  make  it  supply  a  wattless  load  fifty  times  as  great,  measured  in 
k.y.A.,  as  the  rating  of  the  exciter.  A  phase  advancer  of  only 
30  k.  V.  A.  capacity  is  capable  of  effecting  a  total  change  of  1000  idle 
k.y.A.  in  the  main  circuit,  since  it  only  deals  with  the  rotor  circuit 
of  the  induction  motor,  and  the  k.V.A.  in  the  rotor  circuit  is  small 
compared  with  that  drawn  by  the  stator  circuit  from  the  supply. 


CHAPTER  XXm 

BOIABT  OOT9VEBTBB8 

Methods  of  TransformAtioii. — ^A  number  of  pieces  of  apparatus  are 
at  present  on  the  market  for  converting  alternating  into  continuous 
current.  The  main  application  of  such  machinery  is  in  the  equip- 
ment of  a  sub-station  where  A.C.  is  received  from  the  H.T.  mains 
and  an  L.T.,  C.C.  is  delivered  to  the  consumers.  There  are  three 
chief  types  of  converting  plant,  viz., 

1.  Motor  Generators. 

2.  Rotary  Converters. 

3.  Motor  Converters. 

The  first  type  consists  of  a  C.C.  generator  mechanically  coupled 
to  an  A.C.  motor  which  drives  it.  As  A.C.  motors  can  be  built  for 
high  voltages,  there  is  no  need  for  transformers  on  this  system. 
'  Two  rotary  machines  are  employed. 

The  second  type  consists  of  a  single  machine,  the  construction 
and  performance  of  which  will  be  discussed  in  the  following  para- 
graphs, but  since  the  voltage  ratio  between  the  A.C.  €uid  C.C.  ends 
is  fixed,  this  method  also  necessitates  the  use  of  transformers  for 
the  purpose  of  stepping  down  the  voltage.  Thus  one  rotary  machine 
is  employed  together  with  one  or  more  statical  transformers. 

Thethirdtype  of  converting  plant  consists  of  two  rotary  machines, 
direct  coupled,  as  will  be  discussed  in  Chapter  XXIX,  and  may  be 
described  as  a  cross  between  a  motor-generator  and  a  rotary  con- 
verter, from  which  the  name  of  motor  converter  is  obtained. 

Other  forms  of  converting  apparatus  are  tl^e  mercury  txtpaur 
converter  and  the  ekdrdytic  rectifier  or  electric  valve. 

Frineiple  of  the  Rotary  Converter. — ^The  ordinary  C.C.  dynamo 
really  generates  an  alternating  E.M.F.  which  is  made  continuous  by 
the  action  of  the  commutator.  If  a  pair  of  slip  rings  be  mounted 
on  the  armature  of  such  a  generator  at  the  non-commutator  end, 
these  slip  rings  being  connected  to  conductors  situated  diametri- 
cally opposite  each  other  in  a  bipolar  case,  the  machine  will  also 
act  as  an  A.C.  generator.  Moreover,  it  is  possible  to  make  it 
generate  both  C.C.  and  A.C.  at  the  same  time  by  mechanically  driving 
it.  An  A.C.  generator  is,  however,  capable  of  acting  as  a  synchro- 
nous motor,  so  that  the  rotation  may  be  produced  by  supplying  the 
A.C.  end  with  power  in  an  electrical  form  instead  of  driving  the 
machine  mechanically.  Driven  in  this  way,  the  machine  is  known 
as  a  rotary  converter.    The  rotation  of  the  armature  induces  an 

860 
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alternating  back  E.M.F.  in  it,  and  this  is  converted  into  a  continuous 
E.M.F.  by  the  action  of  the  commutator.  If  no  current  is  delivered 
by  the  C.C.  end,  the  motoring  current  taken  by  the  A.C.  end  is  only 
that  required  to  overcome  the  losses  of  the  machine  and  maintain 
its  rotation.  When  the  C.C.  end  is  connected  to  some  form  of 
load  resistance,  a  drag  on  the  armature  conductors  is  produced 
and  is  the  equivalent  of  putting  a  load  on  the  motoring  A.C.  end, 
which  consequently  takes  a  larger  current.  The  power  input  to 
the  rotary  converter  is  obviously  equal  to  the  power  output  together 
with  the  power  wasted  in  its  losses. 

This  machine  must  not  be  confused  with  a  motor-generator 
employing  a  single  armature  core  and  field  system,  l^e  latter 
machine  has  a  double  armature  winding  and  the  conductors  carrying 
the  motoring  current  are  quite  distinct  electrically  from  those 
carrying  the  generated  current.  In  a  rotary  converter  the  same 
conductors  carry  both  currents  superposed  on  one  another,  and 
since,  generally  speaking,  the  motoring  current  is  flowing  in  the 
opposite  direction  to  the  generated  current,  the  resultant  current 
at  any  instant  is  the  difference  of  the  two. 

Inverted  Rotary  Converter. — Instead  of  supplying  the  A.C.  end 
with  a  motoring  current  and  generating  a  continuous  E.M.F.  at 
the  C.C.  end,  the  reverse  may  be  done.  The  commutator  is  then 
supplied  with  C.C,  in  which  case  the  machine  runs  as  a  C.C.  motor 
and  acts  like  an  A.C.  generator.  When  run  in  this  reverse  manner, 
the  machine  is  known  as  an  inverted  rotary  converter. 

Polyphase  Rotary  Converter. — It  an  inverted  rotary  converter 
be  supplied  with  three  slip  ring?  connected  to  conductors  situated 
one-third  of  a  cycle  apart  it  will  generate  a  three  phase  supply. 
Conversely,  when  run  in  the  ordinary  way  it  may  be  supplied  with 
a  polyphase  current  if  suitable  slip  ring  connections  are  made.  The 
number  of  slip  rings  necessary  for  the  various  polyphase  supplies 
are  the  same  as  in  the  case  of  a  rotating  armature  alternator  or 
synchronous  motor. 

Since  the  performance  of  a  single  phase  rotary  converter  is  very 
unsatisfactory,  these  machines  are  seldom  employed,  and,  as  a 
general  rule,  the  larger  the  number  of  phases,  the  better  do  the 
machines  work. 

Ratio  of  Transformation*— The  brushes  on  the  commutator  are 
placed  so  as  to  obtain  the  maximum  voltage  generated,  and,  in  a 
single  phase  bipolar  machine,  once  during  each  half -revolution  or 
half -cycle  the  conductors  connected  to  the  slip  rings  come  under 
the  brushes  as  shown  diagrammatically  in  l^g.  300.  In  every 
other  position  the  voltage  across  the  slip  rings  is  less  than  it  is  at 
this  instant.  In  the  position  shown,  therefore,  the  voltage  across 
the.  slip  rings  is  also  a  maximum,  and,  neglecting  the  losses  in  the 
machine,  this  is  equal  to  the  commutator  voltage.  The  maximum 
value  of  the  AC.  voltage  is  thus  equal  to  the  C.C.  voltage  in  a  single 
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phAfle  rotary  oonverter,  and,  assaming  a  sinusoidal  wave  form,  the 
R.M.S.  value  of  the  A.C.  voltage  is  equal  to  —j^  times  the  C.C. 

voltage. 

Still  neglecting  the  losses,  the  watts  at  the  two  ends  of   the 
machine  are  equal,  or 

and  /^  =  /ex|?     ^ 


=  /oX 


Ba  cos  ^ 


1 


I        cos  ^ 

If  the  machine  is  operating  on  unity  power  factor  the  alternating 
current  is  equal  to  \/2  or  1*414  times  the  continuous  current. 


Fio.  S09.— Armatuie  PositloD  for  Maxlmam 
Voltace.   Single  PhaM. 


FIO.  810.— Two  Phwe  Rotary 
Convertflr. 


In  the  case  of  a  two  phase  rotary  converter  (bipolar  machine) 
there  are  four  slip  rings  connected  to  conductors  situated  90*^  apart 
(see  Fig.  310).  Since  the  armature  winding  is  necessarily  of  the 
distributed  type  as  used  in  C.C.  machines,  the  two  phases  are  linked 
together  in  the  armature  of  the  rotary  converter  itself,  and  conse- 
quently the  phases  of  the  supply  must  be  linked  at  the  centre  and 
not  at  one  end.  The  three  wire  system  of  transmission  is  therefore 
inadmissible.  The  two  slip  rings  belonging  to  each  phase  being 
connected  to  conductors  situated  diametrically  opposite,  the  voltage 

per  phase  is  the  same  as  in  the  single  phase  case,  viz.,  — ^  or  0-707 

times  the  C.C.  voltage. 

Equating  the  C.C.  and  A.C.  power,  we  get 

Eclc  =  "^^aIa  cos  ^ 

1 


and 


^^-^^^^^2co8^ 


=  /c  X 


\/2  cos  ^ 
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On  unity  power  factor,  the  A.C.  line  current  is  therefore  0'707  times 
the  continuous  current. 

In  a  three  phase  rotary  converter,  the  conductors  connected  to 
any  two  slip  rings  cannot  be  connected  to  the  brushes  at  the  same 
time,  since  the  slip  ring  connections  are  spaced  120^  apart  instead 
of  180^,  as  in  the  single  and  two  phase  machines.  The  position 
of  the  slip  ring  connections  for  maximum  voltage  must  therefore 
be  determined.    In  the  single  phase  case  it  was  seen  that  this 


(a)  (« 

Fio.  311.— Thiee  Fbaae  Rotary  CoiiYerter. 

position  was  the  one  where  the  slip  ring  conductors  enclosed  the 
maximum  number  of  lines  of  force.  In  other  words,  the  vertical 
distance  between  a  and  b  in  Fig.  311  must  be  a  maximum.  Calling 
the  radius  of  the  circle  unity,  this  distance  is  1  +  sin  30°  =  1-5  in 
Fig.  311  (a)  and  2  sin  60°  =  1-732  in  Fig.  311  (6).  The  latter  position 
will  be  found  to  give  the  maximum  value  for  all  the  various  positions, 

V3 

the  length  of  the  vertical  line  being  -^    times  the  full  diameter  of 

the  circle.^     ' 

1  ThiB  can  be  shown  by  the  calculus  aa  follows : — 
Vertical  distance  =  sin  d  +  sin  (120°  —  0) 

s  sin  a  +  sin  120''  cos  a  —  cos  120°  siu  § 

=  5  sin  d  -h  "2    cos  a  =  y. 


For  y  =  max.,  ^^  =  0, 


V3 


Vz  . 

lc(mB=  -^    Bine, 

V3  cos  $  =  sin  0, 

tan  «  =  VS  and  «  =  60°. 
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The  maximum  A.G.  line  voltage  is  therefore  —^  times  the  C.C. 
voltage,  and  the  R.M.S.  value  of  the  A.C.  voltage  is  — ^  =  0-612 


times  the  C.C.  voltage. 

Equating  the  C.C.  and  A.C.  power  again,  we  get 


2V2 


Eclc=- VSEJ^  COS  <f, 


and 


=  /c  X  r-1^  X 


1 


^A      V3  COS  <ff 
2V2  . .        1 


\/3       V3  COS  ^ 
0-943 


cos  <ff 

Similar  calculations  can  be  worked  out  for  six  and  twelve 
phase  rotary  converters. 

The  various  ratios  for  different  numbers  of  phases,  assuming 
100  volts  and  100  amperes  at  the  C.C.  end,  are  tabulated  as 
follows  : — 


C.C. 

Single 
Pbase. 

Two         Three         Six 
Pbase.      Phrase.      Pbase. 

Twehre 
Phaae. 

VoUb  between  SUp  Rings  ... 

100 

70-7 

1                1 
70-7           61-2     !      S6-4 

18-8 

Current  per  Slip   Ring  at 
Unity  Power  Factor 

100 

141-4 

70-7 

1 

94-3           47-2 

1 

28-6 

These  ratios  of  transformation  are  somewhat  affected  by  the 
ratio  of  pole  arc  to  pole  pitch,  just  as  this  ratio  affects  the  E.M.F. 
generated  in  an  alternator  (see  p.  245).  As  a  general  rule,  the 
A.C.  voltage  is  raised  by  reducing  the  ratio  of  pole  arc  to  pole  pitch 
and  vice  versa,  this  being  done  at  the  expense  of  the  wave  form. 
The  ratios  calculated  above  have  been  worked  out  on  the  assump- 
tion of  a  sinusoidal  wave  form  which  involves  a  ratio  of  pole  arc 
to  pole  pitch  of  approximately  0-7. 

Effect  of  Output  on  Ratio  of  Transformation. — Owing  to  the 
presence  of  resistance  and  reactance  in  the  armature,  the  ratio  of 
transformation  does  not  remain  constant  for  all  values  of  the  load. 
A  certain  amount  of  voltage  is  lost  in  this  way,  the  magnitude 
depending  upon  the  value  of  the  load.  If  the  A.C.  supply  pressure 
be  maintained  constant,  the  C.C.  voltage  gradually  falls  as  the  load 
comes  on,  after  the  manner  of  a  shunt  d3niamo,  and  the  relation 
between  the  C.C.  load  current  and  C.C.  terminal  voltage  is  called 
the  characteristic  of  the  rotary  converter. 
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Construetion. — The  construction  of  a  simple  rotary  converter 
differs  very  little  from  that  of  a  C.C.  dynamo,  with  the  exception 
that  slip  rings  are  mounted  at  the  non-commutator  end  of  the 
armature.  "Diey  are,  however,  frequently  complicated  by  the 
addition  of  boosters  for  the  purpose  of  improving  the  regulation, 
the  two  armatures  being  carried  on  the  same  shaft.  Interpoles 
are  also  usually  employed  on  modem  machines  for  the  purpose  of 
improving  the  operation.  Owing  to  the  taet  that  the  alternating 
and  continuous  currents  tend  to  neutraliBe  each  other  in  the  anna- 
turcy  the  heating  is  considerably  reduced,  which  means  that  a  larger 
output  can  be  obtained  from  a  particular  armature  with  a  given 
temperature  rise  than  would  be  the  case  if  the  currents  flowed  in 
separate  conductors  instead  of  being  .superposed  on  one  another 
in  the  same.bar.  The  size  of  a  rotary  converter  for  a  given  output 
and  speed  is  thus  less  than  that  of  the  corresponding  C.C.  dynamo. 
Another  advantage  lies  in  the  taet  that  a  single  magnetic  field 
system  serves  the  machine,  whilst  two  field  systems  are  required 
in  the  case  of  a  motor-generator  set.  For  these  reasons,  the  rotary 
converter,  together  with  its  complement  of  transformers,  has  a 
higher  efficiency  than  the  motor-generator,  a  gain  of  3-4  per  cent, 
being  obtained  on  a  1,000  k.W.  set. 

Number  of  Poles. — ^The  relation  between  the  number  of  poles  and 
the  frequency  and  speed  is  the  same  as  in  the  case  of  a  synchronous 
motor  or  an  alternator.  Rotary  converters  work  better  on  low 
frequencies,  and  consequently  a  frequency  of  26  has  become  more 
or  less  a  stckndard  for  rotary  converter  work.  Successful  operation 
can  also  be  obtained  at  a  frequency  of  60,  but  this  is  about  the 
limit  from  a  practical  point  of  view.  For  a  given  frequency  the 
speed  depends  to  a  large  extent  upon  the  armature  diameter,  and, 
as  this  goes  up  with  the  output,  the  speed  must  come  down  with  a 
corresponding  increase  in  the  number  of  poles.  The  following  table 
shows  the  number  of  poles  which  may  be  expected  for  various 
outputs : — 


SOCydok 


Output. 

25Cycl68. 

100—  200  k.W. 

300-  500  k.W. 

flOO-  900  k.W. 

1000—1200  k.W. 

1600  k.W. 

4  Poles 

6      „ 

8     „ 

12     „ 

16     „ 

6—  8  Poles 
8-10    „ 
12-16    „ 
20-24    „ 


Armature  Windings* — Drum  wound  armatures  are  employed  with 
windings  exactly  like  those  in  C.C.  dynamos.  Either  two  circuit 
(wave)  or  multiple  circuit  (lap)  windings  may  be  used,  but  it  is  the 
usual  practice  to  adopt  the  two  circuit  winding  for  outputs  up  to 
about  100  k:W.,  whilst  multiple  circuit  windii^  are  used  for  the 
larger  outputs. 
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When  two  oiiouit  windings  are  adopted  there  is  only  one  con- 
nection required  per  slip  ring,  corresponding  to  the  single  brush 
spindle  in  the  G.C.  dynamo.  When  multiple  circuit  windings 
are  adopted  there  must  be  as  many  connections  to  each  slip 
ring  as  there  are  pairs  of  poles,  corresponding  to  the  number  of 
brush  spindles  in  parallel  in  the  C.C.  dynamo.  The  total  number 
of  tappings  required  is  therefore  equal  to  the  number  of  slip  rings 
in  a  two  circuit  winding  and  the  number  of  slip  rings  multiplieid 
by  the  pairs  of  poles  in  a  multiple  circuit  winding. 

Consider  as  an  example  the  case  of  a  6-pole  multiple  circuit 
armature  having  144  conductors.  Used  on  single  phase,  there  would 
be  6  tappings  spaced  24  conductors  apart;  as  a  two  phase  machine 
there  would  be.,12  tappings  spaced  12  conductors  apart ;  as  a  three 
phase  machine  there  would  be  9  tappings  spaced   16  conductors 


Fio.  812.— Three  Pliaie  Armature  Winding  for  Rotary  CooYerter. 


apart ;  and  as  a  six  phase  machine  there  would  be  18  tappings  spaced 
8  conductors  apart. 

A  development  of  a  portion  of  this  winding  when  used  for  three 
phase  is  shown  in  Fig.  312. 

Transformer  Conneetions  for  Six  Phase  Rotary  Converter. — Owing 
to  their  improved  performance,  six  phase  rotary  conyerters  are 
largely  adopted  on  three  phase  systems,  since  the  six  phases  can  be 
produced  merely  by  connecting  up  the  single  three  phase  or  the 
three  single  phase  transformers  in  certain  ways. 

The  first  way  is  called  the  double  mesh  method  of  connection. 
Each  phase  of  the  transformer  is  provided  with  a  double  secondary 
and  each  set  of  three  secondaries  is  connected  in  mesh  or  delta. 
The  three  primaries  are  usually  connected  in  mesh  as  well,  since 
the  continuity  of  supply  is  still  maintained  by  these  connections, 
oven  if  one  transformer  should  break  down.  Fig.  313  shows  the 
diagram  of  connections  and  also  the  vector  diagram.    Tlie  potential 
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of  the  neutral  point  of  each  mesh  coincides,  since  the  systems  are 
synunetrically  linked  together  in  the  armature  itself.  If  the  G.C. 
voltage  is  Ec,  the  transformer  secondary  voltage  is  0*6121?^.  Calling 
the  ratio  of  A.C.  line  voltage  to  C.C.  voltage  B^  the  transformer 

ratio  must  be  made  /t^ta  =  hOSB. 


Diagram  cf  CannecHons 


FIO. 


Vector  Diagram  . 

318.— Double  Mesh  ConnectionB  for  Six  Phase  Botary  Converter. 


The  second  method  is  called  the  double  star  method  of  con- 
nection and  is  occasionally  employed.  Double  secondary  windings 
are  again  required,  each  set  being  connected  in  simple  star.  The 
two  star  points  are  joined  together  and  the  six  free  ends  connected 
as  shown  in  Fig.  314,  which  also  shows  the  vector  diagram.     The 

0*612 
transformer  secondary  voltage  per  phase  is  now      .-  Eq  =  0*364jBo> 

V3 
and  if  the  primaries  are  still  connected  in  mesh,  the  transformer 
B 


ratio  must  be  made 


0-354 


=  2-83i?. 
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The  third  method,  called  the  diametral  method,  is  really  a  develop- 
ment of  the  previous  one  and  is  now  largely  adopted.  Referring 
to  Fig.  314,  it  is  seen  that  each  pair  of  secondaries  can  be  replaced 
by  a  single  winding,  the  middle  points  being  taken  to  a  common 
star  point.  But  this  latter  connection  is  nnnecessary,  as  in  a 
three  phase  transmission  scheme,  the  armature  itself  fixes   the 
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Diagram  ^  Connections 

1 
A 


Vector  Diagram 

Fia.  314.— Bonble  Star  Connections  for  Six  Phase  Botaiy  Converter.  . 

neutral  point  by  its  various  connections.  This  method,  therefore, 
only  requires  three  single  secondaries  instead  of  six,  these  being 
connected  as  indicated  in  Fig.  316,  which  shows  the  vector  diagram 
in  addition.  The  latter  also  shows  that  the  middle  points  of  the 
three  secondaries  are  all  at  the  same  potential.  Since  the  single 
secondary  takes  the  place  of  two  in  the  second  method,  the  trans- 
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former  secondary  voltage  must  be  doubled,  thus  halving  the  trans- 
former ratio,  which  now  becomes  l-41i?. 

Twelve  Phase  Rotary  Converter  operated  from  Three  Phase  Supply. — 
By  using  a  combination  of  the  double  mesh  and  the  diametral 
systems  of  connections,  it  is  possible  to  operate  a  twelve  phase 
rotary  converter  from  three  phase  mains.     Referring  to  Fig.  316, 
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Diagram     of    Connections 


Vector    Diagram 
Fig.  815.— BUmetnl  Connections  for  Six  Phase  Rotary  Converter. 

which  represents  the  armature,  it  is  seen  that  six  of  the  phases  can 
be  supplied  by  the  double  mesh  connections,  whilst  the  intermediate 
six  phases  can  be  supplied  by  diametral  connections.  The  phase 
of  the  voltage  across  e€kch  of  the  latter  pair  of  points  coincides 
with  that  across  one  leg  of  the  mesh,  so  that  there  are  really  only 
voltages  of  three  different  phases  required.  These  can  be  obtained 
from  three  single  phase  transformers  having  three  secondaries  each. 
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The  two  secondaries  belonging  to  the  double  mesh  will  have  tbe 

same  number  of  turns,  whilst  the  third  one  will  need  to  have  rather 

2 
more  turns.    In  fact  this  secondary  will  require  to  give  —7=  =  1*16 

times  the  voltage  given  by  either  of  the  other  two,  this  ratio  being 
obtained  from  the  relative  lengths  of  the  lines  2,  8  and  1,  9  or  3,  7 


Diagram   of    Connections 


Vector    Diagram 

Fio.  316.— Connections  of  Twelve  Phase  Rotary  Converter  operated  from  Three  Phase  Supply. 


in  Fig.  316.  It  is  seen  from  the  vector  diagram  that  the  neutral 
points  of  each  mesh  and  of  the  diametrally  connected  secondaries 
have  the  same  potential,  which  is  halfway  between  the  potentials 
of  the  two  sets  of  brushes  on  the  commutator. 

Twelve  Phase  Rotary  Converter  operated  from  Two^hase  Supply.— 
By  employing  a  somewhat  similar  arrangement  to'  that  shown  in 
Fig,  316,  a  twelve  phase  rotary  converter  can  be  supplied  from  two 
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phase  mains  (see  Fig.  317).  Each  transformer  has  three  secondaries 
as  before,  arranged  so  as  to  give  the  same  relative  voltages  as  in 
the  three  phase  case.    Two  of  them  give  the  same  voltage  as  each 

2 
other,  whilst  the  third  gives  —7=:  =  1'16  times  the  voltage  of  the  other 

two.  The  commutator  voltage  is  V^  =  1'41  times  this  latter 
voltage. 


u 
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Diagram    of     Connections 
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Vector    Diagram 
FlQ.  317.— Connections  of  Twelve  Phase  Rotary  ronverter  operated  from  Two  Phase  Supply. 


Three  Wire  Rotary  Converters. — Rotary  converters  can  be  used  to 
supply  a  three  wire  C.C.  system  without  employing  separate 
balancers,  provided  that  the  neutral  point  of  the  transformer 
low  tension  windings  is  available.  With  a  balanced  load,  this 
neutral  point  maintains  a  potential  midway  between  the  potentials 
of  any  two  slip  rings  connected  to  opposite  points  on  the  armature. 
The  potential_of  this  neutral  point  is  thus  constant,  and  is  also 
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midway  between  the  potentials  of  the  two  sets  of  brushes  on  the 
commutator.  The  middle  wire  of  the  C.C.  system  is  therefore 
connected  to  the  neutral  of  the  A.C.  side  as  shown  in  Fig.  318, 
which  represents  a  six  phase  three  wire  rotary  converter.  The  out- 
of-balance  current  of  the  three  wire  system  is  thus  led  back  to  the 
star  point  of  the  transformer  secondaries,  where  it  distributes 
itself  amongst  the  various  phases,  producing  an  unbalanced  effect 


HT 
Bus  Bars 


Transformer 
KTPhmary 


TransfoTmfT 
lTS€mi<knl 


Rotary  Convaier 
Fia.  318.— Conneotions  for  Three  Wire  BoUry  Converter. 


similar  to  an  ordinary  unbalanced  load.  This  disturbs  the  regula- 
tion to  a  certain  extent,  but  out-of -balance  currents  up  to  26  per 
cent,  of  the  full  load  current  can  be  dealt  with  in  this  manner 
without  detriment.  If  close  regulation  is  desired,  the  series  field 
windings  and  the  interpole  windings  can  be  split  into  two  halves, 
one  being  connected  on  the  positive  side  of  the  macliine  and  the 
other  on  the  negative. 

Static  Balancers. — If  the  neutral  point  of  the  transformer  secon- 
daries is  not  available,  an  artificial  neutral  point  can  be  made  by  a 


xxm 


ROTARY  CONVERTERS 


363 


(a)   Single  Phase 


system  of  choking  coils  connected  across  the  slip  rings.  Such  an 
arrangement  is  called  a  static  balancer.  In  the  case  of  a  single 
phase  machine  a  single  choking  coil  is  all  that  is  necessary,  the 
middle  point  being  connected  to  the  middle  wire  [see  Fig.  319  (a)]. 
In  a  two  phase  machine  two  choking  coils  are  necessary,  their 
middle  points  being  joined  together  to  form  the  neutral  point 
[see  Fig.  319  (6)].  Three  and  six 
phase  rotary  converters  require  three 
choking  coils  [see  Fig.  319  (c),  repre- 
senting a  three  phase  machine]. 
Strictly  speaking,  a  six  phase  machine 
requires  six  choking  coils,  but  three 
are  sufficient  to  provide  the  neutral 
point,  the  other  three  being  neglected 
as  far  as  the  static  balancer  is  con- 
cerned. The  neutral  point  of  the 
static  balancer  takes  up  a  constant 
potential  midway  between  those  of 
the  brashes  on  the  commutator, 
exactly  as  in  the  three  wire  rotary 
converter,  where  the  neutral  point 
of  the  transformer  secondaries  is 
available.  Any  out-of -balance  cur- 
rent is  dealt  with  in  the  same  way 
as  described  in  the  previous  para- 
graph. 

Bffeet.  of  Bxeitation.— When  run 
from  the  C.C.  side  a  rotary  con- 
VCTter  acts  as  a  C.C.  shunt  motor, 
the  speed  varying  with  the  excita- 
tion if  the  A.C.  side  is  on  open 
circxut.  When  driven  from  the  A.C. 
side,  it  runs  as  a  synchronous  motor 
without  any  speed  variation.  When 
connected  to  the  supply  on  both 
sides,  either  may  act  as  a  motor 
driving  the  other  part  as  a  genera- 
tor, depending  upon  the  voltages 
and  the  excitation. ,  If  running  with 
a  weak  field,  the  C.C.  side  may 
try  to  run  faster  than  the  speed  of 

synchronism,  the  result  being  to  make  the  A.C.  side  act  as  a 
generator.  If  over-excited,  the  C.C.  side  tries  to  run  below  the 
sx)eed  of  synchronism,  and  is  consequently  driven  by  the  A.C. 
side,  which  is  now  motoring  whilst  the  C.C.  side  is  generating.  At 
one  excitation,  therefore,  the  C.C.  current  will  die  down  to  zero  and 
then  reverse  in  direction  as  the  excitation  is  still  further  increased, 


(b)  Two  Phase 


(c)  Three  Phase 


Fig.  319.-<:!oimeetioiii  of  Static 
Balancen. 
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whilst  just  before  this  point  is  reached  it  will  be  found  that  both 
sides  are  motoring,  neither  being  strong  enough  to  make  the  other 
side  generate.    lUising  the  C.C.  line  voltage  is  the  equivalent  of 

weakening  the  field  and  has  the 
same  effect.  The  variations  in  the 
main  currents  for  different  excitations 
is  shown  in  Fig.  320. 

Armature  Current  and  Heating. — 
The  resultant  current  in  the  arma- 
ture of  a  rotary  converter  is  the 
difference  between  the  continuous  and 
the  alternating  currents  flowing  at 
Fio.  320.— Effect  of  Bxottatioii.      the  instant  under  consideration.    ThiB 

current  will  vary  from  instant  to 
instant  and  also  will  be  different  in  different  conductors,  depending 
upon  their  proximity  to  the  slip  ring  tappings. 

Consider  a  single  phase  bipolar  case.  The  A.G.  is  a  mayimum 
when  the  conductors  connected  to  the.  slip  rings  come  under  the 
commutator  brushes,  assuming  this  current  to  be  in  phase  with  the 
E.M.F.  In  the  position  shown  in  Fig.  321  (a),  therefore,  the  con- 
ductors aa'  are  just  carrying  their  maximum  A.G.,  but  at  tlus 
instant  these  conductors  pass  under  the  brushes  and  the  C.C. 
flowing  through  them  reverses.  The  A.C.  and  C.C.  components 
of  the  current  in  the  conductors  aa\  together  with  their  resultant, 
are  shown  in  Fig.  321  (6).  For  an  efficiency  of  100  per  cent.,  the 
R.M.S.  value  of  the  A.C.  is  y/2  times  and  the  maximum  value  double 
that  of  the  C.C.  In  the  case  of  the  conductors  aa\  the  C.C.  reversal 
occurs  at  the  peak  of  the  A.C.  wave,  and  consequently  the  resultant 
current  takes  on  a  momentary  value  far  in  excess  of  the  normal  C.C, 
but  this  state  of  affairs  does  not  apply  to  all  the  other  conductors. 
For  example,  the  conductors  id'  also  have  the  maximum  A.C. 
flowing  in  them  in  the  position  shown  in  Fig.  321  (a),  but  the  C.C. 
reversal  does  not  take  place  until  a  quarter  of  a  period  later.  The 
resultant  current  in  these  conductors  is  shown  in  Fig.  321  (e),  whilst 
the  currents  in  intermediate  conductors  Buch  as  W  and  cc'  are 
shown  in  Fig.  321  (c)  and  (d).  The  maximum  height  of  the  A.C. 
wave  remains  the  same  throughout,  but  the  different  positions  at 
the  time  of  the  C.C.  reversal  cause  vast  changes  in  the  resultant 
armature  current.  The  most  complete  neutralisation  occurs  at 
those  conductors  situated  midway  between  the  slip  ring  tappings, 
and  these  conductors  carry  the  minimum  resultant  current.  As 
the  slip  ring  tappings  are  approached,  the  R.M.S.  value  of  the 
resultant  current  increases  until  it  attains  a  maximum  at  the  con- 
ductors nearest  to  the  tappings  themselves. 

Next  consider  a  three  phase  bipolar  case.  In  Fig.  322(a) 
maximum  voltage  exists  between  the  slip  rings  (1)  and  (2)  in  the 
position  shown.    Again  assuming  unity  power,  the  current  in  this 
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Fio.  S21.—Aniuitiir<>  Cuneots  in  Single  Phase  Botaiy  CooTerter. 
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section  of  the  mesh-connected  armature  will  also  be  a  maximuni 
in  the  same  position.  (The  fact  that  the  line  current  is  30^  out  of 
phase  with  the  voltage  across  slip  rings  does  not  matter.  It  is  the 
armature  current  that  is  desired.)  The  conductor  a,  immediately 
to  the  right  of  slip  ring  No.  1,  will  therefore  come  under  the  brashes 
30°  after  the  point  of  maximum  A.G.  The  C.G.  and  A.C.  com- 
ponents of  the  current  in  this  section  of  the  armature,  together  with 


Cairentin 
Condactor  b 


Resuliant  Currerd     PSx 


Fig.  822.— Armatim  Ciiirenta  in  Three  Phase  Botary  Converter. 


their  resultant,  are  shown  in  Fig.  322  (6).  Considering  conductor  6, 
situated  30°  behind  a,  the  maximum  A.C.  occurs  at  the  same  instant 
as  in  a,  but  the  C.C.  reversal  in  this  case  occurs  60°  after  the  instant 
of  maximum  A.C.  The  currents  are  shown  in  Fig.  322  (c).  Con- 
ductor c  is  situated  60°  behind  a  and  is  midway  between  the  two 
slip  ring  tappings.  The  component  currents  and  their  resultant 
in  this  case  are  shown  in  Fig.  322  (d).  Here  the  most  complete 
neutralisation  \a  obtained,  and,  in  consequence,  tiiis  conductor 
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carries  the  minimum  current.  In  fact,  whatever  the  number  of 
phases,  the  conductor  situated  midway  between  two  slip  ring 
tappings  will  carry  the  minimum  current. 

The  maximum  height   of  the  A.C.  wave  compared  with  the 


Fio^  328.— Armature  Cozrants  In  Botaiy  ConTerter. 
(a)  Single  Phase.    A.C.  only.       (b)  Single  Phase.    CO.  on  A.C. 
(c)  Three  Phwe.    A.C,  only.       (d)  '~        '" 


>  Three  Phaae.     C.C.  on  A.O. 


height  of  the  C.C.  curve  is  calculated  from  the  voltage  ratio.     The 
R.M.S.  line  voltage  is  — ^  times  the  C.C.  voltage,  and  the  R.M.S, 

2\/2        1        2^/2 
line  current  is,  therefore,  — 7^  x  -=^  =  --;r—  times  the  C.C.     The 

VS       V3        3 

2\/2         /-      4 
maximum  line  current  is  — ^—  X  v  2  =  -  times  the  C.C,  and  the 


maximum  armature  A.C.  is 


3\/3 


=  0'77  times  the  line  value  of  the 


C.C.  and  1-54^  times  the  armature  value. 
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On  studying  Figs.  321  and  322  it  is  seen  that  the  further  the 
conductor  is  situated  from  the  midway  position  the  larger  is  the 
current  which  it  has  to  cany.  In  this  respect  the  three-phaser  has 
an  obvious  advantage  over  the  single  phase  machine,  particularly 
as  the  heating  effect  is  proportional  to  the  square  of  the  current. 

The  armature  currents  for  various  positions  relative  to  the 
poles  can  be  studied  further  by  referring  to  Kg.  323,  which  repre- 
sents the  armature  of  a  bipolar  rotary  converter  in  various  positions, 
the  poles  being  supposed  to  lie  along  a  horizontal  axis.  Fig.  323  (a) 
represents  the  A.C.  only  in  a  single  phase  winding.  In  Fig.  323  (b) 
the  C.G.  is  superposed,  the  resultant  current  being  shown.  Fig.  323  (c) 
represents  the  A.G.  only  in  a  three  phase  winding,  whilst  Fig.  323  {d  ) 
shows  the  resultant  effect  of  superposing  the  C.C.  on  the  A.G. 

One  conclusion  to  be  drawn  is  that  the  closer  the  slip  ring 
tappings  are  made  the  less  will  be  the  armature  heating,  and  this 
forms  one  of  the  chief  reasons  for  the  modem  preference  for  six 
and  twelve  phase  rotary  converters. 

Effect  of  Number  of  Slip  Rings  on  Output. — It  was  shown  above 
that  the  greater  the  number  of  slip  rings  the  less  was  the  amount 
of  heating  produced  in  the  armature  conductors.  This  is  equivalent 
to  saying  that  for  the  same  temperature  rise  of  the  armature  the 
output  is  greater  the  greater  the  number  of  slip  rings,  or,  conversely, 
for  a  given  output  and  temperature  rise,  a  six  phase  machine  is 
smaller  than  one  with  fewer  phases. 

Starting. — There  are  three  methods  of  starting  up  a  rotary  con- 
verter, viz.  : — 

(1)  By  means  of  an  auxiliary  starting  motor. 

(2)  From  the  C.C.  side. 

(3)  From  the  A.C.  side. 

The  first  method  is  to  employ  a  small  auxiliary  induction  motor 
(see  Chapter  XXVI),  exactly  as  in  the  case  of  a  sjoichronous  motor. 
This  is  described  on  p.  331.  After  being  sjn^chronised,  the  C.C. 
side  is  paralleled  on  to  the  bus  bars. 

The  second  method  is  to  run  the  set  up  from  the  C.C.  side  as  an 
ordinary  shunt  motor,  synchronising  when  the  correct  speed  is 
attained.  When  this  method  is  employed  in  a  sub-station  a  complete 
shut-down  renders  it  impossible  to  start  up  again,  since  the  C.C. 
bus  bars  would  be  dead.  To  obviate  this  danger,  it  is  the  usual 
practice  to  have  at  least  one  of  the  rotary  converters  started  up  by 
means  of  an  auxiliary  motor.  In  addition,  the  sub-station  is  usually 
linked  up  to  others  from  which  it  is  possible  to  obtain  the  necessary 
C.C.  supply. 

In  order  to  avoid  the  large  currents  in  the  L.T.  circuit  it  is  usual 
to  synchronise  on  the  H.T.  side  of  the  transformers.  Fig.  324  shows 
the  chief  connections  for  starting  up  a  rotary  converter  in  this 
manner.    When  the  load  is  subjected  to  heavy  fluctuations  a  some- 


xxm 


ROTARY  CONVERTERS 


369 


what  different  procedure  is  commonly  adopted.  The  rotary 
converter  is  run  up  to  a  speed  slightly  above  that  of  synchronism. 
The  C.C.  side  is  then  opened  and  the  A.C.  side  immediately  closed. 
The  machine  then  pulls  itself  into  step,  when  the  C.C.  switches  are 
again  closed. 

The  third  method  is  applicable  to  polyphase  rotary  converters, 
the  procedure  being  the  same  as  in  the  case  of  self-starting  syn- 
chronous motors  (see  p.  331).  Unfortunately,  however,  the  polarity 
of  the  C.C.  side  is  not  definite,  this  depending  upon  the  position  of 
the  armature  at  the  instant  of  switching  in.  To  see  the  reason 
for  this,  consider  a  machine  started  up  and  ready  to  be  synchronised. 
If  the  armature  be  now  suddenly  retarded  so  that  it  loses  half  a 
cycle,  the  current  being  reversed  at  the  same  instant,  the  condi- 
tions for  synchronising  are  still  maintained,  but  the  polarity  on 
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FlO.  824.— Three  Fhaie  Rotary  Converter  started  from  C.C.  Side. 


the  commutator  is  also  reversed.  When  the  armature  is  started 
up  by  means  of  the  eddy  currents  in  the  pole  shoes,  either  of  these 
two  conditions  may  be  set  up,  depending  upon  the  moment  at 
which  synchronism  is  reached.  To  determine  the  polarity  on  the 
commutator,  a  moving  coil  voltmeter  is  employed,  the  pointer  of 
which  will  indicate  a  voltage  of  a  very  low  frequency  (the  difference 
between  that  of  the  supply  and  that  of  the  machine)  when  near 
synchronism.  The  field  switch  is  then  closed  when  the  voltmeter 
indicates  that  the  polarity  is  correct  and  the  voltage  is  a  maximum. 
Another  method  of  correcting  the  polarity  is  to  provide  the  field 
with  a  double  pole  change-over  switch.  If  the  C.C.  voltage  is  found 
to  be  reversed,  this  switch  is  thrown  over  and  then  back  again. 
Since  the  rotation  is  maintained  in  the  same  direction,  the  first 
reversal  causes  the  exciting  current  to  demagnetise  the  field,  whilst 
the  second  change-over  causes  it  to  be  built  up  in  the  other  direc- 

B   B 


370  ALTERNATING  CURRENTS  oh. 

tion,  the  armature  having  been  retarded  half  a  period  in  the  mean- 
time. 

Parallel  Running. — Rotary  converters  driven  from  the  same  A.C. 
system  are  often  required  to  run  in  parallel  on  the  C.C.  side.  If 
they  are  directly  paralleled  at  the  commutator  and  slip  rings,  how- 
ever, a  complete  local  circuit  is  formed  by  two  converters  by  way  of 
the  A.C.  and  C.C.  bus  bars,  and  large  cross  currents  are  liable  to 
be  set  up  in  this  local  circuit,  due  to  slight  differences  in  the  opera- 
tion of  the  two  machines.  To  avoid  this,  the  rotary  converters  are 
usually  operated  from  separate  transformers.  When  the  same  bank 
of  transformers  is  used,  the  rotary  converters  should  be  operated 
from  independent  secondaries. 

For  good  parallel  running  it  is  desirable  that  there  should  be  a 
comparatively  large  voltage  drop  from  no-load  to  full  load,  as  in 
the  case  of  alternators.  When  run  in  conjunction  with  a  battery, 
it  is  usual  to  include  a  reverse  current  cut-out  on  the  C.C.  side  to 
prevent  the  rotary  converter  running  back  should  a  large  drop  in 
voltage  occur  on  the  A.C.  side. 

Hunting. — Rotary  converters,  like  synchronous  motors,  are  subject 
to  himting  troubles,  and  the  way  in  which  hunting  is  set  up  has 
already  been  described  (see  p.  329).  The  armature  currents  of  a 
polyphase  converter  set  up  a  field  which,  under  perfect  conditions, 
is  stationary  in  space.  When  hunting  occurs,  however,  this  field 
oscillates  to  and  fro  and  sets  up  an  E.M.F.  in  the  coils  undergoing 
short-circuit  by  the  brushes  on  the  conmiutator,  and  thus  is  the 
cause  of  violent  sparking.  To  avoid  this  trouble,  which  in  early 
machines  was  frequently  of  considerable  magnitude,  damping  grids, 
or  amortisseurs,  are  fitted  on  to  the  poles.  Any  oscillation  of  the 
flux  across  the  pole  face,  produced  by  irregularities  in  the  speed, 
generates  an  E.M.F.  in  the  damping  grids,  setting  up  eddy  currents 
which  tend  to  damp  out  the  oscillations  which  produce  them. 

In  addition  to  adopting  the  above  expedients,  the  wave  form 
employed  should  be  as  close  an  approximation  to  a  sine  wave  as 
possible. 

Overload  Capaeity. — Well-designed  rotary  converters  have  a  high 
overload  capacity,  since  the  heating  is  less  than  in  a  corresponding 
C.C.  generator.  Also  the  armature  reaction  due  to  the  motoring 
and  generating  action  is  a  differential  effect,  and  as  interpoles  are 
used  the  sparking  is  not  so  acute  as  it  otherwise  might  be.  A 
good  machine  wUl  have  an  overload  capacity  of  100  per  cent,  for 
short  periods,  this  being  an  important  fact  when  considering  the 
spares  required  in  a  sub-station. 

Power  Factor. — ^The  power  factor  of  a  rotary  converter  depends 
upon  its  excitation,  just  as  in  the  case  of  a  synchronous  motor, 
and,  as  a  general  rule,  it  is  advisable  to  operate  it  at  as  near  unity 
power  factor  as  possible.  If  there  is  other  apparatus  connected  to 
the  line,  taking  a  lagging  current,  the  resultant  power  factor  of  the 
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system  can  be  improved  by  over-exciting  the  rotary  converter  so 
as  to  make  it  take  a  leading  current  at  a  power  factor  of,  say,  0*9. 
Unfortunately,  however,  this  affects  the  armature  heating  to  a 
serious  extent,  particularly  in  the  neighbourhood  of  the  slip  ring 
tappings.  In  fact,  in  a  six  phase  converter,  the  heating  in  such  a 
coil  is  increased  by  about  80  per  cent,  if  the  power  factor  is  changed 
from  unity  to  0*9  leading.  As  this  is  the  equivalent  of  a  very  con- 
siderable overload,  it  is  very  necessary  to  operate  the  machine  at 
as  near  unity  power  factor  as  possible  when  on  or  about  full  load. 

It  is  thus  seen  that  from  a  practical  standpoint  the  rotary 
converter  is  not  nearly  so  good  as  a  synchronous  motor-generator 
set  for  the  purpose  of  improving  the  power  factor. 

Compounding. — Rotary  converters  may  be  compounded  in  just  the 
same  way  as  C.C.  shunt  generators,  this  winding  being  in  addition 
to  that  of  the  interpoles.  In  such  a  case,  the  C.C.  bus  bars  should 
include  an  equalising  bar  for  the  purpose  of  paralleling  the  various 
series  coils  of  the  different  converters  running  in  parallel. 

Armature  Reaetlon. — In  a  C.C.  generator  the  armature  reaction 
acts  in  such  a  direction  as  to  require  a  forward  lead  of  the  brushes, 
whilst  in  a  motor  the  armature  reaction  is  in  the  opposite  direction. 
In  the  rotary  converter  the  C.C.  and  A.C.  currents  may  be  con- 
sidered as  being  superposed  on  one  another  in  the  armature  so  that 
there  will  be  twoarmature reactions  tending  to  neutralise oneanother. 
In  a  polyphase  machine  the  A.C.  and  C.C.  currents  are  roughly  of 
the  same  magnitude,  so  that  the  two  reactions  will  be  approximately 
equal.  Successful  commutation  may  therefore  be  obtained  for  all 
loads  up  to  full  load,  and  even  for  overloads,  by  fixing  the  brushes 
in  the  no-load  neutral  position.  This  neutralisation  of  the  armature 
reactions  has  the  effect  of  considerably  raising  the  limiting  load 
from  the  sparking  point  of  view,  this  being  much  higher  than  would 
be  the  case  if  the  machine  were  used  as  a  C.C.  generator. 

Voltage  Regulation. — The  C.C.  voltage  obtained  from  a  given 
rotary  converter  depends  upon  the  impressed  A.C.  voltage  and 
drops  slightly  as  the  load  comes  on.  In  an  ordinary  generator 
this  can  be  corrected  by  adjusting  the  field  strength/  but  in  the 
present  instance  this  is  of  no  avail,  since  it  merely  changes  the 
XK>wer  factor  on  the  A.C.  side.  In  order  to  obtain  a  certain  amount 
of  voltage  regulation  on  the  C.C.  side,  various  methods  have  been 
devised  of  which  the  following  are  the  chief : — 

(1)  Reactance  regulation. 

(2)  Booster  regulation. 

(3)  Induction  regulator  control. 

(4)  Split  pole  regulation. 

Reaetanee  Regulation. — A  change  in  the  excitation  of  a  rotary 
converter  does  not  affect  its  C.C.  voltage,  but  it  alters  the  power 
factor  and  the  armature  current.    If  a  choking  coil  be  placed  in 
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series  with  the  rotary  converter  it  will  absorb  a  variable  voltage 
depending  upon  the  value  of  the  current.  The  phase  of  this  voltage 
will  also  depend  upon  the  current  in  the  converter  armature,  which 
in  turn  depends  upon  the  excitation.  The  terminal  voltage  of  the 
converter  is  the  vector  difference  of  the  supply  voltage  and  that 
absorbed  by  the  choking  coil,  and  by  adjusting  the  excitation  the 
phase  and  magnitude  of  the  voltage  absorbed  by  the  choking  coil 
can  be  regulated  so  that  a  practically  constant  voltage  is  obtained 
at  the  G.G.  end  for  all  loads. 

In  order  to  maintain  a  constant  C.C.  voltage,  the  voltage  across 
the  converter  slip  rings  must  rise  slightly  as  the  load  comes  on, 
and  the  way  in  which  this  is  brought  about  is  shown  in  ilg.  325, 
which  represents  the  vector  diagram  of  the  quantities  concerned. 
Kg.  326  (a)  is  drawn  for  a  weak  excitation,  the  armature  current,  /, 
lagging  behind  the  slip  ring  voltage,  F«.r..  The  voltage  drop  across 
the  choking  coil  is  represented  by  Vex.  ^^  leads  the  current  by 
90°,  whilst  the  voltage  supplied  by  the  transformer  secondary  is 


(fl)  (6) 

Fio.  825.— Reactance  BecoIatloiL 


represented  by  Vt  and  is  assumed  to  be  constant  throughout. 
Vt  is  the  vector  sum  of  Vg^r.  aiid  Vex.-  The  weak  excitation  and 
lagging  armature  current  correspond  to  the  conditions  existing  on 
light  loads.  Fig.  325  (&)  represents  the  conditions  on  a  larger  load. 
The  excitation  of  the  rotary  converter  has  been  increased  so  as  to 
bring  the  power  factor  up  to  unity.  Fee.  still  leads  the  current  by 
90°,  whilst  its  magnitude  is  reduced  on  account  of  the  improved 
power  factor,  but  is  increased  on  account  of  the  increased  load. 
It  is  the  displacement  in  phase,  however,  which  is  the  chief  cause 
of  the  increased  slip  ring  volts  Vg^r.*  ^  ^  seen  from  the  diagram. 
Fig.  325  (c)  represents  the  conditions  on  full  load.  The  rotary 
converter  is  now  over-excited,  so  that  its  armature  current  leads  the 
slip  ring  voltage.  The  voltage  absorbed  by  the  choking  coil  is 
now  increased,  both  on  account  of  the  increased  load  and  the 
decreased  power  factor.  But,  again,  the  chief  feature  of  the  diagram 
is  the  advance  in  phase  of  this  voltage  which  still  leads  the 
current  by  90°.  The  result  is  clearly  shown  to  be  a  further  increase 
in  the  voltage  supplied  to  the  slip  rings,  and  this  increase  can,  by 
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a  suitable  design,  be  made  to  counteract  the  increased  drop  in  voltage 
due  to  the  load  coming  on.  It  is  also  possible  to  obtain  a  rising 
C.C.  voltage,  as  in  the  case  of  an  over-compounded  C.C.  generator, 
by  increasing  the  size  of  the  reactance. 

The  desired  reactance  may  be  obtained  in  two  wajrs.  A  special 
reactance  coil  may  be  inserted  in  eagh  phase  between  the  trans- 
former and  the  slip  rings,  or,  alternatively,  the  reactance  may  be 
supplied  by  the  transformer  itself. 

The  disadvantage  of  this  method  of  control  is  that  the  rotary 
converter'cannot  always  be  worked  on  the  best  power  factor,  siace 
the  regulation  depends  to  a  large  extent  upon  the  angle  of  phase 
difference  between  the  slip  ring  voltage  and  the  armature  current. 
Booster  Regulation. — The  additional  voltage  required  at  the  slip 
rings  of  the  rotary  converter  is  here  obtained  by  means  of  a  booster, 
which  is  carried  on  the  main  shaft  and  is 
situated  between  the  slip  rings  and  the 
armature  of  the  rotary  converter  as  shown 
in  Fig.  326.  The  booster  consists  of  a 
rotating  armature  A.C.  generator  having 
the  same  number  of  phafles  and  poles  as 
the  converter  itself.  Each  phase  of  the 
booster  armature  is  connected  in  series 
with  one  of  the  slip  ring  leads,  the  far 
end  being  taken  to  one  of  the  tappings 
on  the  converter  armature.  The  function 
of   the  booster   is   to   generate   a  small 

voltage  proportional  to  the  C.C.  load,  this  small  voltage^  being 
added  to  that  at  the  slip  rings  in  order  to  counteract  the  natural 
drop  as  the  load  comes  on.  To  effect  this  the  booster  receives  its 
excitation  from  the  C.C.  end  of  the  converter,  its  fields  being  con^ 
nected  in  series  with  the  load,  like  the  compounding  coils  on  the 
converter  itself.  On  no-load  the  excitation  of  the  booster  is  zero, 
so  that  it  supplies  no  voltage  at  all.  As  the  load  increases  the  field 
current  increases  and  the  generated  E.M.F.  boosts  up  the  supply 
so  as  to  maintain  a  practically  constant  voltage  at  the  conmiutator 
for  all  loads.  If  desired,  a  larger  booster  voltage  may  be  induced, 
so  that  the  C.C.  terminal  pressure  rises  with  the  load,  as  in  the  case 
of  an  over-compounded  generator. 

With  booster  control,  the  power  factor  is  independent  of  the 
load,  so  that  unity  power  factor  can  be  obtained,  or,  if  desired,  a 
leading  current  can  be  drawn  from  the  mains. 

Indaetlon  Regulator  ControL — The  simplest  method  of  hand 
regulation  is  to  employ  a  small  boosting  transformer,  as  shown  in 
Fig.  176,  in  addition  to  the  main  transformers,  so  that  boost  can  be 
applied  graduaUy  as  the  load  comes  on.  XTnfortunately,  either 
very  heavy  currents  or  very  high  voltages  have  to  be  dealt  with, 
according  as  the  boost  is  obtained  on  th^  H.T.  or  L.T.  side  of  the 
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main  transformers.  The  method  is  therefore  comparativeij 
expensive,  but  close  regulation  can  be  obtained  by  it,  such  as  is 
desired  if  the  rotary  converter  is  operating  on  a  lighting  load. 

Instead  of  using  a  boosting  transformer  of  the  type  shown  in 
Fig.  176,  another  piece  of  apparatus  called  an  induction  regvlaior 
may  be  employed.  This  really  consists  of  a  slip  ring  induction 
motor  (see  Chapter  XXVI)  in  which  the  rotor  is  held  stationary, 
arrangements  being  made  for  rocking  it  to  and  fro  through  a  certain 
angle.  This  induction  regulator  acts  just  like  a  transformer,  the 
stator  winding  being  used  as  the  primary  and  the  rotor  winding 
as  the  secondary.  Connections  for  a  three  phase  rotary  converter 
are  made  as  shown  in  Fig.  327.  The  phase  of  the  voltage  generated 
in  the  induction  motor  rotor  depends  upon  the  position  of  the  rotor, 
so  that  by  slowly  rotating  it  by  hand  the  main  transformer  voltage 
can  be  boosted  up  or  down  at  will.  The  two  extreme  positions  of 
the  induction  regulator  are  those  in  which  the  boost  voltage  is 
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directly  added  and  subtracted,  intermediate  voltages  being  obtained 
in  between.  This  method  of  control  is  not  as  satisfactory  as  some 
of  the  other  methods,  whilst  the  regulator  itself  is  expensive. 

Split  Pole  Regulation. — The  regulation  in  this  method  is  provided 
by  distorting  the  voltage  wave  form  by  means  of  split  poles.  The 
main  portion  of  the  pole  receives  a  constant  excitation,  whilst  the 
auxiliary  part  receives  a  variable  excitation.  In  this  way,  the 
distribution  of  the  flux  along  the  pole  face  is  disturbed  and  the  wave 
form  is  distorted.  The  voltage  on  the  A.C.  side  is  determined  by 
the  R.M.S.  value,  whilst  the  conunutator  voltage  depends  upon  the 
maximum  value  of  the  wave,  so  that  by  making  the  wave  more 
peaked  the  C.C.  voltage  is  kept  up  as  the  load  comes  on.  Split 
pole  converters  are  practically  limited  to  frequencies  of  25  cycles 
per  second,  since  for  higher  frequencies  commutation  troubles  are 
set  up. 

Rotary  €k>n¥erters  v.  Motor-generators. — In  comparing  rotary 
converters  with  motor-generators  for  transforming  purposes,  the 
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former  must  be  considered  in  conjunction  with  the  necessary  trans- 
formers and  control  gear,  whilst  the  latter  is  a  more  self-contained 
unit  in  which  a  voltage  variation  is  quite  easily  obtained  by  means 
of  shunt  regulation.  On  the  other  hand,  the  motor-generator  set 
consists  of  two  rotating  machines  as  compared  with  one  in  the  case 
of  the  rotary  converter,  and  usually  works  out  a  little  more  expensive. 
On  the  score  of  efficiency,  also,  the  two  systems  are  much  the  same, 
the  rotary  converter  probably  having  a  little  advantage  again,  but 
up  to  the  last  few  years  the  motor-generatoi:  was  supposed  to  score 
from  the  point  of  view  of  reliability.  Both  systems  are  in  common 
use. 


CHAPTER  XXIV 

BEOIIEIEBS  AND  VALVES 

Mereury  Vapour  Converter. — The  esseatial  part  of  a  mercury 
vapour  or  mercury  arc  converter  consists  of  an  arc  which  is  struck 
between  a  graphite  anode  (+)  and  a  mercury  cathode  (—).  With 
such  electrodes  it  is  found  that  a  current  will  only  flow  one  way,  and 
that  if  the  graphite  is  made  the  cathode  no  current  flows  at  all. 
If  such  an  arc  is  set  up  by  an  alternating  pressure,  one  half  of  the 
current  wave  will  be  cut  off,  leaving  a  uni-directional.  current  having 
a  wave  form  similar  to  that  shown  in  Fig.  328  (a).  In  order  to  make 
use  of  both  half -waves,  a  second  anode  is  provided,  this  being  con- 
nected to  the  other  A.C.  line  wire,  a  common  cathode  being  employed. 
With  this  arrangement  the  theoretical  wave  f orm^obtained  is  that 
shown  in  Fig.  328  (6). 


On  ^ Anode   ^^^'^^^^ ,  Mercury^  Jiercury^  ^Mercury^ 
Negative  Posilive    Negative    Fbsittve 


Negative   Negative  Negative    Negative 

toW         to  2nd       10]^         io2^ 

Graphite    Graphite  Graphite    Graphite 

no.  328.— Current  Wave  Form. 

Description  of  Apparatus. — ^The  arc  is  formed  in  an  exhausted 
glass  vessel,  T,  caUed  the  rectifier  tube  (see  Fig.  329).  This  contains 
two  graphite  anodes,  AA,  each  connected  with  the  exterior  by  means 
of  a  platinum  wire  fused  through  the  glass.  At  the  bottom  is  a 
pool  of  mercury,  C,  forming  the  cathode,  also  connected  'with  the 
outside  by  a  platinum  wire  bjBed  through  the  glass.  Unfortunately, 
however,  the  arrangement  is  not  self-starting,  so  an  auxiliary 
electrode,  8,  is  used  as  a  temporary  anode  for  starting  the  €krc. 
This  consists  of  another  little  pool  of  mercury  lying  close  to  the 
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main  pool  as  shown,  and  is  connected  to  oiie  of  the  main  €knode8 
through  a  resistance,  B.  In  order  to  start  the  arc,  the  whole  glass 
bulb  is  tilted  to  one  side,  thus  causing  momentary  contact  between 
the  mercury  in  the  two  pools.  An  arc  is  thus  struck  producing 
sufficient  mercury  vapour  to  start  the  main  arcs  from  the  graphite 
anodes.  The  resistance,  B,  is  included  to  limit  the  violence  of  the 
starting  arc. 

The  A.G.  supply  is  brought  to  the  two  ends  of  an  auto-trans- 
former, each  end  being  farther  connected  to  one  of  the  anodes. 
One  of  the  C.C.  supply  leads  is  connected  to  the  mercury  cathode, 
whilst  the  other  is  connected  through  a  choking  coil  to  the  middle 
j)Oint  of  the  transformer.  The  choking  coil  is  for  the  purpose  of 
smoothing  out  the  irregularities  of  the  current  wave  form,  and  does 
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Fio.  329.— Merctixy  Vapour  Conyerter. 


not  cause  any  loss,  since  it  is  connected  on  the  C.C.  side.  The  C.C. 
supply  is  thus  obtained  from  the  left-  and  the  right-hand  side  of  the 
transformer  alternately. 

Three  Phase  Converter. — ^In  the  case  of  a  three  phase  converter 
the  negative  pole  is  formed  by  the  neutral  point  of  the  star-connected 
transformer  secondaries,  as  shown  in  Fig.. 330.  The  bidb  is  now 
provided  with  three  anodes,  but  otherwise  the  arrangement  is  the 
same. 

Performanee. — ^The  rectified  voltage  gradually  falls  as  the  load 
comes  on  in  common  with  various  types  of  rotating  machines,  in 
addition  to  which  there  is  a  constant  voltage  drop  of  15  volts  in 
the  mercury  arc.  There  is  also  the  loss  in  the  transformer  and  an 
PR  loss.    An  efficiency  of  80-90  per  cent,  can  be  obtained  and 
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maintained  over  a  large  range  of  loads,  whilst  power  factors   of 
0'M)'96  are  reached. 


><^ 


Transformer 


CCSuppLy 
TiQt.  330.— Throe  Phaie  Mercury  Vapour  Conveirter. 

These  mercury  vapomr  converters  can  be  constructed  with  glass 
bidbs  for  currents  up  to  80  amperes,  whilst  it  has  been  suggested 


Time 
FIG.  831.    Ouryes  for  Coaverter  Charging  Aocumulators. 

to  use  metal  bulbs  for  larger  currents.     They  find  a  considerable 
application  in  battery  charging  and  projection  arcs  when  only  an 
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A.C.  supply  is  available.  As  an  illustration,  the  curves  in  Mg.  331 
represent  the  current  and  voltage  variations  when  used  for  charging 
a  battery  of  accumulators. 

Electrolytie  Reetifiers  or  Eleetrie  Valves. — ^When  two  metallic 
electrodes  are  dipped  in  an  electrolyte  and  the  whole  is  subjected  to 
a  difference  of  potential  a  valve  effect  is  produced.  .  This  means  that 
the  resistance  of  the  apparatus  when  the  current  is  flowing  one 
way  is  vastly  different  from  what  it  is  when  the  current  is  reversed. 
If  snch  an  arrangement  is  subjected  to  an  alternating  pressure,  half 
of  the  current  wave  is  eliminated  and  a  uni-directional  current  of 
varying  magnitude  results.  Aluminium  is  usually  employed  as 
the  cathode  (— ),  whilst  lead  or  iron  is  generally  used  as  the 
anode  (+). 

Nodon  Valve. — ^In  the  Nodon  valve  the  cathode  consists  of  a 
hollow  cylinder  of  aluminium  alloyed  with  a  small  proportion  of 
foreign  material.  Surrounding  this  is  a  somewhat  larger  cylindrical 
lecbd  plate,  used  as  the  anode.  These  are  immersed  in  a  solution 
of  neutral  ammonium  phosphate;  the  whole  being  contained  in  an 
iron  pot.  In  order  to  keep  the  apparatus  cool  when  working,  water 
is  passed  through  the  central  hollow  aluminium  cylinder,  but  in 
the  larger  sizes  air  cooling  is  employed,  this  being  provided  by  means 
of  a  small  fan. 

Arrangement  of  Cells. — ^If  only  one  cell  is  used,  an  intermittent 
current  is  obtained  having  a  wave  form  like  that  shown  in  Fig.  328  (a), 

but  the  disadvantages  of  this  are  overcome 

by  a  grouping  invented  by  QrHtz.      This 

employs  fouf  cells  and  is  a  kind  of  Wheat- 
stone  bridge   arrangement,    as    shown   in 

Eig.  332.    The  A.G.  supply  is  fed  into  a 

transformer   the   secondary    of   which    is 

connected  across  the  two  points  AG.     A 

pulsating   uni-directional   current   is   then 

obtained  from  the  points  BD,  which  are 

connected  to  the  load.  When  the  point  A 

is  positive,  the  current  flows  through  the 

ceUs  I,  3  along  the  path  ABDC.     When 

the  point  G  is  positive,  the  current  flows 

through  the  cells  along  the  ^th^GBDA, 

Thus  the  point  B  is  always  positive  and 

the  point  D  always  negative.     With  this 

arrangement  two  cells  are  always  active, 

whilst  the  other  two  are  inactive,  the  result  being  a  uni-directional 

current  having  a  wave  form  like  that  shown  in  Kg.  328  (6). 

Groups  of  such  cells  can  also  be  arranged  for  two-  and  three- 
phase  currents,  in  which  cases  the  rectified  current  has  a  much 

more  uniform  value. 
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Performanee. — Efficiencies  of  75  per  cent,  can  be  reached  whilst 
high  power  factors  of  0*9  and  over  are  obtained.  They  are  not 
suitable  for  voltages  much  above  100,  but  they  have  been  con- 
structed for  currents  of  300  amperes.  With  currents  of  this  magni- 
tude, however,  trouble  is  experienced  on  account  of  the  tempera- 
ture rise,  and  special  cooling  arrangements  must  be  adopted. 


CHAPTER  XXV 

ROTATING  FEELDS 

Produetlon  of  a  Rotating  Field. — ^A  rotating  magnetic  field  is 
one  in  which  the  flux  rotates  roimd  a  fixed  axis  and  can  be  produced 
by  merely  rotating  a  magnet  or  a  coil  of  wire  in  which  a  G.C  is 
flowing. 

A  rotating  field  can  also  be  produced  by  a  system  of  stationary 
coils  supplied  with  polyphase  currents.  Consider  Fig.  333,  which 
represents  a  simple  2-pole  (not  a  4-pole)  two  phase  system,  the  two 
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Fio.  838.— Ptodnotlon  of  Botating  Fldd. 

horiasontal  projections  being  supplied  from  one  phase  and  the  two 
vertical  projections  from  the  other.  The  combined  effect  of  these 
two  phases  is  to  produce  a  residtant  field  the  axis  of  which  changes 
from  instant  to  instant,  and  it  will  be  seen  that  this  resultant 
field  gradually  rotates  whilst  maintaining  a  constant  magnitude. 
At  the  instant  when  the  current  in  the  first  phase  is  zero  that  in 
the  other  is  s  maximum.    The  combined  M.M.F.  is  therefore  vertical, 
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since  there  is  no  horizontal  component,  and  the  resultant  flux  is 
also  vertical,  as  shown  at  (a).  In  order  to  determine  the  axis  of 
the  resultant  field,  each  phase  will  be  imagined  to  produce  its  own 
flux,  the  two  component  fluxes  then  being  added  together  vectorially . 
This  is  not  theoretically  accurate,  but  it  is  a  convenient  method  of 
dealing  with  the  problem  and  leads  to  accurate  results.  As  the 
current  in  the  first  phase  grows  that  in  the  second  phase  dies  down. 
The  vertical  field  is  now  not  so  great,  but  there  is  a  horizontal 
field  to  be  added  to  it  vectorially,  the  result  being  a  magnetic  flux 
having  an  axis  lying  along  an  inclined  line,  as  shown  at  (&).  After 
a  time,  the  current  in  phase  I  reaches  a  maximum  whilst  that  in 
phase  II  has  died  down  to  zero.  The  resultant  flux  is  now  hori- 
zontal, as  shown  at  (c).  The  axis  of  the  resultant  flux  at  succeeding 
instants  is  shown  at  {d),  (e),  (/),  etc.,  from  which  it  is  seen  that  the 
magnetic  flux  gradually  revolves,  completing  one  revolution  in 
the  time  taken  to  pass  through  one  cycle  in  a  bipolar  case.  In  a 
multipolar  case  the  magnetic  flux  swings  past  a  pair  of  poles  for 

every  cycle,  and  consequently  the  speed  of  revolution  is  -th  that  in 

the  bipolar  case,  where  n  is  the  number  of  pairs  of  poles. 

Care  must  be  taken  in  determining  the  number  of  poles,  which 
is  the  same  as  the  number  of  poles  per  phase. 

Two  Phase  Rotating  Field. — In  order  to  determine  the  magnitude 
of  the  resultant  field,  a  sinusoidal  current  wave  form  will  be  assumed 
and  also  a  sinusoidal  flux  distribution.  This 
latter  assumption  will  be  found  to  be  unjusti- 
fied later  on,  but  it  enables  the  resultant  flux 
to  be  calculated  with  greater  ease. 

Let  <E>  represent  the  maximum  flux  pro- 
duced by  each  phase  separately.    Considering 
^cosO  an  instant  when  the  current  in  the  first  phase 

p.«.884.-oomWn.«onof  ^«*  .advanced  through  an  angle  <?  from  its 
siuzeB  (Two  Phase).  maximum  value,  the  flux  due  to  this  phase 
is  represented  by  *cos^,  and  lies  along  a 
horizontal  axis.  At  the  same  instant  the  flux  due  to  the  other 
phase,  which  is  lagging  behind,  is  represented  by  O  cos  {0  —  90**) 
and  lies  along  a  vertical  axis.  The  resultant  flux,  <E>r  (see  Fig.  334), 
is  equal  to 

<^r  =  V{<P  cos  0}^  +  {*  cos  (0  -  90°)}* 

=  <E>  Vcos^  0  +  cos*  (0  -  90^ 
=  <^Vcos^0  +  ^in^0 

It  is  thus  seen  that  the  resultant  flux  due  to  the  two  phases  is 
equal  to  the  maximum  flux  produced  by  each  phase  separately 
and  is  constant  in  magnitude  and  independent  of  the  angle  0. 
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-  The  angle  through  which  the  axis  oi  the  resultant  flux  has 
rotated,  corresponding  to  an  advance  in  phase  of  the  current  of 
ff^,  can  also  be  calculated.  This  angle  is  represented  by  a  in  Fig.  334 
ajid 

<E>cos(^-90^) 


tana  = 


<E>cosd 
sind 
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TiQ,  885.— Tliree  Fluue  BoUUng  Field. 


Therefore  a  is  equal  to  0  and  an  advance  of  ff*  in  phase  corre- 
sponds to  a  rotation  of  a°  of  the  magnetic  flux.  The  flux  is  thus 
seen  to  rotate  uniformly,  having  a  constant  magnitude  all  the 
time. 

Three  Phase  Botating  Field. — ^A  simple  bipolar  arrangement  for 
three  phases  would  be  provided  with  six  projections  (see  Fig.  336) 
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instead  of  four,  as  in  the  two  phase  case.  The  coils  belonging  to 
each  phase  are  wound  on  to  two  opposite  projections,  care  being 
taken  to  obtain  a  space  displacement  of  120^  instead  of  60^.  This 
is  done  by  connecting  the  three  front  ends,  1, 11,  III,  to  the  supply, 
the  three  rear  ends,  I',  11',  III',  being  joined  together  to  form  a 
star  point.  A  mesh  connection  can  also  be  adopted  if  desired. 
Commencing  with  the  current  in  phase  I  at  zero,  the  current 

in  phase  11  (lagging  by  120°)  is  — ^  times  its  forward  maximum 

value  and  the  current  in  phase  III  (lagging  by  240°)  is  H — ^  times 

its  forward  maximum  value.  The  flux  vector  diagram  representing 
these  conditions  is  shown  at  (a)  in  Fig.  335.  After  an  interval  of 
30°,  the  current  in  phase  I  has  risen  to  half  its  maximum  value, 
the  component  flux  due  to  this  phase  doing  the  same.  The  flux  due 
to  the  second  phase  has  now  reached  its  maximum,  whilst  that  due 
to  phase  in  has  died  down  to  half  its  maximum  value,  as  shown 
at  (6).  The  flux  due  to  phase  HE  continues  to  die  away,  falling  to 
s&ero  30°  later,  when  the  resultant  flux  is  due  to  phases  I  and  II 
only,  as  shown  at  (c).  The  values  of  the  component  fluxes  at  further 
successive  intervals  of  30°  are  shown  at  {d),  (e),  (/),  etc.,  from  which 
it  is  seen  that  the  resultant  nuignetic  field  makes  one  complete 
revolution  per  cycle  as  in  the  two  phase  case.    The  magnitude  of 

the  resultant  flux  ia  also  seen  to 


^casie^ 


^C08$ 


be  constant  for  all  the  instants 
illustrated,  and  it  will  now  be 
shown  that  it  is  constant  through- 
out. 

Using  the'  same  notation  as 
before,  the  values  of  the  com- 
ponent fluxes  at  any  instant  are 
*  cos  e,  •*  cos  (0  -  120°),  and 
«>  cos  (5  — 240°).  These  fluxes 
act  along  axes  which  are  mutually 
inclined  to  each  other  at  120°,  so 
that  in  order  to  obtain  an  ex- 
pression for  the  resultant  flux  all 
the  instantaneous  horizontal  components  and  all  the  instantaneous 
vertical  components  will  be  determined  and  the  two  resultants 
added  together  vectorially. 

The  resultant  horizontal  component  (see  Fig.  336)  is 

<E)  cos  d  -  <I>  cos  {0  —  120°)  cos  60°  -  <I>  cos  {0  -  240°)  cos  60° 


tcos{B't2(S) 


no.  88«.^Combinatioa  of  Fluxes  (Three 
Phase). 


=  <b\  cosd-i-  Jcosd- 

==  <t>  X  f  COS  ^. 


^sintf+lcos^  +  ^^ 


?-"*] 
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The  resultant  vertical  component  is 

0  -  4> cos  (5  -  120^)  sin 60°  +  «>cos  {0  -  240°)  sin 60° 

=  <I>    -J-  cos  ^  —  J  sin  ^ J-  cos  ^  —  J  sin  d 

=  4>  X  (—  f  sind). 

The  resultant  field  is,  therefore, 

*^  =  V4>*  X  (f  cosd)2  +  *«  X  (-  |sind)2 
=  f  <E>  X  Vcos^^^  +  sin*^ 

The  resultant  field  is  again 
constant  and  independent  of  ^  as 
in  the  two  phase  case  and  is  % 
times  the  maximum  field  produced 
by  each  phase  separately.  It  will 
be  shown  later  that  this  constant 
has  a  value  of  2  when  the  non- 
sinusoidal  flux  distribution  is  taken 
into  account.  The  flux  abo  ro- 
tates with  uniform  speed,  making 
one  complete  revolution  per  cycle 
in  a  bipolar  case. 

Flux  Distribution  with  Coneen- 
trated  Winding. — ^It  is  usual  to 
arrange  the  magnetising  winding 
in  slots  in  preference  to  putting 
it  on  salient  pole  pieces,  a  uniform 
air-gap  being  thus  obtained  when 
a  oylindrical  rotor  is  placed  in 
the  field  system.  In  a  bipolar 
arrangement  each  coil  will  lie  in 
two  slots  and  will  span  an  arc  of 
1S0°.  That  portion  of  the  air-gap 
lying  between  the  two  slots  on 
one  side  forms  one  pole,  whilst 
the  other  portion  of  the  air-gap* 
lying  between  the  two  slots  on 
the  other  side  forms  the  other 
pole.  There  is  thus  one  coil 
per  pair  of  poles.  The  M.M.F. 
is  proportional  to  the  ampere- 
turns,  and  has  the  same  value 
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Fio.  337.— Flux  DlftribatloQ  with  Ooncen- 
tntod  Winding. 
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over  the  whole  arc  of  180°.  Over  the  remaining  180**  it  U 
equal  in  magnitude,  but  opposite  in  sign.  As  the  reluctance  is 
approximately  uniform  all  round  the  air-gap,  the  flux  density  is 
constant  all  over  the  pole,  and  is  represented  by  Rg.  337.  When 
the  magnetising  current  dies  down,  the  flux  density  diminishes 
proportionally,  successive  intervals  of  30**  being  shown.  After 
90**  the  flux  reverses  and  grows  sinusoidally  with  time  until  it  reaches 
a  maximum,  as  shown  in  Fig.  337  (g).    lllie  action  is  then  repeated. 

For  two  phases  four  slots  would  be  necessary,  and  for  three 
phases  six  slots,  these  numbers  being  multiplied  by  the  number 
of  pairs  of  poles  if  a  multipolar  field  is  required. 

Flux  Distribution  with  Distributed  Winding.— It  is  not  usual, 
however,  to  concentrate  the  whole  of  the  winding  for  one  pole  into 
a  single  slot,  the  general  practice  being  to  distribute  it  over  a  number 
of  slots.  This  modifies  the  shape  of  the  flux  wave  to  a  certain 
extent,  since  the  coils  in  the  different  slots  embrace  slightly  different 
arcs.  Consider  a  case  where  there  are  five  slots  per  pole  for  one 
phase  (see  Fig.  338).    The  flux  set  up  by  each  of  the  five  coils  will 
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Fie.  388.— Flux  Distribution  with  DiBtilbuted  Winding. 

be  confined  to  the  space  lying  between  the  two  conductors  of  that 
coil.  Since  the  current  in  each  coil  is  the  same,  there  will  be  five 
times  the  ampere-turns  per  coil  acting  on  the  space  between  the 
inner  conductors.  Between  these  and  the  next  adjacent  conductors 
there  will  only  be  four  times  the  ampere-turns  per  coil,  since  the 
inner  conductors  are  inoperative  on  their  outside.  Finally,  in  the 
space  between  the  outer  conductors  emd  the  next  ones  inside  there 
is  only  that  due  to  the  single  outside  coil.  The  curve  of  flux  distribu- 
tion for  this  pole  is  shown  in  curve  (a).  Fig.  338.  Next  considering 
the  flux  over  the  adjacent  pole  pitch,  the  same  considerations  lead 
to  a  curve  of  flux  distribution  as  shown  in  curve  (b),  and  combining 
these  two  flux  curves  together  the  resultant  flux  distribution  is 
obtained  as  shown  in  curve  (c).  Owing  to  the  fringing  of  the  lines, 
it  is  sufficiently  near  to  consider  the  sloping  zig-zag  lines  as  straight 
lines,  in  which  case  the  curve  of  flux  distribution  takes  the  form 
shown  in  Fig.  339.  The  horizontal  distance  between  a  and  h  is 
equal  to  the  pole  pitch,  whilst  that  between  c  and  d  is  equal  to  half 
the  pole  pitch  in  a  two  phase  case  and  one-third  the  pole  pitch  in 
a  three  phase  case.    The  space  between  d  and  e  is  filled  up  by  the 
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remaining  phases,  each  of  which  produces  a  component  flux  w&ve 
of  its  own.  These  component  flux  waves  change  sinusoidally  with 
time  and  are  displaced  with  respect  to  one  another  in  space  as  well. 
Change  of  Flux  Distribution  with  Time. — ^The  component  flux  set 
up  by  each  phase  varies  sinusoidally  with  time,  as  was  shown  in 


r — % — i 


Fio.  880.— Rfltultant  Flux  BIstribatloii  for  One  PhaM. 


Fig.  337.  Each  phase  produces  a  similar  component  flux  different 
ill  phase  and  displaced  in  position,  and  the  resultant  flux  is  obtained 
by  adding  all  these  components  together  at  any  instant.  The 
resultant  flux  travels  along  the  air-gap  at  a  speed  equal  to  a  double 
pole  pitch  per  cycle. 

BetolUnt  Flux  Distribution  due  to  Two  Phases.— If  the  whole  of 
the  surface  is  utilised  by  the  magnetising  winding,  the  coils  for  one 
phase  will  cover  an  arc  corresponding  to 
90^  electrical  for  each  pole,  since  both 
phases  cover  an  arc  of  360°  for  a  pair 
of  poles.  For  example,  in  a  two  phase 
four  pole  fleld  system  the  coils  for  one 
phase  belonging  to  each  pole  would  occupy 
an  arc  of  45°  geometrical  or  90°  electrical, 
as  shown  in  Fig.  340. 

The  flux  distribution  for  such  a  case 
is  shown  in  Fig.  341.  At  (a)  the  current 
in  the  first  phase  is  a  maximum,  whilst 
that  in  the  second  phase  is  zero.  The 
current  in  the  first  phase  now  begins 
to  decrease,  whilst  that  in  the  second 
phase  begins  to  grow,  and  30°  later 
the  conditions   are  represented   at  (b). 

height  of  the  flux  wave  due  to  one  phase  unity,  the  two  heights  are 
now  cos  60°  =  0-866  and  sin  30°  =  0*5.  The  maximum  flux  density 
is  now  0-866  +  0*5  =  1*366.  At  45°  from  the  start  (c)  is  obtained. 
The  maximum  flux  density  is  now  cos  45°  +  sin  45°  =  0*707  + 
0-707  =  1*414.  Up  to  this  point  the  wave  has  been  getting  gradu- 
ally more  peaked,  but  from  45°  to  90°  it  gets  flatter  again,  until 
at  90°  from  the  start  it  has  regained  its  original  shape  and  has 
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Tie.  840.— Two  Phase  Four  Pole 
Plfild  Syitem. 


Calling   the    maximum 
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advanoed  90^  electrical  along  the  air-gap.    The  same  series  of 
events  is  then  repeated  every  quarter-cycle. 

It  is  seen  that  the  flux  distribution  is  not  constant,  but  is  concen- 
trated and  spread  out  alternately.    This  can  be  seen  from  Fig.  342, 
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Fia.  841.— naz  msMbutloii  wtthyTwo  FbM*  Windbc. 

which  shows  the  resultant  flux  distribution  every  15^  throughout 
a  quarter  of  a  cycle,  the  change  in  shape  of  the  curve  and  its  gradual 
advance  being  shown.  In  addition  to  the  change  in  its  distribution, 
the  flux  undergoes  a  slight  change  in  magnitude  which  is  propor- 


Fio.  842.— Ondaal  Advance  of  Flux  (Two  PhaM). 

tional  to  the  area  enclosed  between  the  curve  and  the  axis.  The 
total  flux  has  a  maximum  value  when  the  current  in  one  phase  is 
a  maximum.  Its  minimum  value,  which  is  about  6  per  cent,  less, 
occurs  when  the  two  currents  are  equal  45^  later.    The  absolute 
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constancy  of  the  flux  as  worked  out  on  p.  382  is  thus  only  correct 
for  concentrated  windings  which  are  not  used  in  practice.  The 
distribution  of  the  winding  also  causes  a  concentration  of  the  flux 
at  certain  instants  and  results  in  the  instantaneous  maximum  flux 
density  being  1*41  times  that  due  to  one  phase  alone.  This  further 
reacts  on  the  wave  form  of  the  current  and  distorts  it  to  a  certain 
extent  by  introducing  harmonics. 

Calling  the  height  of  the  flat  topped  wave  unity,  the  average 

flux  density,  which  is  given  by  r — ,  is  0-76  when  the  wave  is  flat 

topped  and  0-71  when  the  wave  is  peaked  (triangular),  having  a 

maximum  value  of  1-41.    The  mean  value  is  ^ =  0'73, 

and  the  ratio  of  maximum  to  average  flux  density  is,  therefore, 

0-73  ~  ^  ^• 

Resultant  Flux  Distribution  due  to  Three  Phases. — Each  of  the 
phases  will  now  utilise  one-third  of  the  available  winding  space, 
so  that  the  coils  cover  an  arc  of  60°  instead  of  90°  in  the  two  phase 
case.  The  flux  distribution  is  shown  in  Fig.  343.  At  (a)  the  current- 
in  phase  I  is  a  maximum,  and  hence  the  currents  in  phases  11  and 
HI  are  equal  to  half  their  maximum  values,  but  are  in  the  reverse 
direction.  Advancing  by  120°  to  the  right  of  the  flux  wave  due 
to  phase  I,  the  flux  wave  due  to  phase  11  is  plotted.  This  is  in 
the  reverse  direction  and  has  only  half  the  amplitude,  since  a  sine 
wave  has  a  value  of  —  0*5  when  it  has  passed  its  maximum  value 
in  the  positive  direction  by  120°.  Advancing  by  another  120° 
to  the  right,  the  flux  wave  due  to  phase  HI  is  obtained.  This  is 
also  in  the  reverse  direction  and  again  has  only  half  its  maximum 
amplitude,  since  a  sine  wave  also  has  a  value  of  —  0*5  when  it  has 
passed  its  maximum  value  by  240°.  Adding  these  three  component 
flux  waves  together,  the  resultant  flux  wave  is  obtained.  This 
wave  approximates  to  a  sine  wave,  but  is  rather  more  peaked. 

As  the  current  advances  in  phase  the  wave  form  gradually 
changes,  Fig.  343  (6)  representing  the  conditions  15°  after  it  hais 
X>a8sed  its  maximum  The  resultant  flux  wave  has  now  advanced 
to  the  left  and  has  become  incidentally  a  closer  approximation  to 
a  sine  wave.  Fig.  343  (c)  represents  the  conditions  30°  from  the 
start.    The  current  in  phase  HI  has  now  dropped  to  zero,  whilst 

phase  I  has  -^  times  its  maximum  positive  value  and  phase  11 

^  V3 

has  — ^ —  times  its  maximum  positive  value.    The  resultant  wave 

form  has  now  become  slightly  more  flat-topped  than  a  sine  wave, 
after  which  it  tends  to  get  a  little  more  peaked  again.  The  flux 
wave  thus  oscillates  between  the  two  extremes  shown  in  Figs.  343  (a) 
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and  (c)  every  30**,  there  being  six  peaked  and  six  flat-topped  values 
every  cycle.  The  changes  in  the  distribution  of  the  flux  are  thus  seen 
to  be  less  than  in  the  two  phase  case,  slight  variations  in  magnitude 
occurring  in  both  instances. 

Haxlmam  Resultant  Flux. — ^The  maximum  resultant  flux  density 
is  twice  the  maximum  due  to  each  phase  separately,  the  value  :; 


no.  848.— Flux  Distribution  with  Three  Phase  Winding. 

obtained  on  p.  384  only  being  correct  for  a  concentrated  winding. 
The  distribution  of  the  winding  thus  has  the  effect  of  raising  the 
maximum  flux  density. 

The  total  flux  is  proportional  to  the  area  of  the  curve  and  only 
varies  by  about  1  per  cent,  between  its  extreme  values.  Calling 
the  maximum  flux  density  due  to  each  phase  unity,  the  average 
height  of  the  wave  is  1'17.    The  ratio  of  maximum  to  average 
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flux  density  is  therefore  -^  =  1-71  instead  of  1-67  for  a  pure  sine 

wave. 

Bfleet  on  Magnetising  Current. — In  order  to  produce  a  given  total 

flux  in  a  given  air-gap,  the  average  flux  density  is  fixed.    The  effect 

of  distributing  the  winding  is  therefore  to  raise  the  maximum  flux 

density,  and  as  the  magnetising  current  is  estimated  from  this 

quantity  it  follows  that  this  also  is  increased.    The  actual  increase 

in  the  B.M.S.  value  of  the  magnetising  current  is  about  8  per  cent., 

1'71 
since  =-v=  =  1-08.     The  current  wave  form  is  also  distorted  to  a 
1-57 

certain  extent. 

Alternating  Field  produeed  by  Single  Phase  Current.— A  rotating 

field  cannot  be  set  up  by  a  single  phase  current,  the  field  in  this  case 

merely  alternating  in  synchronism  with  the  magnetising  current. 

To  produce  the  rotating  effect,  it  is  necessary  to  have  at  least  one 

other  phase,  but  it  is  not  necessary  that  the  currents  should  be  equal. 

If  they  are  unequal  it  means  that  the  rotating  field  will  not  be 

constant  in  magnitude  as  it  rotates. 
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Fie.  844.— Tbree  Phase  Travailing  Jiald. 


Travelling  Field. — ^Imagine  the  stator  shown  in  Fig.  340  to  be 
cut  open  and  straightened  out.  The  magnetic  field  will  then 
appear  to  travel  from  one  end  to  the  other  instead  of  rotating.  In 
order  to  strengthen  the  effect,  another  winding  may  be  added  on 
the  other  side  of  a  short  air-gap,  as  shown  in  Ilg.  344.  The  poles 
formed  by  the  second  windii^  must  occur  opposite  to  those  of  the 
first  and  at  the  same  instant,  but,  of  course,  a  south  pole  must  lie 
opposite  to  a  north.  The  corresponding  phases  of  these  two  windings 
are  connected  in  series. 

Reversal  of  Botation. — ^In  order  to  reverse  the  direction  of 
rotation,  the  connections  of  any  two  phases  are  interchanged. 
If  this  is  done  in  a  three  phase  case,  it  is  seen  that  instead  of  advancing 
in  the  order  1,  2,  3,  the  field  advances  in  the  order  3,  2,  1.  The 
same  argument  holds  good  for  the  travelling  field,  which  then  moves 
from  right  to  left  instead  of  from  left  to  right. 


CHAPTER  XXVI 

INDUCTION  MOTOBS.— PRINCIPLES  AND  CONSTRUCTION 

General  Gonstruetion. — An  induction  motor  consists  of  two  main 
parts,  a  stator  and  a  rotor.  The  stator  consists  of  a  number  of 
stampings  slotted  so  as  to  receive  the  windings,  these  stamping 
being  held  between  two  end  plates,  which  are  carried  from  the 
outer  carcase  of  the  motor.  This  outer  carcase  serves  merely  as  a 
mechanical  protection  for  the  stampings  and  does  not  carry  any 
flux,  as  is  the  case  in  the  outer  yoke  of  a  C.C.  motor.  The  stator 
winding  is  called  the  primary,  and  is  connected  to  the  supply, 
producing  the  rotating  field  on  which  the  induction  motor  depends 
for  its  action. 

The  rotor  consists  of  another  set  of  stampings  mounted  on  a 
spider,  which  id  carried  from  the  shaft.  These  stampings  are  also 
slotted  and  receive  the  rotor  winding,  which  is  call^  the  secondary, 
since  it  has  currents  induced  in  it,  as  in  the  case  of  the  transformer. 
Since  there  are  np  salient  pole  piec^,  a  uniform  air-gap  is  obtained 
all  the  way  round,  this  being,  in  general,  smaller  than  in  the  case 
of  a  C.C.  motor  of  similar -size. 

In  some  induction  motors  the  rotor  windings  are  short-circuited 
on  themselves,  having  no  external  connections,  whilst  in  others  the 
rotor  conductors  are  brought  out  to  slip  rings  (usually  three)  and 
then  joined  through  a  resistance,  which  is  used  for  starting  up. 

Produetlon  of  Rotation. — ^The  primary  (stator)  winding  is  supplied 
with  a  polyphase  current  in  order  to  produce  the  rotating  field,  and 
this  field,  issuing  from  the  stator  stampings,  crosses  the  air-^p 
and  enters  the  rotor.  It  there  cuts  the  rotor  conductors,  wluch 
form  the  secondary  winding,  and  induces  an  E.M.F.  in  them.  The 
rotor  circuit  being  closed,  this  E.M.F.  sets  up  a  current  in  the  rotor, 
which  consequently  absorbs  a  certain  amount  of  power,  this  re- 
appearing as  heat.  The  winding  then  tends  to  place  itself  in  such 
a  position  that  it  generates  a  minimum  amount  of  electrical  power, 
and  in  order  to  do  this  it  follows  the  rotating  field  and  commences 
to  rotate.  The  induced  E.M.F.  is  thereupon  reduced,  since  this  is 
proportional  to  the  rate  at  which  the  rotor  conductors  are  cut  by 
the  rotating  field,  and  this  in  turn  causes  a  drop  in  the  rotor 
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current.     The  power  wasted  in  the  rotor  circuit  is  thus  reduced, 
when  rotation  is  set  up. 

Another  way  of  looking  at  the  problem  is  to  consider  the  inter- 
action of  the  fluxes  set  up  by  both  the  stator  and  the  rotor  windings. 
Fig.  345  (a)  represents  a  portion  of  the  air-gap  showing  the  stator 
flux  by  itself  rotating  in  a  counter-clockwise  direction.  These 
lineB  of  force  are  cutting  the  rotor  conductors  from  right  to  left, 
and  this  is  equivalent  to  a  movement  of  the  rotor  conductors  from 
left  to  right.  E.M.F.'s  are  induced  in  these  rotor  conductors 
which  are  short-circuited,  producing  currents  flowing  away  from 
the  observer.  A  hypothetical  secondary  flux  is  thus  set  up,  con- 
sisting  of  clockwise  lines  of  force  surrounding  the  rotor  conductors, 
as  shown  in  Fig.  346  (6).    Combining  the  stator  and  rotor  fluxes, 


_^.^(/R^aWaft^/.,^^ 


(a)  stator  Flux 


(d)  Rotor  Flux 


(e)  Resultant  Flux 


Fio.  345.— Dbitoitioii  of  Flux  by  Rotor  Current. 


we  get  the  resultant  flux  actually  existing.  This  is  shown  in 
Fig.  345  (c),  and  as  the  field  tends  to  straighten  itself  out  the  rotor 
conductors  are  urged  in  a  counter-clockwise  direction  and  folloT<r 
the  field  in  its  rotation. 

The  same  result  can  be  obtained  straight  away  by  applying 
Fleming's  left-hand  rule,  which  shows  that  the  rotor  conductors 
are  subjected  to  a  motoring  force  in  a  counter-clockwise  direction. 

Sttp. — ^The  rotating  field  revolves  with  the  speed  of  S3mchromsm, 
and  if  the  rotor  conductors  were  to  follow  at  exactly  the  same  speed 
there  would  be  no  relative  movement  of  the  field  and  the  rotor. 
In  this  case,  there  would  be  no  £.M.F.  induced  in  the  rotor  and  the 
rotor  current  would  drop  to  zero.  The  distortion  of  the  field 
causing  the  motoring  action  now  disappears,  and  the  rotor  immedi- 
ately conunences  to  slow  down.    As  soon  as  it  does  this,  however. 
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the  rotor  conductors  begin  to  be  cut  by  the  rotating  field  at  a  rate 
depending  upon  the  difference  in  the  speeds  of  rotation  of  the  flux 
and  the  rotor.  The  slower  the  speed  of  the  rotor  the  greater  is 
the  rotor  E.M.F.  and  current,  and,  consequently,  the  greater  is 
the  motoring  force.  Actually,  the  speed  of  the  rotor  adjusts  itself, 
so  that  the  magnitude  of  the  rotor  current  is  just  sufficient  to  exert 
the  necessary  torque  to  overcome  the  mechanical  resistance  to  motion 
of  the  rotor.  If  it  is  running  too  fast,  the  rotor  current  is  too  small 
to  maintain  the  rotation,  and  the  speed  falls.  If  it  is  running  too 
slow,  the  rotor  current  is  greater  than  necessary,  and  produces  an. 
acceleration  which  sx)eeds  the  rotor  up. 

The  difference  between  the  speed  of  the  rotating  field  and  the 
actual  speed  of  the  rotor  is  called  the  slip  of  the  motor,  and  may  be 
expressed  in  revolutions  per  minute,  but  a  much  more  common  way 
is  to  express  it  as  a  percentage  of  the  synchronous  speed.  With 
modem  induction  motors,  the  slip  generally  lies  between  zero  and 
about  6  per  cent. 

On  account  of  the  fact  that  it  must  run  at  a  speed  rather  less 
than  that  of  synchronism,  the  induction  motor  is  sometimes  termed 
an  asyru^ronaus  mcior. 

If  /  represents  the  frequency  of  supply  and  n  the  revolutions 
per  second  of  the  rotor,  then  the  frequency  of  slip  is  (/  —  «)  in  a 
two  pole  motor  and  (/  —  pn)  in  a  multipolar  motor,  where  p  is  the 
number  of  pairs  of  poles.     Expressing  this  as  a  fraction  of  the 

supply  frequency,  it  becomes  "^^ — —■--  ot- — ^-  x  100  per  cent. 

Rotor  Current. — When  the  rotating  field  is  set  up  by  switching 
on  the  stator  current,  the  motor  acts  like  a  polyphase  transformer 
with  a  short-circuited  secondary.  A  current  is  produced  in  the 
rotor  winding,  which  is  usually  wound  for  three  phases,  and  this 
develops  the  torque  necessary  to  set  the  rotor  in  motion.  The  magni- 
tude of  this  current  depends  upon  the  induced  E.M.F.  per  phase  and 
also  upon  the  impedance  per  phase.  The  induced  E.M.F.  is  pro- 
portional to  the  rate  of  cutting  lines  of  force,  and  this  in  turn  is 
proportional  to  the  difference  in  speed  of  the  rotating  field  and  the 
rotor,  i.e.  the  slip.  The  resistance  of  the  rotor  winding  is  constant, 
but  the  reactance  also  depends  upon  the  slip,  since  the  frequency  of 
the  rotor  currents  is  the  same  as  the  frequency  of  slip.  If  the  slip 
is  doubled  the  induced  E.M.F.  is  also  doubled,  but  the  impedance  is 
not  doubled,  although  it  is  very  materially  increased.  As  a  result, 
the  rotor  current  is  increased,  but  it  does  not  increase  proportionally 
to  the  slip.  Another  effect  of  the  reactance  in  the  rotor  circuit  is 
to  cause  the  rotor  current  to  lag  behind  the  induced  rotor  E.M.F. 
by  a  certain  angle,  this  having  the  twofold  effect  of  reducing  the 
power  factor  and  the  torque  developed  per  ampere. 

Stator  Gonstraetion. — ^The  construction  of  the  stator  of  a  modem 
induction  motor  follows  the  general  lines  of  that  of  the  stator  of  a 
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rotating  field  alternator  of  a  similar  size  (see  Figs.  201, 202  and  203). 
It  consists  in  the  main  of  a  ring  of  stampings  held  between 
end  cheeks  and  supported  from  the  outer  casting,  which  serves 
only  as  a  mechanical  support  and  fulfils  no  magnetic  function. 
This  outer  casting  is  perforated  with  a  number  of  large  holes  for 
ventilation  and  supports  the  two  end  shields,  which  also  cany  the 
bearings.  These  are  of  the  rigid  type,  since  the  spherical  seating 
adopted  in  C.C.  motors  is  not  suitable  on  account  of  the  much  smaller 
air-gaps  employed  in  induction  motors. '  In  the  larger  sizes  pedestal 
bearings  are  adopted.    The  stator  is  wound  in  the  same  way  as 
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Via.  846.-Sectioii  of  Induction  Motor  SUtor. 

the  armature  of  an  alternator,  three  types  of  slots  being  employed, 
as  shown  in  Fig.  210.  Of  these,  the  open  and  semi-closed  are  most 
used  on  account  of  the  greater  ease  of  winding  and  the  reduced 
leakage  fiux  which  is  set  up.  Radial  ventilating  ducts  are  spaced 
every  few  inches  along  the  stator  core,  these  being  arranged  opposite 
to  those  in  the  rotor,  so  that  a  through  passage  is  provided  for  the 
air  right  from  the  centre  of  the  machine  to  the  outside. 

A  section  of  a  typical  induction  motor  stator  is  shown  in 
Fig.  346. 

Stator  Winding. — The  stator  can  be  either  bar-  or  coil-wound, 
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exactly  as  in  the  case  of  altematois.  The  winding  also  is  distri- 
buted over  a  number  of  slots  per  pole  so  as  to  utilise  the  surface 
of  the  stator  to  a  greater  extent.  The  appearance  often  differs 
considerably  from  that  of  alternators,  inasmuch  as  induction 
motors  generally  have  a  smaller  number  of  poles.  It  is  usual  to 
have  one  coil  per  pair  of  poles  for  each  phase,  so  that  a  four  pole 
three  phase  motor  will  have  six  coils  in  all.  The  arrangement  of 
the  coils  in  this  case  is  indicated  in  Fig.  347,  which  shows  three 
shapes  of  coils.  These  have  an  actual  space  displacement  of  30'' 
(or  60^  electrical),  but  the  connections  to  the  middle  coil  are 
reversed  in  order  to  get  the  correct  phase  angle.  This  arrangement 
enables  the  winding  to  be  split  up  into  two  portions,  so  that  in 
case  of  a  bum-out  in  one  coil  it  is  not  necessary  to  strip  the  whole 
stator  winding. 

The  practice  of  winding  one  coil  per  pair  of  poles  is  not  adopted 
in  the  case  of  two  pole  motors,  as  it  would  mean  that  a  very  large 
bunch  of  end  connections  would  have  to  lie  on  top  of  one  another. 
By  using  two  coils  per  pair  of  poles,  no  extra  ampere-turns  are 


Fio.  347.— Amnaement  of  CoUs  in  Four  Fro.  SiS.— End  Oonneotlons  for  Two 

Pole  Tbree  PhMe  SUtor.  .  P61e  Three  Phase  Stator. 

required,  and  half  the  end  connections  are  carried  round  one  aide 
of  the  stator,  whilst  the  other  half  are  carried  round  the  other 
side.  The  end  connections  for  one  phase  of  a  three  phase  two  pole 
stator  having  six  slots  per  pole  per  phase  are  shown  in  Fig.  348. 

Construetion  of  Wound  Rotors. — ^The  usual  t3rpe  of  wound  rotor 
consists  of  a  ring  of  sheet  iron  stampings  motmted  direqtly  on  the 
shaft  in  the  smaller  sizes  and  built  on  to  a  cast  iron  spider  in  the 
larger  sizes.  The  rotor  winding  is  carried  in  slots  arranged  along 
the  outer  periphery.  VentOating  holes  are  punched  in  the  plates 
to  provide  an  entrance  for  the  air,  which  is  thrown  outwards  radially 
by  means  of  the  ventilating  ducts.  The  three  phase  winding  is 
connected  in  star,  and  the  three  ends  are  brought  out  to  three  slip 
rings.  In  small  motors,  these  usually  lie  on  the  outside  of  the 
bearing,  the  shaft  being  made  hollow  to  allow  the  three  conductors 
to  pass  through  the  bearing.  The  current  is  collected  from  these 
slip  rings  by  means  of  carbon  or  copper  brushes,  from  which  it  is 
led  to  a  resistance  which  is  used  for  starting  purposes.    When  the 
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motor  is  runniiig,  these  slip  rings  are  short  circuited  by  means  of  a 
collar,  which  is  pushed  along  the  shaft  and  connects  all  three  slip 
rings  together  on  the  inside.  The  brushes  are  provided  in  a  large 
number  of  cases  with  a  device  for  lifting  them  from  the  slip  rings 
^when  the  motor  has  been  started  up,  thus  reducing  the  wear  and 
tlie  frictional  loss. 

Rotor  Winding. — ^The  simplest  form  of  rotor  winding  is  a  coil 
-winding  of  the  same  t3^  as  that  employed  on  the  stator.  There 
is  an  exact  number  of  idots  per  pole  per  phase,  with  oi^e  coil  for  each 
phase  per  pair  of  poles. 

For  heavier  currents  a  bar  windii^^  is  adopted  in  which  the  end 
connections  take  on  the  familiar  appearance  shown  in  a  C.C.  motor. 
Owing  to  the  number  of  slots  being  a  multiple  of  the  phases  times 
the  poles,  a  certain  amount  of  asymmetry  is  set  up  in  the  winding. 
For  example,  each  end  connection  spans  a  pole  pitch,  but  when  the 
winding  has  travelled  once  round  the  armature  it  would  close  on 
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Fio.  349.— Eotor  Bar  Wiadlng. 


itself,  and  to  avoid  this  an  unsymmetrical  end  connection  is  included 
here,  so  as  to  enable  all  the  conductors  in  one  phase  to  be  connected 
in  series. 

As  an  example,  consider  a  three  phase  four  pole  winding  having 
24  slots  in  all  with  two  conductors  per  slot  arranged  one  on  top  of 
the  other.  There  are  thus  8  slots  per  phase  and  2  slots  per  pole 
per  phase.  Imagine  the  conductors  to  be  numbered  consecutively 
1,  2,  3,  4,  etc.,  round  the  rotor,  the  odd  numbers  being  at  the  top 
and  the  even  numbers  at  the  bottom  of  a  slot.  The  mean  pitch 
is  12,  but  an  odd  number  must  be  adopted  so  as  to  enable  both 
odd  and  even  numbers  to  be  included  in  the  winding.  A  winding 
pitch  of  13  and  11  will  therefore  be  used  alternately.  The  con- 
ductors are  then  connected  up  in  the  order  1,  14,  25,  38,  but  instead 
of  using  a  short  end  connection  and  going  to  49  (which  is  1),  a  long 
one  is  used,  taking  the  winding  to  3.  The  winding  then  proceeds 
3,  16,  27,  40.  The  winding  must  now  retrace  its  path,  because  if 
it  goes  on  it  trespasses  on  the  next  phase,  which  commences  at 
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conductor  No.  5.  An  tmsjnnmetrical  end  connection  going  to  28 
(employing  the  mean  pitch)  is  now  used,  and  the  remaining  half 
of  the  phase  is  wound  backwards,  just  like  the  first  half.  One  end 
of  the  winding  is  connected  to  one  of  t^e  slip  rings  and  the  other 
to  the  star  point.  One  phase  of  this  winding  is  shown  in  Fig.  349. 
Squirrel  Cage  Rotors. — ^A  simple  and  effective  form  of  rotor  is 
that  known  as  the  squirrd  cage,  which  consists  of  a  laminated  core 
as  in  the  wound  rotor  with  a  single  conductor  lying  in  each  slot. 
These  conductors  consist  of  heavy  copper  bars  lightly  insulated 
from  the  core  and  short  circuited  at  each  end  by  ^eans  of  a  pair 
of  stout  end  rings  of  phosphor  bronze  or  brass.  Each  conductor 
is  riveted  or  screwed  on  to  both  end  rings,  the  joints  being  soldered 
in  addition.  The  whole  rotor  winding  thus  consists  of  a  perma- 
nently short  circuited  system  having  as  many  phases  as  conductors. 
Fig.  350  shows  a  section  of  a  typical  small  squirrel  cage  rotor. 


Fio.  360.— Squiirel  Cag^  Rotor. 


The  great  advantage  of  such  a  rotor  lies  in  the  soundness  and 
simplicity  of  the  mechanical  design.  There  are  no  moving  contacts 
at  all,  and  the  construction  of  the  whole  squirrel  cage  rotor  is 
exceedingly  simple.  Its  great  disadvantage  lies  in  the  small  starting 
torque  and  large  starting  current  which  is  characteristic  of  the  type. 

Torque. — ^TUe  torque  developed  by  the  rotor  is  proportional  to  the 
instantaneous  product  of  the  rotor  current  and  the  strength  of  the 
magnetic  field  cutting  the  rotor.  If  the  whole  motor,  stator  apd 
rotor  together,  be  imagined  to  rotate  in  the  opposite  direction  to  that 
of  the  rotating  field  and  at  the  same  speed,  the  field  will  appear  to 
stand  stationary  in  space  and  will  have  an  approximately  sinusoidal 
distribution  over  the  air-gap.  The  rotor  will  appear  to  have  a 
slow  rotation  in  the  opposite  direction  to  that  in  which  it  is  really 
rotating,  the  speed  of  this  slow  rotation  being  that  of  the  slip.    The 
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Indaced  rotor  E.M.F.  will  have  a  sinusoidal  wave  form,  the  maximum 
value  occurring  when  it  passes  the  centre  line  of  the  pole  where 
the  maximum  flux  density  occurs.  Owing  to  the  rotor  reactance, 
however,  the  maximum  current  will  not  occur  until  a  little  later, 
so  that  the  field  and  the  current  are  not  quite  in  phase.  The 
average  product  of  these  two  quantities,  which  is  proportional  to 
the  torque,  is  therefore  reduced,  just  as  in  the  same  way  that  the 
power  in  a  circuit  is  reduced  when  the  current  is  made  to  lag  behind 
the  voltage.  The  amount  of  this  reduction  is  given  by  cos  6, 
where  d  is  the  angle  of  lag  of  the  current  behind  the  voltage  in  the 
rotor.  Reactance  in  the  rotor  circuit  is  thus  seen  to  be  harmful, 
inasmuch  as  it  reduces  the  torque  which  is  developed. 

Let  e  and  i  represent  the  induced  rotor  voltage  and  current  per 
phase,  J,  the  frequency  of  slip,  R  and  L  the  rotor  resistance  and 
inductance  per  phase  respectively.    Then 

e  =  t/.. 
where  ib  is  a  constant. 
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the  torque  is  proportional  to 
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The  maximum  value  of  this  expression  is  obtained  when 
R  =  2ir/«£,^  when  the  maximum  torque  becomes 

_     hRf.     _kf  kf.    _■    k^ 

Relation  between  Slip  and  Torque. — ^If  the  resistance  and  in- 
ductance of  a  given  rotor  be  kept  constant,  the  magnitude  of  the 
torque  depends  solely  upon  the  slip,  provided  the  magnitude  of 

^  The  maximum  torque  is  obtained  by  differentiating  with  respect  to  J,  and 
equating  to  zero  ;  thus  : 

\R^  -h  (M*^)*f  X  ifcg  -  hRf,  X  2  X  2>/>Lx  2irL 

{iJ«  +  (2»/^)«[«  "="• 

.'.     {B«  +  (2ir/,L)«(  xkR  =  kR/,  X  2  X  2wfJL  x  2wL. 
iJ«+(2»/^)«=8T%«L«. 

Rt  =  ^*f*L*  -  4»V.*^* 

R  =  2itJJ., 
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the  rotating  field  is  also  constant.  For  low  values  of  the  slip,  the 
reactance  is  negligible  compared   with   the  resistance,  and  the 

expression  pa  _»  /o  %  r\%  becomes  approximately  -p^*,  bo  that  the 

torque  is  practically  proportional  to  the  slip.  For  large  values  ol 
the  slip,  the  reactance  is  large  compared  with  the  resistance, 
so  that  the  expression  for  the   torque  becomes  approximately 

iir~tT^  ^^  A~mF  •     ^®  torque  is  now  approximately  inversely 

proportional  to  the  slip.  As  the  slip  increases  from  zero,  there- 
fore, the  torque  at  first  increases,  then  reaches  a  maximum,  when 
R  =  27r/«L  and  then  decreases. 

As  an  example,  consider  the  case  of  a  motor  operating  on  a 
frequency  of  60,  where  T^  =  1,  ifc  =f  1,  and  i?  =  f . 


Since 


T    =— — 
^**      4^L' 


L  = 


^T^ 


47r' 


The   expression 


kBf, 


can    now    be    evaluated    for 


various  values  of  /«,  and  this  has  been  done  in  the  second  line  of 
the  following  table.  Next  let  the  resistance  be  increased  to  four 
times  its  original  value,  viz.,  £  =  5.  The  new  values  of  the  torque 
are  shown  in  the  third  line  in  the  table,  from  which  it  is  seen  that 
the  torque  now  attains  a  maximum  value  for  four  times  the  slip 
in  the  previous  case. 


/. 

0 

1 

2 
O-flS 

25      5 

10 

15 

20 

30 

40 

50 

Torque  for  i?=? 

0 

o*«e 

1-00 

0-80 

0-47 

0-32 

0-25 

017 

012 

010 

Torque  for  iJ=5 

0 

0-20 

038 

0-47 

0-80 

1-00 

0-92 

0-80 

O-fiO 

0-47 

0-38 

The  above  figures  are  plotted  in  Fig.  351,  which  shows  the 
general  shape  of  the  torque-slip  curves. 

The  value  of  the  slip  for  maximum  torque  depends  upon  the 
relative  values  of  B  and  L,  If  B  is  low  compared  with  L,  the 
maximum  torque  occurs  with  a  small  slip,  and  vice  versa.  For  a 
given  rotor,  the  inductance  is  fixed,  but  if  it  were  possible  to  reduce 
it  the  maximum  torque  would  be  increased  and  would  occur  at 
an  increased  slip,  assuming  a  constant  resistance.  A  reduction  of 
both  resistance  and  inductance  in  the  rotor  would  therefore  increase 
the  maximum  torque  and  keep  down  the  slip. 

Relation  between  Rotor  Resistance  and  Torque. — ^It  was  shown  on 
p.  399  that  the  torque  developed  in  the  rotor  was  proportional  to 
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an  expression  which  included,  amongst  other  terms,  the  rotor 
resistance.  Of  course  the  resistance  of  the  rotor  itself  is  a  fixed 
quantity,  but  by  inserting  an  external  resistance  in  series  with 
each  phase  the  total  amount  can  be  varied.  The  maximum  value 
of  the  torque  is  independent  of  the  resistance,  but  the  slip  at  which 
this  maximum  torque  is  obtained  is  proportional  to  the  total 
resistance  per  phase.  A  means  of  speed  regulation  is  thus  obtained 
by  varying  the  rotor  resistance,  since  the  maximum  torque  can  be 
obtained  at  any  speed  from  standstill  up  to  that  of  synchromsm 
simply  by  varying  the  rotor  resistance.  When  no  resistance  is 
inserted  at  all,  the  rotor  runs  at  full  speed,  and  to  increase  this 
speed,  i.e.  decrease  the  normal  slip,  it  would  be  necessary  to  decrease 
the  rotor  resistance,  which  is  only  possible  by  re-designing  the 
winding. 


100 


Slip  % 
Flo.  851.— ToiquewsUp  Curves. 


If  the  load  on  the  shaft  necessitates  a  certain  torque  being 
developed,  an  increase  in  the  rotor  resistance  will  cause  a  corre- 
sponding increase  in  the  slip  and  thus  bring  the  speed  down.  To 
illustrate  the  relationship  which  exists  between  the  rotor  resistance 
and  the  slip  for  a  given  torque,  three  other  curves  have  been  drawn 
in  Kg.  361,  corresponding  to  i?  =  10,  I?  =  26,  and  R  =  50.  All 
these  curves  obey  the  same  law,  their  only  difieftoce  being  that 
they  attain  their  maximum  values  at  different  points.  In  fact 
the  last  curve  ioT  B  —  50  never  does  reach  its  maximum  by  the 
time  standstill  is  reached,  but  it  would  attain  the  same  height  as 
the  others  at  the  hypothetical  slip  of  200  per  cent.,  which,  of  course, 
is  impossible  in  ordinary  circumstances. 

Another  series  of  curves  can  be  derived  from  those  shown  in 
Fig.  351,  giving  the  relation  between  the  rotor  resistance  and  the 
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slip  for  a  given  torque.  These  are  obtained  by  drawing  a  horizontal 
line  through,  say,  0*5  X  maximum  torque  and  noting  the  corre- 
sponding values  of  the  rotor  resistance  and  the  slip.  These  curves 
are  drawn  in  Fig.  352  for  values  of  the  torque  equal  to  0-25,  0-60, 
0*75,  and  1*00  times  the  maximum. 

Speed  Regulation. — ^In  ordinary  circumstances,  an  induction  motor 
is  practically  a  constant  speed  machine,  since  the  slip  is  very  smaJJ 
even  at  full  load.  In  this  respect  it  is  comparable  with  the  C.C. 
shunt  motor,  the  speed  of  which  also  drops  very  slightly  as  the 
load  comes  on.  The  introduction  of  the  rotor  resistance,  however, 
causes  a  reduction  in  speed,  enabling  all  values  from  standstill  up 
to  very  nearly  synchronous  speed  to  be  obtained.  It  is  not  poesihle 
to  obtain  an  increase  in  speed  in  this  way,  since  the  motor  must  run 
at  a  speed  less  than  that  of  synchronism.  The  only  way  in  which 
this  can  be  done  is  by  increasing  the  frequency,  which  is  not 

100. 
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Fio.  862.— Relation  between  Slip  and  Botor  Besistanoe. 
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practicable,  or  by  changing  the  number  of  peles.  This  is  done  in  some 
instances,  but  it  usually  leads  to  a  poorer  performance  of  the  motor. 

The  insertion  of  the  additional  resistance  is  brought  about  by 
bringing  the  three  ends  of  the  three  phase  rotor  to  the  slip  rings, 
from  which  external  connections  are  made  to  the  three  phase 
variable  resistance. 

In  the  case  of  squirrel  cage  rotors,  it  is  not  possible  to  insert 
external  resistance  in  circuit,  and  so  no  speed  regulation  is  possible 
other  than  the  small  natural  drop  caused  by  the  increase  of  load. 

Starting  Torque. — ^At  the  moment  of  switching  on,  the  frequency 
of  slip  is  the  same  as  the  frequency  of  supply,  and  thus  the  starting 
torque  is  obtained  by  substituting/  for /,  in  the  expression  for  the 
torque,  which  now  becomes 

*«/ 


r,= 


R^  +  (27r/L)« 
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The  only  practicable  way  to  vary  this  is  again  to  vary  the  resistance, 
and  there  is  one  particular  value  of  i2  which  will  give  the  maximum 
starting  torque.  This  is  obtained  when  B  =  2irJL,  f  being  the 
frequency  of  supjrfy.  Not  only  should  the  rotor  resistance  and 
reactance  be  equal,  but  they  should  both  be  small  if  a  large  starting 
torque  is  desired,  since  the  maximum  torque  obtainable  is  inversely 
proportional  to  the  inductance.  Both  a  higher  and  a  lower  rotor 
resistance  result  in  a  decreased  starting  torque,  since  if  a  higher 
resifitance  is  employed  the  increased  impedance  brings  the  rotor 
current  down,  whilst  if  a  lower  resistance  is  employed  the  reduction 
in  the  power  factor  more  than  counterbalances  the  increase  in  the 
current.  The  case  is,  in  fact,  similar  to  that  discussed  on  p.  71, 
where  it  was  shown  that  the  maximum  power  in  a  circuit  occurs 
when  the  angle  of  lag  is  45^  and  the  resistance  equals  the  reactance. 
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In  the  present  problem  it  is  desired  to  get  a  rotor  current  which 
has  a  maximum  component  in  phase  with  the  field. 

Considering  the  same  example  taken  on  p.  400,  the  values  of 
the  starting  torque  have  been  worked  out  for  various  resistances, 
and  these  values  are  tabulated  in  the  following  table  and  plotted 
in  Fig.  353. 


R 

1 

0-38 

10 
0-69 

20 
0-97 

25 

100 

30 

0-98 

1   ^ 

0-90 

1 

50 

T. 

008 

080 

Starting   Reslstanees, — ^The  three  phase  resistances    used    for 
starting  up  induction  motors  consist  of  three  separate  variable 
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resistances  joined  together  by  means  oi  a  three-armed  handle  which 
forms  a  star  point.  Three  movable  contacts  are  thus  formed, 
rigidly  attached  to  one  another  so  as  to  make  them  move  in  unison, 
and  these  move  over  three  rows  of  contacts.  The  arrangement  of 
the  various  circuits  is  shown  in  diagrammatic  form  in  Fig.  354, 
whilst  the  internal  connections  of  a  starting  resistance  are  shown 
in  Fig.  356.     The  three  terminals  make  connection  with  the  ends 


Stator  Rotor 

Fia.  354.— Diagram  of  Connections  of  Induction  Motor. 


Starter 


of  the  three  resistances  and  are  joined  to  the  three  slip  rings.  The 
rotation  of  the  starting  handle  is  limited  to  approximately  one-third 
of  a  revolution  by  means  of  stops,  the  position  shown  being  that 
when  the  supply  is  first  switched  on,  all  the  resistance  being  in. 
To  start'  the  motor  up,  the  main  switch  is  closed  and  the  starting 
handle  slowly  moved  round  in  a  clockwise  direction  through 
approximately  120°.  The  resistance  is  then  all  cut  out,  only  that 
of  the  leads  and  switch  contacts  remaining.  As,  however,  these 
are  usually  comparable  with  the  resistance  of 
the  rotor  itself,  it  is  necessary  to  short  circuit 
the  rotor  at  the  slip  rings  themselves  as 
well.  This  is  done  by  means  of  a  metal 
collar,  which  is  forced  along  the  shaft  under 
the  ■  slip  rings,  touching  them  all,  thereby 
eliminating  the  resistance  of  the  brush  con- 
tacts on  the  slip  rings,  which  is  quite  appre- 
ciable. The  brushes  are  then  raised  to  reduce 
the  wear  and  the  frictional  loss. 

Another  type  of  starter  is  the  liquid 
resistance.  This  consists  of  a  tank  containing 
the  liquid  into  which  three  blades,  B  (see 
Fig.  356),  are  dipped  gradually  by  means  of 
the  handle,  H,  until  they  engage  in  three  short, 
circuited  contacts,  (7,  at  the  bottom.  The  short  circuiting  device 
at  the  slip  rings  is  then  employed  as  before. 

Auto-transformar  Starters. — ^The  use  of  the  starting  resistance  is 
not  possible  in  the  case  of  squirrel  cage  rotors,  and  so  other  means 
must  be  adopted  to  limit  the  starting  current.  This  is  usually 
done  by  meatus  of  an  auto-transformer  starter,  which  consists,  as 
its  name  implies,  of  ati  auto-transformer  of  which  the  primary  is 
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connected  to  the  line,  whilst  the  secondary,  giving  a  reduced  voltage, 
is  connected  to  the  stator  of  the  induction  motor.  The  effect  of 
the  reduced  voltage  on  the  motor  is  to  reduce,  proportionally,  the 
strength  of  the  rotating  field.  This  in  turn  reduces  the  E.M.F. 
generated  in  the  rotor  circuit,  and  hence  the  rotor  current  also. 
Since  the  torque  developed  is  proportional  to  the  product  of  the 
rotor  current  and  the  strength  of  the  rotating  field,  it  is  seen  that 
it  is  proportional  to  the  square  of  the  voltage  applied  to  the  stator. 
A  reduction  in  the  apjriied  voltage  at  starting,  therefore,  causes  a 
considerable  drop  in  the  starting  torque,  but  is  necessary  in  view 
of  the  reduction  in  the  starting  current  which  it  also  brings  about. 
By  the  action  of  the  auto-transformer,  however,  the  current  drawn 
from  the  line  is  less  than  that  supplied  to  the  motor,  so  that  an 
excess  current  can  be  taken  by  the  motor  without  an  overload  being 
put  upon  the  mains.  For  example,  consider  a  motor  which  would 
take  six  times  fuU  load  current  if  suddenly  thrown  straight  on  to 
the  mains,  developing  twice  full  load  torque  in  so  doing.    If  the 
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B 
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B 


^=fF=ft-"^=tf 
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Pro.  366.— liquid  starter. 


anto-traHsformer  had  a  ratio  of  2 : 1  the  motor  current  would  bo 
reduced  to  three  times  full  load  current  and  the  line  current  to 
1-5  times  full  load  ciurent.  The  torque  would  go  down  as  the 
square  of  the  voltage  ratio,  and  would  thus  be  only  0-6  times  full 
load  torque.  This  is  a  very  inferior  starting  torque,  but  it  is 
practicable,  whereas  without  the  auto-transformer,  the  motor  would 
blow  its  fuses.    To  obtain  full  load  starting  torque,  the  motor 

voltage  must  be  reduced  to  — ^  =  0-71  times  the  line  voltage.    The 

motor  current  is  now  6  X  0'71  =  4*26  times  full  load  current  and 
the  line  current  0-71  X  4-26  =  3  times  full  load  current.  The 
values  of  the  starting  torque  available,  together  with  the  corre- 
sponding values  of  the  voltage  applied  to  the  stator  and  the  motor 
and  the  line  currents,  expressed  as  percentages  of  the  normal  full 
load  values,  for  various  tappings  on  the  auto-transformer,  are 
shown  in  Fig.  357.  It  is  thus  seen  that  the  squirrel  cage  induction 
motor  is  not  very  suitable  for  starting  up  under  full  load  torque 
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conditioDfi  in  view  of  the  heavy  current  taken,  slip  ring  motors 
being  much  preferable  in  such  cases. 

^e  auto-transformer  may  have  a  number  of  tappings  on  it, 
but  it  is  usual,  particularly  in  the  smaller  motors,  to  use  one  tapping 
only,  this  being  determined  experimentally  as  the  one  giving  the 
best  all-round  starting  properties.     The  auto-transformer  is  then 
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Fig.  367.~Effect  of  Auto-transfonner. 
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provided  with  a  change-over  switch,  one  position  being  for  starting 
and  the  other  for  running,  as  shown  in  I^g.  368.  To  start  up  the 
motor  the  switch  is  closed  on  the  *'  starting  "  side,  and  when  a 
certain  speed  is  attained  it  is  thrown  over  quickly  to  the  "  running  " 
side. 

Star-dalta  Connections. — ^Another  method  of  reducing  the  voltage 


n  n  n 


iJU 


Running 
Side 

To 

^hto^ 


Starling 
Side 


Fio.  858.— Anto-transformer  Switch  Cioimections. 


on  an  induction  motor  at  starting  is  to  connect  the  phases  in  star 
for  starting  and  in  delta  (or  mesh)  for  running.     In  this  way  the 

volts  per  circuit  are  reduced  to  — -  times  the  line  volts  at  starting, 

whilst  when  running  each  circuit  receives  the  full  line  pressure. 
The  motor  operates  as  if  an  auto-transformer  were  used  having  a 
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voltage  ratio  of  ^/Z  :  1,  the  motor  receiving  57*7  per  cent,  of  the  full 
voltage  at  starting.  Since  the  torque  is  proportional  to  the  square 
of  the  applied  voltage,  this  arrangement  results  in  a  reduction  in 
the  starting  torque  to  one-third  of  its  value  when  switched  on  direct, 
whilst  the  current  per  phase  winding  is  reduced  in  the  ratio  of 
VS  :  1.  Since  the  line  current  is  Vs  times  the  current  per  phase 
winding  when  delta  connected,  the  line  current  at  starting  is  also 
one-third  of  what  it  would  be  if  switched  on  direct.  The  necessary 
operations  may  be  performed  by  means  of  a  small  drum  type 
controller,  the  connections  of  which  are  shown  in  Fig.  359. 

The  disadvantages  of  this  method  of  starting  are,  (1)  only  one 
starting  position  is  obtained,  so  that  the  method  is  not  suitable  for 
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large  motors ;  (2)  an  induction  motor  runs  better  with  star  than 
with  delta  connections,  since  any  lack  of  electrical  balance  in  the 
latter  case  causes  circulating  currents  to  flow  round  the  stator 
winding ;  and  (3)  the  motor  starts  up  with  a  low  torque. 

Reversal  of  Rotation. — ^In  order  to  reverse  a  two  phase  motor,  all 
that  is  necessary  is  to  reverse  the  coni^ctions  of  one  of  the  stator 
phases,  this  causing  the  rotating  field  to  rotate  in  the  opposite 
direction.  In  the  case  of  a  three  phase  motor,  any  two  of  the 
stator  leads  must  be  interchanged,  this  having  the  same  effect. 

Output  of  Rotor. — Of  the  power  supplied  to  the  stator,  a  portion 
is  wasted  in  stator  copper  loss  and  another  portion  in  stator  iron 
loss.    The  remainder  is  supplied  to  the  rotor.    The  effect  of  the 
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copper  loss  is  to  absorb  a  portion  of  the  applied  voltage,  the 
remainder,  obtained  by  vectorial  subtraction,  being  utilised  for  the 
production  of  the  rotating  field.  This  corresponds  to  that  com- 
ponent of  the  primary  voltage  of  a  transformer  which  remains  after 
the  IR  drop  has  been  deducted.  The  power  associated  with  this 
voltage  is  transferred  to  the  secondary  through  the  medium  of 
the  magnetic  flux.  The  same  thing  applies  to  the  induction  mot-or. 
The  stator  current,  also,  may  be  divided  into  two  components, 
one  of  which  supplies  the  no-load  magnetising  current  and  the 
constant  iron  loss  current.  The  other  component  provides  the 
ampere-turns  necessary  to  balance  the  ampere-turns  set  up  by  the 
rotor  current.  The  power  transferred  to  the  rotor  consists,  there- 
fore, of  the  product  of  this  component  of  the  current  €^id  the  voltage 
producing  the  flux,  multiplied  by  the  cosine  of  the  angle  of  phase 
difference  between  the  two.  Let  /„  E^  and  cos^  represent  these 
quantities  respectively,  line  values  being  considered.  The  power 
supplied  to  the  rotor  in  £l  three  phase  case  is  therefore  VSEgIg  cos  ^. 
If  TV"  is  the  ratio  of  the  turns  per  phase  on  the  stator  to  the  turns  per 
phase  on  the  rotor,  the  voltage  induced  in  the  rotor  at  standstill 

E 
is  j^.    When  the  rotor  is  rotating  with  a  frequency  of  slip,  /„  the 

E       f 
induced  voltage  becomes  j^  X  j^ 

The  rotor  current  is  Nig  and  the  angle  of  lag  is  the  same  as  in 
the  stator,  as  was  explained  when  discussing  the  transformer.  The 
power  wasted  in  heating  the  rotor  is  therefore 


VSj^xf^xNIg  xcos^ 
VSEgIgCos<f>xy' 


The  power  output  of  the  rotor  is  obtained  by  subtracting  the 
losses  from  the  input  and  is 

VSEgIg  cos  <f>  —  VSEgIg  cos  ^  X  ^j! 

=  VSEgIg  cos  <f>  X  •^-y^- 
The  efficiency  of  the  rotor  is  thus 

VS^^^cos^X-'^-^' 
VSEgIg  cos  <f> 

f 
__       actual  speed 

synchronous  speed 
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Similarly,  the  ratio  of  loss  to  input  may  be  expressed  by 

/,  _       speed  of  slip 
/       synchronous  speed 

Summarising,  we  get 

Output  _       actual  speed 
Input        synchronous  speed 

Loss    _       speed  of  slip 
Input       synchronous  speed 

Loss    _  speed  of  slip 
Output       actual  speed 

It  is  thus  seen  that  for  a  high  efficiency  the  slip  must  be  low. 
In  fact,  the  efficiency  is  reduced  by  a  percentage  equal  to  the  per- 
centile slip. 

In  the  above  argument,  the  power  necessary  to  supply  the 
friction  loss  is  included  in  the  output  of  the  rotor. 

Magnatio  Leakage. — ^Magnetic  leakage  occurs  in  both  the  stator 
and  rotor.  The  stator  leakage  flux  consists  of  a  number  of  lines 
of  force  set  up  by  the  stator  current,  but  not  linking  with  the  rotor 
winding,  whilst  the  rotor  leakage  flux  consists  of  another  number 
of  lines  of  force  set  up  by  the  rotor  current,  but  not  linking  with 
the  stator  winding. 

The  stator  leakage  causes  the  stator  winding  to  possess  induc- 
tance, Qnd  this  absorbs  a  certain  portion  of  the  applied  voltage, 
although  there  is  no  direct  loss  of  power  associated  with  it.  This 
is  equivalent  to  reducing  the  voltage  producing  the  useful  rotating 
field  cutting  the  rotor.  This  in  turn  reduces  the  induced  E.M.F. 
in  the  rotor,  and  hence  the  rotor  current.  Since  the  torque  developed 
depends  upon  both  the  strength  of  the  rotating  field  and  the  rotor 
current,  the  presence  of  stator  leakage  reduces  the  torque. 

The  effect  of  rotor  leakage  is  to  give  inductance  to  the  rotor 
winding.  Owing  to  the  increased  imx)edance  of  the  circuit,  the 
rotor  current  is  decreased,  thereby  decreasing  the  torque,  whilst 
it  also  causes  the  rotor  current  to  lag  behind  the  rotor  induced 
E.M.P.  This  was  shown  on  p.  399  to  result  in  a  reduction  of  the 
torque  as  well,  so  that  both  the  rotor  and  the  stator  leakage  fluxes 
cause  the  output  of  the  motor  to  be  reduced  and  the  power  factor 
made  worse. 

When  considering  the  performance  of  the  induction  motor,  it 
is  usual  to  imagine  the  whole  of  the  leakage  flux  as  being  supplied 
from  the  stator  winding,  the  rotor  being  non-inductive.  This  is 
permissible,  since  that  portion  of  the  induced  rotor  E.M.F.  used 
up  in  overcoming  the  rotor  reactance  is  supplied  from  the  stator 
winding  by  transformer  action.    In  fact,  the  whole  of  the  rotor 
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effects  come  from  the  stator,  since  the  latter  receives  the  external 
electrical  supply. 

Mambtr  of  Stotor  Gondaetors. — ^The  number  of  stator  conductors 
per  phase  required  to  produce  the  rotating  field  can  be  calculated 
in  the  same  way  as  is  done  with  transformers.  The  formula  is 
(see  p.  172) 

E  =  4-44/*T  X  10-». 

E  is  now  the  E.M.F.  per  phase,  4>  the  flux  per  pole,  and  T  the  turns 
per  phase.    Substituting  conductors  for  turns,  it  becomes 

«  =  2-22/4>i^X  10- « 
,  ^      ^  X  10» 

*"*  ^=2^2/<I>' 

The  constant  2-22  only  holds  good  when  all  the  turns  link  with 
all  the  flux,  and  this  is  only  obtained  when  the  winding  is  concen- 
trated in  one  slot.  In  a  practical  case,  the  winding  is  distributed 
over  a  number  of  slots,  and  this  introduces  a  constant  called  the 
Breadih  Factor. 

Breadth  Factor. — ^In  the  case  of  alternators,  the  effect  of 
distributing  the  winding  is  to  «caDse  a  slight  reduction  in  the 
induced  E.M.F. ;  in  the  case  of  induction  motors,  the  effect  of 
employing  several  slots  per  pole  per  phase  is  to  reduce  slightly 
the  number  of  linkages  set  up.  In  order  to  generate  the  same 
flux,  therefore,  slightly  more  turns  are  necessary,  which  means 
that  the  constant  2-22  is  slightly  reduced.  This  reduction  factor 
is  called  the  Breadth  Factor,  and  has  a  value  of  approximately  0-95 
for  commercial  three  phase 'motors  and  0*9  for  two  phase  motors. 

The  number  of  stator  conductors  p«^  phase  becomes,  therefore. 


0-95  X  2-22/<l> 
Ex  10« 


for  three  phase  motors 

Til  s/ 

and  N  = 


21/<D 
Ex  108 


0-9  X  2-22/4> 
E  X  10« 


2/* 


for  two  phase  motors. 


Number  of  Rotor  Conduetors. — ^"rhe  number  of  rotor  conductors 
bears  no  fixed  ratio  to  those  on  the  stator,  since  if  a  small  number 
of  turns  are  employed  the  cross  section  of  the  conductors  can  be 
made  correspondingly  large.  The  impedance  of  the  short  circaited 
windiag  is  thus  proportional  to  the  square  of  the  number  of  turns, 
assuming  a  constant  copper  space  factor,  whilst  the  induced  E.M.F. 
is  directly  piaportional  to  the  ntmiber  of  turns.    The  current  is 
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therefore  inversely  proportional  to  the  number  of  turns,  so  that  the 
total  ampere-turns  on  the  rotor  are  approximately  constant, 
depending  only  on  the  available  slot  space. 

Three  Phase  Rotor  for  Two  Phase  Motor. — ^It  is  not  at  all  necessary 
for  the  rotor  to  be  wound  for  the, same  number  of  phases  as  thfe 
stator,  since  the  function  of  the  stator  winding  is  to  set  up  a  rotating 
field  which  can  be  obtained  from  any  polyphase  source.  For 
example,  a  squirrel  cage  rotor  is  one  which  has  as  many  phases  as 
conductors,  since  the  current  in  ea^h  bar  has  a  slightly  different  phase 
from  that  in  its  neighbours. 

Since  three  phase  rotors  only  require  three  slip  rings  and  three 
terminals,  instead  of  four  for  two  phase  rotors,  and  have  a 
slightly  higher  breadth  factor,  they  are  always  used  for  two  phase 
motors.  Another  very  important  advantage  possessed  by  the 
three  phase  rotor,  from  the  manufacturer's  point  of  view,  lies  in 
the  fact  that  one  rotor  can  be  utilised  for  both  two-  and  three-phase 
machines,  and  since  many  more  three  phase  motors  are  made  than 
two  phase,  it  is  convenient  to  make  all. the  rotors  three  phase. 

Single  Phase  Induotlon  Motor. — ^A  single  phase  winding  is  only 
capable  of  producing  an  alternating  magnetic  field,  and  is  not 
capable  of  producing  a  rotating  field 
unaided.  A  single  phase  motor  con- 
structed on  the  rotating  field  principle 
must  have  some  auxiliary  help,  therefore, 
to  enable  a  rotating  field  to  be  set  up. 
It  is  found  that  if  a  p<^y{^ase  induction 
motor  has  all  its  phases  broken  except 
one,  the  motor  will  continue  to  run, 
although  it  will  not  start  up  again  after 
having  been  shut  down,  l^e  reason  for 
this  is  that  when  running  the  induced 
currents  in   the  rotor    set   up    a    true 

rotating  field  of  their  own  which  enables  the  rotation  to  be 
maintained,  but  the  effect  disappears  when  the  motor  comes  to 
rest.  This  can  be  shown  by  considering  Fig.  360,  which  indicates 
a  two  pole  stator  wound  with  a  single  phase  winding  and  a  rotor 
on  which  two  short  circuited  windings  are  placed  at  right  angles. 
First,  consider  the  action  of  the  vertical  rotor  winding,  which  acts 
like  the  secondary  of  a  transformer  and  has  a  voltage  induced  in  it 
proportional  to  the  rate  of  change  of  the  stator  fiux.  This  voltage 
is,  therefore,  in  quadrature  {i.e.  90**  out  of  phase)  with  the  fiux. 
The  horizontal  coil  has  no  induced  voltage  due  to  transformer 
action,  since  the  turns  do  not  link  with  the  stator  fiux,  but  owing 
to  the  rotation  of  the  rotor  these  turns  cut  the  stator  fiux  and  have 
a  voltage  induced  in  them.  This  voltage  is  in  phase  with  the  stator 
flux.  The  two  sets  of  turns  will  produce  two  fluxes  having  a 
space  displacement  of  90^  and  differing  in  phase  by  90"^.    The 


Fig.  8<K).— Slnjde  PhMe 
Induetlon  Motor. 
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combioation  of  these  two  sets  up  the  desired  rotating  field.  It  is 
not,  of  course,  necessary  to  confine  the  rotor  winding  to  two  simple 
coils  at  right  angles,  since  any  polyphase  winding  will  produce  the 
same  result.  In  fact,  a  squirrel  cage  rotor  is  quite  satisfactory. 
Since  the  whole  of  the  magnetisation  must  be  supplied  from  the  one 
phase,  the  magnetising  current  is  larger  than  in  a  similar  polyphase 
motor,  and  the  behaviour  of  the  machine  imder  load  is  very  inferior 
as  regards  efl&ciency,  power  factor  and  overload  capacity. 

Starting  of  Single  Phase  Induction  Motors. — ^In  order  to  enable 
the  motor  to  start  up,  it  is  necessary  to  produce  an  initial  rotating 
field,  and  this  is  done  by  means  of  a  '^  split  phaseJ"^  A  second 
winding  is  placed  on  the  stator  after  the  manner  of  the  second  phase 
of  a  two  phase  motor.  This  winding  need  not  be  as  strong  as  the 
main  winding,  and  is  made  of  smaller  wire,  since  it  is  only  in  use 
during  the  starting  period.  The  main-  and  the  st.arting-windings 
are  connected  in  parallel,  and  both  supplied  from  the  same  single 
phase  source,  but  to  obtain  the  difference  in  phase  an  additional 
reactance  is  placed  in  the  starting  winding.  The  currents  in 
the  two   branches  now  set  up  a  rotating  field,  not  uniform  in 


Stator  Rotor  Slalar        Rotor       Starter 

Fig.  861.— <:;«8cade  Connectioiis. 

magnitude,  but  sufficient  to  cause  the  motor  to  rotate.  When 
a  fair  speed  is  attained,  the  starting  winding  is  cut  out.  Instead 
of  adding  inductance  to  the  starting  winding,  a  condenser  may  be 
placed  in  series  with  it,  whilst  in  some  motors  resistance  is  actually 
a4ded,  the  idea  being  that  since  the  two  windings  already  possess  a 
fair  amoimt  of  inductance  in  themselves,  the  necessary  phase  dis- 
placement can  be  obtained  by  bringing  the  current  in  one  branch 
more  into  phase  with  the  voltage. 

Gaseade  Arrangement — ^A  system  of  connections  sometimes 
adopted  with  polyphase  motors  for  obtaining  two  speeds  is  that 
known  as  the  cascade  arrangement.  This  employs  two  motors 
mechanically  coupled  together,  the  stator  of  the  first  being  con- 
nected to  the  supply.  The  rotor  of  the  first  is  connected  to  the 
stator  of  the  second,  and  the  rotor  of  the  second  is  connected  to  a 
starting  resistance  in  the  usual  way.  The  diagram  of  connections 
is  shown  in  Pig.  361. 

The  frequency  of  the  current  supplied  to  the  second  stator  \s 
the  frequency  of  slip  of  the  first  motor,  and  the  frequency  of  slip 
of  the  seqond  motor  is  the  usual  small  value  of  a  few  per  cent. 
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l^eglecting  the  second  slip  and  assuming  the  same  number  of  poles 
for  both  motors,  it  is  seen  th^t  the  synchronous  speed  of  the 
second  motor  is  the  same  as  the  speed  of  slip  of  the  first.  If  there 
£bre  p  pairs  of  poles,  the  speed  of  the  first  motor  is 

f^JJ^  X  - ^     J'- 

f         P         P 

Neglecting  the  second  slip,  the  speed  of  the  second  motor  is  - . 
Equating  these  two,  we  get 

p      p 
f   /*  =/«> 

The  synchronous  speed  of  the  set  connected  in  cascade  is  thus 
half  the  synchronous  speed  of  either  when  connected  in  the 
ordinary  way. 

If  the  number  of  pairs  of  poles  on  the  two  motors  be  different, 
let  them  be  represented  by  p^  and  p^  respectively.     The  speed  of 

the  first  motor  is  then"^^ — -,  and  the  speed  of  the  second  — . 
Pi  Pi 

But  /^^t-=/*, 

Pi         Pi 

and  fPA-fsPi=f»Pi> 

fAPi+P2)=fP%y 


f.=fx 


The  speed  is  therefore 


P1+P2 


Pi      Pi  +  P2 


In  other  words,  the  synchronous  speed  of  the  set  is  the  same  as 
that  of  a  single  motor  having  as  many  poles  as  both  component 
machines  added  together. 

If  the  two  motors  are  not  mechanically  coupled  together,  the 
arrangement  is  unworkable,  since  the  moment  any  load  is  put  upon 
one  motor  it  stops  and  acts  just  like  a  transformer,  whilst  the  other 
motor  runs  up  to  its  normal  speed. 

Induction  Generator. — ^If  the  rotor  of  an  induction  motor  is  driven 
mechanically  from  some  external  source  at  a  speed  higher  than 
that  of  synchronism,  the  machine  will  act  as  a  generator  and  the 
stator  will  supply  a  current  to  the  mains.  Unfortunately,  such  a 
machine  is  not  capable  of  acting  independently,  but  must  run  in 
parallel  with  another  A.C.  generator,  as  otherwise  there  will  be  no 
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rotating  field  set  up  and  no  generator  action  will  take  place.  In 
other  words,  the  other  generator  must  supply  the  A.C.  magnetising 
current  for  the  induction  generator.  The  effect  of  raising  the  speed 
is  to  increase  the  output  of  the  machine,  the  frequency  remaining 
constant.  In  fact,  the  frequency  is  determined  by  the  othc»r 
generator  and  is  independent  of  the  speed.  For  this  reason,  the 
machine  is  sometimes  called  an  (isynchronous  generator,  since  it 
does  not  run  at  synchronous  speed. 

Machines  of  this  kind  have  not  a  wide  application  in  practice, 
but  the  principle  is  sometimes  employed  with  induction  motors 
where  a  regenerative  control  is  used,  as  in  lift  motors  on  the  down- 
ward journey  and  railway  motors  when  descending  a  steep  gradient. 


CHAPTER  XXVII 

.   INDUOnON  M0T0B8.— PERFOBMANCE  XSfB  TEBTmG 

No-load  Conditions. — ^If  the  rotor  winding  be  open-oirouited  by 
raising  the  brushes  on  the  slip  rings,  no  current  will  flow  in  the  rotor 
and  no  torque  will  be  developed.  In  these  circumstances,  the  rotor 
will  remain  stationary,  and  the  stator  winding  will  take  only  that 
current  necessary  to  maintain  the  rotating  field  and  to  provide 
for  the  stator  iron  loss.  The  former  component  will  be  a  purely 
magnetising  current  and  will  lag  behind  the  E.M.F.  by  90^,  whilst 
the  latter  will  be  a  power  component,  relatively  small  in  magnitude. 
On  short  circuiting  the  rotor,  the  motor  runs  up  to  full  speed,  the 
only  torque  which  is  developed  being  that  necessary  to  overcome 
the  friction  and  the  rotor  iron  loss.  A  very  small  rotor  current  is 
sufficient  to  produce  this  torque,  so  that  the  slip  is  extremely  small 
and  the  motor  runs  at  very  nearly  synchronous  speed.  Owing  to 
the  extremely  low  frequency  in  the  rotor  circuit,  the  rotor  iron  loss 
is  quite  negligible.  This  small  rotor  current  will  cause  a  corre- 
sponding current  to  flow  in  the  stator  winding,  and  this  component, 
combined  vectorially  with  the  current  obtained  in  the  stator  with 
the  rotor  on  open  circuit,  forms  the  no-load  cturent  of  the  motor. 

The  power  factor  will  be  considerably  less  than  0*5  in  an  ordinary 
case,  so  that  when  measuring  the  power  of  a  three  phase  motor 
running  light  by  means  of  the  two  wattmeter  method,  one  wattmeter 
will  read  negative  (see  p.  126),  and  the  total  power  will  be  obtained 
by  subtracting  the  two  wattmeter  readings. 

If  the  voltage  be  applied  to  the  stator  very  gradually,  the  motor 
may  be  made  to  run  at  a  very  much  lower  speed  than  normal,  but 
as  this  is  an  unstable  state  it  has  no  very  great  practical  value. 

Bffoet  of  Voltage. — ^If  the  applied  voltage  be  gradually  lowered, 
the  magnitude  of  the  rotating  field  will  be  reduced  proportionally. 
The  rotor  current  required  to  produce  the  no-load  torque  will  be, 
therefore,  slightly  increased,  since  the  torque  is  proportional  to 
the  product  of  the  field  strength  and  the  rotor  current.  This  does 
not  produce  any  appreciable  effect  on  the  no-load  stator  current, 
however,  until  very  low  voltages  are  reached,  and  in  the  meantime 
the  magnetising  and  the  stator  iron  loss  currents  are  falling  with 
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the  voltage,  so  that  the  resultant  stator  current  first  of  all  falls  as 
the  voltage  is  reduced,  but  after  a  time  rises  again. 

The  power  absorbed  falls  away  as  the  voltage  is  reduced,  but 
not  so  fast  as  the  idle  magnetising  current,  so  that  the  power  factor 
rises.  In  fact,  when  a  motor  is  started  up  by  means  of  an  auto- 
transformer  it  happens  quite  frequently  that  the  second  wattmeter 
reads  positive  for  a  time,  going  behind  the  zero  as  the  voltage  is 
raised. 

The  slip  remains  practically  constant  over  a  wide  range  of  voltage, 
but  commences  to  increase  at  a  considerable  rate  when  very  low 
voltages  are  reached. 

Effect  of  Freqaeney. — ^The  relation  between  the  applied  voltage, 
the  flux  per  pole  and  the  frequency  is  given  by  the  formula 

E=2'lf^T  X  10-8. 

With  a  constant  applied  voltage,  therefore,  the  flux  is  inversely 
proportional  to  the  frequency,  so  that  reducing  the  frequency  below 
its  normal  value  causes  an  increased  flux,  which  increases  the 
magnetic  saturation  in  the  iron  and  thereby  reduces  the  permeability. 
The  magnetising  current  is  thus  increased  both  on  account  of  the 
increased  flux  and  the  decreased  permeability.  This  makes  the 
power  factor  poorer,  and  results  in  an  increased  copper  and  iron  loss. 

If  the  motor  be  designed  for  a  low  frequency  in  the  first  place, 
the  flux  density  is  prevented  from  reaching  such  high  limits  by 
employing  a  larger  number  of  turns  on  the  stator.  With  a  given 
number  and  size  of  slots  this  results  in  a  smaller  size  of  wire  being 
used,  and  this  only  permits  a  smaller  current  to  flow.  Both  the 
output  and  the  speed  of  the  motor  ate  thus  reduced  more  or  l^s 
proportionally. 

For  example,  consider  an  8-pole  50-cycle  motor  having  a  syn- 
chronous speed  of  760  r.p.m.  If  the  same  carcase  be  employed  for 
a  26-cycle  motor  with  the  same  number  of  poles,  the  synchronous 
speed  would  be  376  r.p.m.,  and  there  would  be  twice  as  many  con- 
ductors per  slot  half  the  size  of  those  in  the  first  case.  Carrying 
half  the  current,  therefore,  the  motor  would  do  half  the  output.  If 
the  number  of  poles  be  reduced  to  four,  the  synchronous  speed  woidd 
be  760  r.p.m.,  as  in  the  first  case.'  The  pole  pitch  is  thus  doubled 
and  the  original  cross  section  could^be  used,  since  there  will  be 
twice  as  many  slots  per  pole.  The  same  current  per  conductor  can 
now  be  allowed  as  in  the  60-cycle  motor,  so  that  the  output  is  the 
same  for  the  same  synchronous  speed. 

The  above  4-pole  26-cycle  motor  is  superior  to  the  8-pole  60-cycle 
motor,  since  the  pole  pitch  is  longer,  and  in  all  probability  less 
leakage  will  take  place.  The  magnetic  leakage  plays  a  most  impor- 
tant part  in  determining  the  performance  of  the  motor  and  affects 
not  only  the  power  factor,  but  also  the  overload  capacity  of  the 
motor. 
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In  order  to  get  a  reasonable  length  of  pole  pitch,  few  poles  are 
required,  and  this  leads  to  high  speeds  unless  low  frequencies  are 
adopted.  In  general,  motors  designed  for  low  frequencies  will 
operate  with  better  power  factors  than  those  intendeid  for  higher 
frequencies 

Load  Test — In  order  to  carry  out  a  load  test  on  a  three  phase 
induction  motor,  the  motor  is  connected  up  as  shown  in  Fig.  362, 
the  instruments  required  being  a  voltmeter,  an  ammeter,  and  a 
three  phase  wattmeter.  Instead  of  the  latter,  two  single  phase 
wattmeters  may  be  used  (see  Rg.  98),  or  one  single  phase  wattmeter 
in  conjunction  with  the  special  change-over  switch  shown  in  Fig.  99. 


Wattmeter 


Stator 


Rotor 


zz^i:^. 


Fio.  362.— Blectrical  Connections  for  Load  Test 


A  power  f cu^tor  indicator  is  unnecessary,  as  this  can  be  determined 
by  the  ratio  of  the  two  wattmeter  readings.  For  low  loads,  the 
power  factor  will  be  probably  below  0-5,  so  that  one  wattmeter  will 
read  negative.  The  volt  coil  of  this  instrument  must  be  reversed 
in  order  to  get  its  reading.  The  rotor  is  connected  up  to  a  three 
phase  starting  resistance  if  a  slip  ring  rotor,  whilst  an  auto-trans- 
former should  be  used  in  the  stator  circuit  if  the  rotor  is  of  the 
squirrel  cage  type.  Sometimes  it  is  desired  to  measure  the  current 
in  a  slip  ring  rotor,  and  this  is  done  by  inserting  an  ammeter  in 
one  of  the  slip  ring  connections,  but  this  is  not  very  satisfactory, 
since  the  currents  usually  become  unbalanced  to  an  appreciable 
extent,  owing  to  the  fact  that  the  resistance  of  the  ammeter  is  quite 
comparable  with  the  resistance  of  the  rotor,  which  is,  of  course,  very 
low.  No  extra  apparatus,  therefore,  should  be  included  in  the 
rotor  circuit  other  than  that  absolutely  necessary. 

The  load  can  be  taken  up  by  another  machine  run  as  a  generator 
(C.C.  or  A.C.)  coupled  up  to  the  induction  motor  either  directly  or 
by  belt.  The  generator  is  then  loaded  up  on  resistances  or  other- 
wise to  obtain  the  required  loads.  The  output  of  the  generator  is 
measured,  and  its  efficiency  at  various  loads  must  be  known,  so 
that  the  output  of  the  motor  can  be  determined.  When  a  belt 
drive  is  employed,  the  loss  in  the  belt  must  also  be  allowed  for. 

Another  method  of  detemiining  the  output  of  the  motor  is  to 
use  some  form  of  brake,  such  as  the  Prony  brake  or  the  eddy  current 
brake. 
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A  simple  method  of  determining  the  output,  when  it  is  not  kept 
on  for  more  than  a  few  minutes  at  a  time,  consists  in  loading  up  the 

motor  by  means  of  a  simple  band  brake 
with  a  spring  balance  on  each  side  to 
measure  the  pull  on  the  tight  and  the 
slack  side  of  the  belt.  The  arrange- 
ment is  shown  in  Fig.  363,  where 
Pj  and  P,  represent  the  two  spring 
balances,  the  pulls  being  measxired  in 
lb.  The  net  puU  at  the  rim  of  the  pulley 
is  (Pi  —  Pj)  lb.  and  the  torque  developed 
is  T  =  (Pi  —  Pj)  X  r  Ib.-ft.,  where  r 
OSv..,^  ^  *'^®  radius  of  the  pulley  in   feet. 

Y  ^"y  The  work  done  per  revolution  is 

Ns^l^U^  2^(P,-P,) 

or  2irT  foot-lb.,  and  if  n  is  the  speed 
in  r.p.m.  the  work  done  per  minute  is 


FiQ.  SOS.—Airsnsement  for  Band 
Brake. 


2vnT,    The  B.H.P.  developed  is 
to  f^  X  746  -  0142  nT  watts 


27mT 


,  and  this  is  equivalent 


33000' 

^onM  ^  '^^  —  V  x^^  ,w^    *T«rvv».      To  determine  the  output, 

therefore,  n  and  T  must  be  obtained,  and  this  involves  measure- 
ments of  the  speed  and  the  pulls  on  the  two  spring  balances  and  a 
knowledge  of  the  radius  of  the  pulley. 


FIQ.  364. 


RHP 

Performance  Curves  of  Induction  Motor. 


In  carrying  out  the  test,  the  tension  on  the  brake  is  adjusted  to 
a  certain  value,  and  the  various  measurements  are  taken.  This  is 
then  repeated  for  a  number  of  other  tensions  on  the  brake,  so  that 
a  complete  range  of  loads  is  obtained  which  should  be  plotted 
against  B.H.P.  as  a  base.  The  performance  curves  of  a  typical 
induction  motor  are  shown  in  Fig.  364. 
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The  disadvantage  of  this  method  of  testing  lies  in  the  fact 
that  if  the  load  is  considerable  the  band  brake  very  soon  gets 
extremely  hot,  so  that  the  observations  have  to  be  taken  qtdokly. 

Power  Factor. — ^The  power  factor  when  running  light  is  very  low, 
since  the  major  portion  of  the  stator  current  is  idle  magnetising 
current.  As  the  load  is  increased,  the  no-load  magnetising  current 
remains  approximately  constant,  whilst  the  power  component 
increases  on  account  of  the  load.  The  current  has  now,  however, 
another  idle  component,  due  to  the  flux  which  is  forced  into  the 
leakage  paths,  but  this  does  not  prevent  the  power  factor  from 
rising  to  a  very  high  value.  As  the  load  is  increased,  the  effect 
of  tUs  component  becomes  more  marked,  and  the  power  factor 
begins  to  decrease  again  after  having  passed  through  a  maximum 
value.    The  shape  of  the  power  factor  curve  is  shown  in  Fig.  364. 

Effleieney. — ^Gnie  mechanical  output  of  the  motor  was  shown  on 
p.  418  to  be  0-142  nT  watts,  whilst  the  input  is  given  by  wattmeter' 
readings  and  is  equal  to  TF,  =  VS  BI  cos  ^  and  Tf  2  =  ^^^  ^^  <k 
in  a  tluee-  and  two-phase  case  respectively,  E  and  /  being  the  line 
values. 

The  efficiency  is  thus 

0142nT  0142n!r         0082nr  ,^    ,       , 

-W,       ^'V3J5/cos:^  =  i?/-co8^<^P'^)' 

,  0'l42nT        0'l42nT       OQllnT  ,^    ,       , 

and  — == —  or  ^r^^ r  =  ^ar 1  (2  phase). 

W^  2EIoo&<f>      -B/cos^^    ^        ' 

The  efficiency  curve  follows  the  same  general  law  as  in  G.G. 
motors,  commencing  at  zero  for  no-load  and  rising  to  a  maximum, 
after  which  it  commences  to  drop  slightly,  as  shown  in  Fig.  364. 
The  efficiency  and  power  factor  cm^es  are  very  similar,  their  chief 
difference  lying  in  the  fact  that  the  former  starts  from  zero  whilst 
the  latter  does  not.    , 

Apparent  Bffieleney. — ^If  the  effect  of  power  factor  be  not  taken 
into  account,  it  appears  as  if  the  input  were  equal  to  VS  EI,  and 
this  quantity  is  called  the  a/ppwenJt  power.  The  ratio  of  the  output 
to  the  apparent  power  input  is  called  the  a^ppareftU  effkiency,  and  is, 
of  course,  equal  to  the  product  of  the  true  efficiency  and  the  power 
factor.  Values  of  the  apparent  efficiency  are  plotted  in  Fig.  364 
along  with  the  other  performance  curves. 

Heat  Ron. — ^In  order  to  carry  out  a  heat  run  on  an  induction  motor, 
it  is  necessary  to  load  it  up  in  such  a  manner  that  the  load  can  be 
maintained  for  a  number  of  hours.  The  band  brake  method  pre- 
viously described  is  not,  therefore,  applicable,  and  some  other  method 
must  be  adopted.  The  usual  practice  is  to  maintain  full  load  for 
six  hours  and  then  to  determine  the  temperature  rises  in  various 
parts  of  the  motor,  usually  by  thermometer.  In  order  to  avoid 
wasting  the  energy  involved  in  the  test,  which  is  considerable  in 

E  E  2 
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the  case  of  large  motors,  a  C.C.  generator  is  sometimes  coupled 
to  the  motor  and  loaded  back  on  to  the  C.C.  supply.  In  this  case, 
the  power  consumed  is  only  that  used  up  in  overcoming  the  losses 
in  the  two  machines. 

Measurement  of  Slip. — ^There  are  three  main  methods  of  measuring 
slip,  viz., 

1.  By  measurement  of  synchronous  and  actual  speeds. 

2.  By  measurement  of  rotor  frequency. 

3.  By  stroboscopic  method. 
These  will  be  dealt  with  in  turn. 

1.  The  actual  speed  of  the  motor  is  measured  and  also  the  speed 
of  the  driving  alternator  or  any  synchronous  apparatus  connected 
to  the  supply,  the  slip  being  obtained  from  the  difference  of  the  two 
readings.    Expressed  as  a  percentage,  this  is 

Synchronous  speed  —  Actual  speed       .^^ 
Synchronous  speed 

If  the  number  of  poles  on  the  alternator  is  not  the  same  as  the 
number  on  the  induction  motor,  the  speed  of  the  alternator  must 
be  multiplied  by  the  ratio  of  the  numbers  of  poles.  This  is  not  a 
very  accurate  method  of  determining  the  slip,  albeit  a  convenient 
one,  since  it  depends  on  the  difference  of  two  quantities  very  nearly 
equal,  and  a  small  error  in  determining  either  of  the  speeds  leads 
to  a  very  large  error  in  the  result. 

2.  Since  the  rotor  frequency  is  very  low,  not  often  exceeding 
three  cycles  per  second,  it  can  be  read  on  a  moving  coil  ammeter 
by  counting  the  oscillations  of  the  pointer.  The  method  adopted, 
therefore,  is  to  connect  a  moving  coil  ammeter  in  series  with  one 
of  the  leads  going  from  the  slip  rings  to  the  starter  and  count  the 
beats  in  a  given  time.  If  a  central  zero  instrument  be  used,  the 
number  of  complete  to  and  fro  swings  must  be  counted,  but  in  the 
ordinary  type  the  reverse  half  of  the  wave  will  produce  no  effect, 
since  the  pointer  will  be  pressing  against  the  zero  stop.  The 
percentage  slip  is  then  given  by 

Rotor  frequency       ^^ 
Stator  frequency 

If  the  motor  is  of  the  squirrel  cage  type,  this  method  must  be 
modified,  since  there  are  no  slip  rings.  There  will  be  usually  a 
small  portion  of  the  magnetic  field  going  right  through  tiie  centre 
of  the  rotor  and  cutting  the  shaft,  which  will  have  a  small  E.M.F. 
induced  in  it.  This  can  be  detected  by  pressing  a  lead  against  each 
end  of  the  shaft,  the  other  ends  being  connected  to  a  sensitive 
moving  coil  millivoltmeter.  The  measurement  is  then  made  in 
the  same  way  as  with  the  wound  rotor. 

3.  In  the  stroboscopic  method,  a  cardboard  disc,  with  alternate 
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black  and  white  seotoTS  painted  on  it,  is  attached  to  the  end  of 
the  motor  shaft.  This  disc  is  illuminated  by  means  of  an  arc  lamp 
running  from  the  same  supply.  If  the  disc  is  normally  in  a  very 
poor  light,  an  incandescent  lamp  is  sufficient,  thk  being  preferable, 
since  it  is  not  so  likely  to  unbalance  the  voltages  of  the  system. 
Assuming  the  number  of  black  sectors  to  be  equal  to  the  number 
of  poles  on  the  motor,  one  sector  would  move  forward  a  pole  pitch 
in  half  a  cycle  if  there  were  no  slip  at  all  and  the  next  black  sector 
would  occupy  the  original  i)osition  of  the  first.  But  the  disc  is 
illuminated  once  every  half-cycle,  so  that,  viewed  in  the  light  of 
the  arc,  the  disc  would  appear  to  be  stationary.  But  since  a  certain 
amount  of  slip  occurs,  the  second  black  sector  will  not  quite  r<3ach 
the  initial  position  of  the  first  in  half  a  cycle,  with  the  result  that 
the  disc  appears  to  rotate  slowly  in  a  direction  opposite  to  that  of 
the  motor.  A  complete  apparent  revolution  of  the  disc  will  thus 
correspond  to  a  slip  of  as  many  cycles  as  there  are  pairs  of  poles 
on  the  motor.  If  the  apparent  revolutions  of  the  disc  per  minute 
are  counted,  the  frequency  of  slip  is  obtained  from 

apparent  r.p.m.  .      , 

-- — ^     -  —    X  pairs  of  poles. 

The  percentage  slip  is  then  calculated  as  before.  For  testing 
motors  with  different  numbers  of  poles,  a  series  of  discs  is  required 
having  different  numbers  of  sectors  painted  on  them. 

Instead  of  using  an  arc  or  an  incandescent  lamp,  an  electrically 
driven  tuning  fork  may  be  used  (see  Fig.  365).  This  must  have  a 
natural  period  of  vibration  equal  to  the 
frequency  of  supply,  and  is  kept  in  action 
by  means  of  a  small  electromagnet  oper- 
ated from  accumuJators  through  an 
ordinary  make  and  break.  When  the 
circuit  is  made,  the  two  prongs  of  the 
fork  are  attracted,  thus  breaking  the 
circuit  and  allowing  the  prongs  to  fiy 
back.  At  the  top  end  of  each  prong  of 
the  fork  ia  attached  a  metal  fiag  with  a 
slot  cut  in  it.  These  slots  are  arranged 
to  overlap  in  the  normal  position,  so 
that  when  the  fork  is  vibrating  the 
observer  can  see  through  the  flags  twice 
per  period.  The  tuning  fork  acts  in  the 
same  way  as  the  arc  lamp,  therefore,  in 
allowing  the  observer  to  see  the  disc  on 
the  motor  shaft  twice  per  period.  This 
arrangement  is  much  more  convenient  than  that  of  the  arc  lamp, 
but  it  suffers  from  the  disadvantage  of  only  operating  on  the  one 
frequency. 


Fio.  806.— Tuning  Fork  for  Slip 
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In  the  slip  stroboeoope  of  Dr.  Drysdale,  a  small  synchronous 
motor  drives  a  conical  roller,  and  this  in  turn  drives  a  small  disc 
containing  a  number  of  slots.  The  speed  of  the  disc  is  adjusted  by 
sliding  it  up  or  doTvn  the  roller  until  it  is  running  at  the  same  speed 
as  the  motor.  The  painted  disc  on  the  motor  shaft  now  appears 
stationary  and  the  slip  is  indicated  by  the  position  of  the  disc 
resting  on  the  roller. 

Measurement  of  Resistanee.— The  resistance  of  the  stator  windings 
can  be  measured  conveniently  by  passing  a  G.C.  through  them, 
obtained  from  a  few  accumulators,  and  determining  the  current  and 
voltage.  If  the  windings  are  connected  in  star,  the  resistance  per 
phase  is  half  that  observed,  since  there  are  two  circuits  in  series, 
whilst  if  the  circuits  are  connected  in  delta  there  are  two  windings 
in  series  connected  in  parallel  with  the  third.  If  r  be  the  resistance 
per  circuit,  then  the  joint  resistance,  as  determined  by  the  voltmeter 
and  ammeter,  will  be 

r  "*"2f 
and  r  =  f  fi. 

The  same  can  be  done  for  the  rotor  circuits  if  it  is  a  slip  ring 
motor,  but  care  must  be  taken  to  measure  the  voltage  drops  across 
the  rings  directly  and  not  across  the  brushes  or  terminals,  since 
the  effect  of  the  brush  resistance  is  very  appreciable,  and  this  is 
cut  out  when  the  motor  is  running  normally. 

Simple  Circle  Diagram. — ^In  order  to  simplify  the  development  of 
the  circle  diagram,  it  will  be  assumed,  to  commence  with,  that  the 
motor  has  no  losses  in  the  stator.  Furthermore,  only  one  phase 
will  be  dealt  with.  This  is  quite  legitimate,  since  each  of  the  phases 
acts  in  the  same  way.  Under  these  conditions,  the  stator  will 
set  up  a  flux  lagging  by  90^  behind  the  applied  E.M.F.  just  as  in 
the  case  of  a  transformer.  (In  the  case  of  a  three  phase  star-con- 
nected motor  the  applied  voltage  per  phase  is  -~j=  times  the  line 

voltage  and  the  stator  flux  dealt  with  is  the  flux  per  phase.)  Part 
of  this  flux  cuts  the  rotor  conductors,  whilst  the  remainder  goes 
through  leakage  paths.  In  the  a.ctual  motor,  the  rotor  sets  up  a 
leakage  flux  of  its  own,  but  the  ampere-turns  required  to  produce 
this  must  be  obtained  ultimately  from  the  stator,  which  is  supplied 
with  a  corresponding  number  of  ampere-turns  from  the  mains. 
It  is  therefore  permissible  to  consider  the  whole  of  the  leakage  flux 
as  coming  from  the  stator,  the  rotor  being  non-inductive.  The 
useful  flux  cutting  the  rotor  and  the  leakage  flux  are  not  in 
phase,  since  the  leakage  flux  must  have  the  same  phase  as  the 
stator  current  which  produces  it,  whilst  the  vector  sum  of  the 
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Fig.  d66.— Vector  DUgram  of  Induction 
Motor. 


two  component  flaxes  must  be  in  quadrature  with  the  applied 
E.M.F.  These  conditions  are  represented  in  Fig.  366,  where  OE, 
represents  the  applied  stator 
voltage  and  07,  the  stator  cur- 
rent lagging  by  some  angle  <j}. 
The  leakage  flux  04>{  is  in  phase 
with  0/«,  and,  when  added 
vectorially  to  the  useful  rotor 
flux  0<bri  gives  the  total  stator 
flux  O^f.  The  rotor  has  an 
E.M.F.,  OEry  induced  in  it,  due 
to  the  rotor  flux  O^r  ^^^  '^^^'ggu^g 
behind  it  by  90**.  Thus  far, 
the  vector  diagram  is  similar 
to  that  of  the  transformer,  the 
difference  being  that  in  the 
present  case  the  leakage    flux 

is  very  much  larger  than  it  is  in  the  transformer.  Since  the 
rotor  has  been  assumed  to  be  non-inductive,  the  rotor  current, 
01  r J  is  in  phase  with  the  rotor  E.M.F.,  OE^^  The  magnitude  of 
the  rotor  current  can  be  obtained,  since  the  total  ampere-turns 
of  the  stator  are  composed  of  two  components,  one  required  to 
magnetise  the  system  and  the  other  necessary  to  balance  the  ampere- 
turns  of  the  rotor.  For  the  sake  of  simplicity,  it  will  be  assumed 
that  there  are  the  ssfme  number  of  turns  on  the  stator  and  rotor. 
If  this  is  not  the  case,  the  rotor  current  must  be  multiplied  by  the 
ratio  of  statdr^  to  rotor  turns.  The  magnetising  current  may  be 
represented  by  01^  in  "phase  with  the  stator  flux. 

The  vector  diagram  in  Fig.  366  has  been  redrawn  in  Fig.  367, 
all  the  quantities  having  the  same  magnitude  and  phase  as  before, 
only  this  time  the  three  currents  form  a  triangle.  Since  the  stator 
flux  is  proportional  to  the  applied  voltage,  and  the  latter  is  main- 


a^^^ 


ne.  S67.~Bedrawn  Vector  magram. 
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Fro.  808.— Simple  CSrcle  Diagram. 


tained  constant,  it  follows  that  the  point  B  is  fixed.  Again,  the 
no-load  magnetising  cmrent  depends  upon  the  stator  flux,  and  since 
the  latter  is  constant  the  former  is  constant  also.  Thus  the  point 
A  is  also  flxed  in  a  given  motor.  The  line  AB  is  therefore  of  constant 
length.    But  since  AC  and  CB  are  at  right  angles,  it  follows  that 
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the  point  G  moves  in  a  semicircle  erected  upon  AB  as  a  diameter. 
This  construction  leads,  therefore,  to  the  simple  circle  diagram 
shown  in  Fig.  368,  in  which  OC  represents  the  stator  current  lagging 
by  an  angle  ^  behind  the  applied  E.M.F.  The  line  OA  represents 
the  no-load  magnetising  current,  whilst  CA  is  proportional  to  the 
rotor  current.  As  the  load  on  the  motor  is  increased,  the  point  C 
moves  round  the  semicircle  away  from  A  and  towards  B,  The 
power  supplied  to  the  motor  is  proportional  to  I  cos  ^,  and  can  thus 
be  represented  to  scale  by  CD.  It  is  seen  that  this  line  attains  a 
maximum  length  when  it  coincides  with  EF,  which  makes  it  clear 
why  an  induction  motor  breaks  down  when  a  certain  load  is  reached. 
The  application  of  a  greater  load  causes  the  current  to  increase, 
but  this  results  in  an  actual  decrease  in  the  power  supplied,  with 
the  result  that  the  motor  comes  to  rest.  The  maximum  load  which 
an  induction  motor  can  overcome  without  pulling  up  is  called  the 
breakdown  load. 

It  is  also  seen  that  the  power  factor  under  which  the  motor 
operates  varies  with  the  load  and  attains  a  maximum  value  con- 
siderably before  the  breakdown  load  is  reached.  In  fact,  the 
power  factor  usually  attains  a  maximum  value  somewhere  in  t-he 
neighbourhood  of  full  load  in  a  commercial  motor. 

Dispersion  Coeffleient. — ^In  the  theoretical  motor  the  per- 
formance of  which  is  represented  by  the  simple  circle  diagram  in 
Pig.  368,  the  line  OA  represents  the  stator  current  when  the  motor 
is  running  light.  This  is  a  purely  idld  magnetising  current,  since 
the  losses  are  neglected.  As  no  torque  is  required,  the  motor  will 
run  with  no  slip  (t.e.  at  synchronous  speed),  because  in  these  circum- 
stances there  will  be  no  rotor  E.M.F.  generated,  and  hence  no  rotor 
current  will  be  produced.  The  flux  set  up  by  the  stator  is  thus 
free  to  cut  the  rotor,  because  no  back  ampere-turns  are  set  up  in 
the  rotor,  with  the  result  that  the  stator  flux  passes  through  the 
useful  rotor  paths  and  the  waste  leakage  paths  in  parallel.  Repre- 
senting the  reluctances  of  these  paths  by  jR^  and  jRj  respectively, 

the  joint  reluctance  is  given  by  J^      J  and  the  magnetising  current 

-"«  +  -"/ 
is  represented  by  OA. 

Next  consider  the  same  motor  to  be  clamped  so  that  the  rotor 
cannot  move.  On  applying  the  same  E.M.F.  as  before  to  the  stator, 
an  idle  magnetising  current  will  flow,  but  this  time  the  motor  acts 
like  a  transformer  with  its  secondary  short  circuited.  An  E.M.F. 
will  be  induced  in  the  rotor  winding,  which  will  produce  a  current 
owing  to  its  being  short  circuited.  This  current  will  set  up  a 
number  of  back  ampere-turns  which  will  oppose  the  passage  of 
the  flux  through  the  rotor.  The  stator  will  now  take  a  current 
from  the  mains  capable  of  setting  up  just  sufficient  ampere-turns 
to  balance  the  rotor  ampere-turns  together  with  the  ampere-turns 
^jecessary  to  magnetise  the  system.     This  really  means  that  the 
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whole  of  the  stator  flux  has  been  deflected  into  the  leakage  paths. 
The  magnitude  of  the  flux  has  not  been  decreased,  since  this  depends 
upon  the  applied  voltage,  which  is  maintained  constant.  It  merely 
means  that  one  of  the  parallel  paths  through  which  the  flux  passed 
has  been  cut  off.  The  flux  now  being  confined  to  the  leakage  paths, 
it  follows  that  a  larger  magnetising  current  is  required,  and  this 
18  given  by  OB  {Fig,  368),  since  the  current  vector  has  passed 
completely  round  the  semicircle. 

The  magnetising  currents  in  the  two  cases  are  proportional  to 
the  respective  reluctances,  since  the  flux  is  the  same,  and  therefore 


OA 
OB 

R«  +  Si 
Ri 

K  +  Bi 

'^'k 

OA 

Ri  . 

Useful  flux 
Leakage  flux 
1 

OB 

1  + 

Useful  flux 
Leakage  flux 
1 

~  Leakage  flux  +  Useful  flux 

But 
Therefore 


Leakage  flux 
__  Leakage  flux 

Leakage  flux  +  Useful  flux 
_  Leakage  flux 
Total  flux~ ' 

This  ratio,  which  is  a  most  important  one  in  induction  motor 
design,  is  called  the  Dispersion  Coefficient  and  is  represented  by  cr, 
whilst  its  value  largely  settles  the  shape  of  the  circle  diagram. 

Leakage  Faetor. — ^The  leakage  factor  is  defined  as  the  ratio 

Total  flux  _ 
Useful  flux  ~ 

There  is  a  direct  relation  between  this  ratio  and  the  dispersion 
coefficient,  for 

Useful  flux  +  Leakage  flux 


\  = 


=  1 


Useful  flux 
Leakage  flux 
Useful  flux 
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X- 

1 

_  Leakage  flux 
Useful  flux  ' 

X  — 
X 

2 

_  Leakage  flux      Useful  flux 
Useful  flux     ^  Total  flux 
Leakage  flux 
""    Total  flux 
=  <r. 

Also  since 

X-1 

X      ="' 

=  1-^, 


and 


X  = 


1-^ 


The  magnitude  of  the  dispersion  co-efficient  thus  settles  the 

value  of  the  leakage  factor,  and  vice  versa. 

Maximum  Power  Faetor. — ^The  maximum  power  factor  under  which 

an  induction  motor  can  operate  is  directly  connected  also  with  the 

dispersion  coefficient.  The  condi- 
tions for  maximum  power  factor  are 
shown  in  the  simple  circle  diagram 
in  Fig.  369,  where  OC,  representing 
the  stator  current,  is  drawn  tangen- 
tial to  the  semicircle  ACB.  The 
angle  of  lag,  <f>,  is  now  a  minimum, 
and  consequently  the  power  factor 
is  a  maximum.  But  since  the  angle 
OCD  is  a  right  angle,  the  angle  ^  is 

CD 


TlO.  809.— ConrtnicUon  for  Maxlmnm 
Power  Factor. 


equal  to  the  angle  ODC,  and  the  power  factor  is  given  by 


But  CD  =  AD  =  \AB. 
equal  to 


OD 


Therefore  the  maximum  power  factor  is 


J^_  ^ AB 

2x02)      2xOA  +  2xAD 

2X0A  +  AB 
^       AB 

0B  +  6 A 
_OB-OA 

OB  +  OA 
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Dividing  top  and  bottom  by  OB  this  becomes 

OB_qA 
OB  OB 
OB      OA 

ob'^ob 

^1 -a- 
T+a' 
A  simple  approximation  to  this  formula  is  given  by 
Maximum  power  factor  =  (1  —  2o-), 

which  is  near  enough  for  the  majority  of  purposes. 

For  example,  a  motor  having  a  dispersion  coejffioient  of  0-05 
cannot  work  on  a  higher  power  factor  than  (1  —  2  X  0'06)  =  0-90. 

Power  Input. — ^The  applied  voltage  being  nmintained  constant, 
the  power  input  is  proportional  to  /  cos  <f>.  But  <f>  is  equal  to  the 
angle  OOD  (see  Fig.  370),  and  /  is 
represented  by  OC.  Therefore  /  cos  <f>, 
and  consequently  the  power  input>  is 
represented  to  scale  by 

OC  COS  OCD  =  CD, 

The  power  input  for  any  current  is 
thus  represented  to  scale  by  a  vertical 
line  dropped  from  the  point  C  on  to 
OB.  In  this  way,  the  maximum  power 
input  is  represented  by  EF. 

Overload  Capaeity. — ^The  overload  capacity  may  be  defined  as 
the  maximum  percentage  overload  that  the  motor  will  stand  without 
breaking  down  and  (neglecting  all  losses)  is  equal  to 


Fie.  870.~Coiistniction  for  Power 
Input. 


Maximum  power  input 
EF-GD 


Full  load  input 


CD 


Full  load  input 
X  100  (see  Fig.  370), 


X  100 


assuming  the  point  G  to  represent  the  full  load  conditions.  If  the 
ratio  of  the  full  load  current  to  the  no-load  current  be  expressed 
by  i,  then 

GD  =  OG  cos  ^ 

=  k  xOA  X  cos  <f>, 

and  the  overload  capacity  becomes  equal  to 

/  EF  \ 

= \2kxroAx'^~4,  ~  V  ^  *^- 
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AB      OB^OA      OB      ^ 

Therefore  the  overload  capacity  equals 

\2cr  k  cos  ^        / 

If  the  losses  of  the  motor  are  taken  into  consideration,  the  over- 
load capacity  is  lees  than  is  given  by  the  above  formula. 

Effect  of  Losses. — ^The  losses  to  be  considered  are  the  iron  and 
friction  loss  and  the  stator  and  the  rotor  copper  losses.  The  stator 
iron  loss  is  practically  constant  for  all  loads,  since  it  depends  upon 
the  applied  E.M.F.    The  rotor  iron  loss  is  negligible,  since  the 


Fio.  871.--Circle  Diagram  for  Commercial  Motor. 

frequency  is  only  that  of  the  slip.  The  frictional  loss  is  also  practi- 
cally constant,  since  for  all  working  loads  the  speed  is  approxi- 
mately constant.  All  these  losses  may  therefore  be  regarded  as  a 
constant  loss,  and  since  the  power  input  is  represented  by  the 
height  of  vertical  lines  such  as  CD  (Fig.  371),  a  horizontal  line  may 
be  drawn  through  E,  a  little  above  AB,  cutting  off  a  portion  c^ 
the  vertical  power  lines.  The  height  of  this  line  is  obtained  £rom 
the  no-load  observation  of  the  motor,  OE  representing  the  no-load 
current  and  the  height  of  E  above  AB  being  determined  by  the 
no-load  watts.  Strictly  speaking,  the  line  through  E  should  droop 
downwards  slightly  towards  the  right,  since  as  the  current  increases 
the  slip  increases,  thus  decreasing  the  frictional  watts  slightly, 
whilst  the  increased  stator  IR  drop  causes  a  slight  reduction  in 
the  flux,  thus  decreasing  the  iron  loss. 

Next  consider  the  behaviour  of  the  motcHr  when  the  rotor  is 
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clamped.  The  whole  of  the  power  input  is  now  wasted  in  losses, 
and  the  stator  current  vector  will  take  up  some  position  such  as 
OFi  the  vertical  height,  FOy  representing  the  total  losses.  Of  these 
OH  represents  the  constant  loss,  whilst  HF  represents  the  stator 
and  rotor  copper  losses.  But  since  the  stator  current  is  approxi- 
mately proportional  to  the  rotor  current,  the  total  copper  losses 
may  be  taken  as  proportional  to  the  (rotor  current)',  i.e.  to  AC^ 
(not  shown  in  the   diagram   for   the  sake  of  clearness).     Now 

AC 

-jr^  =  cos  GABy  and  since  AB  is  constant,  AC  is  proportional  to 

AD 
cos  CAB  =  -j-^ .    AD  is  therefore  proportional  to  AC^y  i.e.  to  the 

total  copper  losses.  .  A  line  joining  EF  will  therefore  cut  oflf 
portions  of  vertical  power  lines  proportional  to  AD,  i.e.'^io  the 
total  copper  losses  for  the  current  in  question.  Furthermore,  FH 
may  be  divided  at  £,  so  that  HK  represents  the  stator  copper  loss 
and  KF  the  rotor  copper  loss.  On  joining  EK,  the  copper  losses 
for  all  currents  are  separated,  the  vertical  distance  between  EB  and 
EK  representing  the  stator  copper  loss  and  the  vertical  distance 
between  EK  and  EF  representing  the  rotor  copper  loss. 

Having  accounted  for  all  the  losses,  the  remainder  of  the  vertical 
through  any  point,  (7,  represents  the  output.  Thus  CD  represents 
the  input,  DL  the  constant  loss,  LM  the  stator  copper  loss,  MN 
the  rotor  copper  loss  and  NC  the  output. 

The  efficiency  for  any  cturent  or  output  can  be  determined 

directly  from  the  circle  (^agram  when  the  loss  lines  are  drawn,  it 

CN 
being  given  by  -^^  x  100.    The  maximum  output  is  obtained  by 

drawiog  a  tangent  to  the  semicircle  parallel  to  EF,    The  point  of 
contact  represents  the  point  at  which  maximum  output  is  obtained. 
Torque  Line. — It  was  shown  on  p.  409  that 

Rotor  input  _  Synchronous  speed 
BrOtor  output  Actual  speed 

and  the  rotor  output  is  equal  to  2imTy  n  being  the  speed  and 
T  the  torque.     The  rotor  input  is,  therefore,  equal  to 

2TmT  X  SyPchroDOua  speed 
Actual  speed 

=  2irT  X  Synchronous  speed. 

For  a  constant  frequency,  the  torque  is  therefore  proportional  to 
the  rotor  input,  and  this  is  given  in  Fig.  371  by  the  line  CM,  since 
CN  is  the  output  and  NM  the  rotor  copper  loss.  The  scale,  in 
lb. -ft.,  can  be  obtained  from  a  knowledge  of  the  rotor  input,  in 
watts,  and  the  speed  at  any  one  point,  the  watts  being  converted 
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in  H.P.  and  then  into  foot-lb.  per  minute.  The  starting  torque  is 
given  by  FK,  but  by  inserting  resistance  in  the  rotor  circuit  the 
point  F  is  moved  round  the  semicircle  towards  A,  and  the  starting 
torque  is  thus  increased  up  to  a  maximum  value.  The  maximum 
torque  is  obtained  by  drawing  another  tangent  to  the  semicircle, 
this  time  parallel  to  EK,  the  point  of  contact  indicating  the  required 
maximum  torque.  The  necessary  starting  resistance  to  obtain 
the  maximum  starting  torque  is  obtained  from  the  line  PQR.  QB 
represents  the  watts  lost  in  the  rotor  and  PQ  those  lost  in  the 
starting  resistance.  Since  the  currents  are  the  same  in  both,  the 
magnitude  of  the  external  resistance  per  phase  is  given  by 

PQ 

pr:^  X  Rotor  resistance  per  phase. 

Determination  of  Slip  from  Circle  Diagram. — Consider  the  equation 

Rotor  losses  _       Speed  of  sUp 

Rotor  input      Synchronous  speed  ^       '^' 

The  slip  is  therefore  proportional  to  =r-7 — ; r  =  -pm^  •     When 

.  ^  *^    *^  Rotor  input       CM 

the  motor  is  clamped,  the  stator  current  is  OF  and  the  slip  is 

FK 
given  by  ^^p,  =  unity  or  100  per  cent.     For  any  output  such  as 

GN,  the  slip  can  be  read  off  the  diagram  and  expressed  as  a  per- 
centage. This  construction  indicates  clearly  the  effect  of  an 
increase  in  the  rotor  resistance,  which  increases  the  rotor  losses 
and  consequently  NM,  to  which  the  slip  is  proportional. 

Experimental  Determination  of  Circle  Diagram* — ^In  order  to  draw 
the  circle  diagram  of  a  motor,  it  is  necessary  first  to  make  an 
observation  of  the  no-load  current,  watts  and  power  factor  at  the 
correct  voltage  and  frequency.  Commencing  with  the  main  hori- 
zontal and  vertical  lines,  the  no-load  current  is  set  off  to  scale,  the 
angle  of  lag  being  determined  from  the  no-load  power  factor  which 
is  obtained  from  the  voltmeter,  ammeter  and  wattmeter  readings. 
It  is  convenient  to  let  the  current  vectors  represent  the  line  values, 
whilst  the  vertical  power  lines  are  made  to  represent  the  total  power 
of  all  the  phases.  The  point  E  on  the  circle  diagram  (Fig.  371)  is 
thus  determined.  It  is  now  necessary  to  obtain  another  point  or 
series  of  points  on  the  semicircle,  preferably  far  removed  from  E. 
For  this  purpose,  the  rotor  may  be  clamped  and  the  short  circuit 
current  measured,  thus  obtaining  the  point  F.  The  height  of  F 
above  AB  is  determined  either  from  the  angle  of  lag  of  the  current 
or  from  the  watts  supplied  to  the  motor.  Unfortunately,  however, 
the  current  which  would  flow  if  the  normal  voltage  were  applied 
would  be  such  as  to  bum  out  both  stator  and  rotor.  It  is  therefore 
necessary  to  reduce  considerably  the  voltage  applied  to  the  stator 
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to  prevent  this  occurring.  The  stator  current  actually  measured 
in  this  way  must  then  be  increased  in*  the  direct  ratio  of  the  normal 
voltage  to  the  actual  voltage  applied.  This  assumes  that  the 
stator  current  is  proportional  to  the  voltage,  and  this  is  not  strictly 
true,  on  account  of  the  different  flux  densities  set  up  in  the  core. 
To  minimise  this  error  as  much  as  possible,  it  is  desirable  to  pass  as 
large  a  current  through  the  motor  as  is  safe  in  order  to  approximate 
to  the  actual  conditions.  Even  then  the  accuracy  of  the  position 
of  the  short  circuit  point  is  scarcely  good  enough  to  warrant  the 
drawing  of  the  semicircle  without  further  data.  In  place  of  the 
short  circuit  point  a  number  of  readings  in  the  neighbourhood  of 
full  load  may  be  employed,  including  some  on  considerable  overload. 
The  position  of  each  point  is  marked  off  from  a  knowledge  of  the 
corresponding  values  of  the  current  and  watts.  A  semicircle  is 
then  drawn  through  the  no-load  point,  the  variojis  load  points  and 
the  short  circuit  point  if  tbe  latter  has  been  obtained,  the  centre 
of  the  semicircle  lying  on  OB.  The  disadvantage  of  relying  on 
the  load  points  is  that  they  are  comparatively  close  to  the  no-load 
point,  thus  making  it  difficult  to  draw  in  the  semicircle  accurately, 
whilst  the  disadvantage  of  relying  on  the  short  circuit  point  lies  in 
its  dubious  accuracy.  Obviously,  the  best  effect  is  obtained  by 
employing  both  methods,  a  mean  semicircle  being  drawn  through 
all  the  points.  Points  on  the  upper  regions  of  the  semicircle, 
including  the  unstable  portion  to  the  right  of  the  maximum  output 
point,  can  be  obtained  by  clamping  the  rotor  and  inserting  the 
starting  resistance  in  the  rotor  circuit.  Thj^  is  equivalent  to  increas- 
ing the  rotor  resistance  and  the  losses  occurring  in  the  rotor  circuit. 
The  vertical  height,  FK  (Fig.  371),  is  thus  increased,  which  means 
that  the  point  F  is  moved  round  the  semicircle  towards  the  left. 
By  putting  the  handle  of  the  starting  resistance  in  various  positions, 
a  number  of  observations  may  be  made  giving  points  in  the  unstable 
region.  By  still  further  increasing  the  resistance  of  the  rotor  circuit, 
points  all  round  the  semicircle  can  be  obtained,  and  these  additional 
points  should  agree  with  the  load  readings  already  obtained. 
Care  must  be  taken  to  obtain  these  observations  rapidly,  as  other- 
wise there  is  a  danger  of  the  starter  or  the  motor  being  burnt  out. 
The-  difference  between  these  readings  with  the  rotor  clamx)ed  and 
those  with  the  motor  running  and  giving  an  output  is  that  the 
power  which  goes  to  the  external  load  in  the  one  case  goes  to  heat 
up  the  starting  resistance  in  the  other.  From  the  point  of  view  of 
the  circle  diagram,  it  does  not  matter  whether  the  watts  are  dissi- 
pated at  the  pulley  or  in  the  external  resistance. 

Having  made  the  semicircle,  a  horizontal  line  is  drawn  through 
E  to  represent  the  constant  iron  and  friction  loss. 

The  lines  representing  the  stator  and  rotor  copper  losses  are 
next  drawn  in.  For  this  purpose  the  stator  and  rotor  resistances 
are  measured,  together  with  a  corresponding  pair  of  values  for  the 
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currents  in  the  two  circuitB.  The  watts  lost  in  «ach  are  now  calcu- 
lated. If  there  is  a  different  number  of  phases  in  the  stator  and 
rotor,  this  must  be  taken  into  account.    A  vertical  line  through  F 

,  J  J.  -J  J    X  rr       XI.  X  HK      Stator  copper  loss 

is  now  drawn  and  divided  at  K  so  that  -==r=  =  ^  ^  , ^-^- — ; 

HF      Total  copper  loss 

If  the  rotor  is  of  the  squirrel  cage  ty^y  the  actual  stator  copper 

loss  must  be  calculated  for  the  current  OF  and  HK  measured  off 

to  the  scale  of  watts  already  determined.    If  the  short  circuit 

point,  F,  is  not  available,  the  losses  for  some  known  load  must  be 

measured.    Points  such  as  L,  M  and  N  corresponding  to  a  current, 

OC,  can  thus  be  determined  and  the  loss  lines  drawn  through  these 

points.    Unfortunately,  these  points  lie  fairly  close  together,  and 

a  considerable  error  is  liable  to  be  introduced  in  drawing   the 

diagram. 

To  obtain  the  torque  scale,  the  slip  is  measured  from  the  diagram 
for  one  particular  output.  This  gives  the  speed  from  which  the 
torque  can  be  calculate,  since  the  output  is  known. 

Importance  of  <r. — ^It  is  seen  that  the  relative  shape  of  the  circle 
diagram  is  largely  dependent  upon  the  value  of  <r.  The  no-load 
current  is  greatly  affected,  and  this  in  turn  affects  the  power  factor 
of  the  motor.  An  increase  in  the  value  of  <r  results  in  a  decrease 
in  the  maximum  power  factor,  thus  causing  a  slightly  larger  current 
to  flow,  which  in  turn  causes  a  slight  drop  in  the  efSciency.  An 
increase  in  <r  also  results  in  a  decrease  in  the  overload  capacity  of 
the  motor.  This  is  seen  to  be  the  case,  since,  for  a  constant  ap^ed 
voltage,  the  total  statw  flux  OB  (Fig,  371)  may  be  considered 
con8tllnt,and  an  increase  in  a  will  consequently  result  in  an  increase 
in  OA  and  a  decrease  in  AB,  The  diameter  of  the  circle  is  thus 
reduced,  resulting  in  a  decrease  in  the  maximum  power  output. 
If  the  full  load  is  the  same  as  before,  this  is  equivalent  to  saying 
that  the  overload  capacity  is  reduced.  It  is  therefore  desirable 
to  aim  at  obtaining  a  low  value  for  <r  when  designing  an  induction 
motor. 

Bffeet  of  Air-gap  Length. — ^The  length  of  the  air-gap  exerts  a  great 
influence  on  the  magnitude  of  the  leakage  flux,  inasmuch  as  the 
reluctance  of  the  paths  of  the  useful  rotor  flux  is  largely  determined 
by  it.  The  reluctance  of  the  leakage  paths  is  independent  of  this 
dimension,  and  so  the  value  of  a  depends  to  a  very  great  extent 
upon  the  radial  length  of  the  air-gap.  An  increase  in  this  direction, 
therefore,  affects  adversely  both  the  power  factor  and  the  overload 
capacity  of  the  motor  to  a  very  considerable  degree,  and  to  prevent 
this  it  should  be  reduced  to  the  smallest  possible  limits  consistent 
with  good  mechanical  design.  This  is  the  reason  why  induction 
motors  are  designed  with  very  much  smaller  air-gaps  than  C.C. 
motors  of  the  same  size,  the  lengths  varying  from  0*02  inch  for  a 
rotor  diameter  of  6  inches  up  to  0*125  inch  for  a  diameter  of  4  feet. 
The  ordinary  bearings  with  a  spherical  seating,  commonly  adopted 
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for  C.C.  motors,  are  thus  unsuitable,  a  more  rigid  design  being 
necessary. 

Bffeet  of  (T  on  Charaeteristies. — ^In  order  to  study  the  effect  of 
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Fig.  372.— Bffect  of  <r  on  Cumnt. 


a-  on  the  characteristics  of  motors  of  the  same  size  and  output,  three 
cases  have  been  chosen  in  which  the  values  of  a  have  been  taken 
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Fig.  373.— Effect  of  <r  on  Power  Factor. 


25 


to  be  0*04,  0*07  and  O'lO  respectively.  Prom  the  three  circle 
diagrams  curves  have  been  plotted  in  Figs.  372  and  373,  showing 
the  relationships  between  (a)  the  current  and  the  output  and  (6)  the 
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power  factor  Mid  the  output  for  each  case.  The  inferiority  produced 
by  the  larger  values  of  <r  is  clearly  seen  from  these  curves.  The 
no-load  currents  for  the  three  motors  are  widely  different,  whilst 
the  breakdown  loads  are  also  affected.  The  following  table  gives 
some  comparative  data  for  the  three  motors,  obtained  from  their 
circle  diagrams. 


Motor  No. 

tt     

No-load  Current 
Full  Load  Current 
Full  Load  Power  Factor 
Overload  Capacity 
.p^..     No-load  Current 
Full' Load  Current 


1 

2 

, 

0-04 

0-07 

8-5 

16 

37 

41 

,, 

0-92 

0-85 

123% 

112% 

• 

0-23 

0-37 

010 

21 

45 
0-78 
101% 

0-47 


CHAPTER  XXVm 

mDUOnON  MOTORS.— DESIGN 

Speeilleatioiu — ^In  order  to  design  an  induction  motor,  it  is 
necessary  to  know  the  voltage,  frequency  and  number  of  phases 
of  the  supply,  together  with  the  B.H.P.  and  speed  required.  With 
a  given,  frequency,  only  certain  sx)eeds  are  possible,  these  being 
determined  by  the  number  of  polos.  The  efEiciency  and  power 
factor  at  which  the  motor  is  expected  to  work  are  specified  also  in 
a  number  of  cases. 

Number  of  Poles. — ^The  relation  between  the  frequency,  number 
of  poles,  and  synchronous  speed  is  the  same  as  for  alternators,  the 
formula  being 

p=_— , 

n  being  the  synchronous  speed  in  r.p.m.  The  actual  speed  is  about 
4  or  5  ;>er  cent,  less  than  the  synchronous  speed,  the  difference 
depending  on  the  slip. 

Effleieney. — ^In  Fig.  374  (a)  and  (b)  are  shown  the  average  full 
load  efficiencies  of  modem  induction  motors,  and  these  figures 
should  be  aimed  at  in  designing  a  new  motor. 

Power  Faetor. — ^In  Fig.  375  (a)  and  (b)  are  shown  the  average  full 
load  power  factors  of  modem  induction  motors,  which  should 
also  be  aimed  at  in  a  new  design. 

Motors  having  a  large  number  of  poles  will  have  a  relatively 
larger  leakage  flux  owing  to  the  reduced  pole  pitch.  This  increases 
the  value  of  a  and  reduces  the  power  factor,  so  that  for  motors 
having  many  poles  the  lower  values  on  the  curve  should  be  taken. 
In  the  same  way,  motors  operating  on  a  low  frequency  will  have  a 
small  number  of  poles  for  a  given  speed,  and,  consequently,  2&^ycle 
motors  may  be  expected  to  operate  with  slightly  higher  power 
factors  than  60-cycle  motors. 

Output  Coefflelent. — ^An  empirical  formula  of  the  JD^L  t3rpe  holds 
good  with  induction  motors  just  as  with  alternators  (see  p.  274), 
this  formula  being 

J3.M.P.  ,  •r\Mr 

r.p.m. 

486  F  F  2 


436 


ALTERNATING  CURRENTS 


CH- 


D  being  the  air-gap  diameter,  L  the  groes  length  of  the  core,  and 
k  the  output  coci&oient. 

The  average  values  of  the  output  coefficient  for  modem  poly- 
phase induction  motors  operating  on  a  frequency  of  50  cycles  per 
second  are  shown  in  Fig.  376(a)  and  (6).  For  26-cycle  motors 
these  figures  can  be  increased  by  about  20  per  cent,  llie  values  of 
the  output  coefficient  shown  in  the  curves  must  not  be  taken  as 
being  rigidly  fixed,  since  various  •manufacturers  differ  somewhat  in 
this  respect. 

Air-gap  Diameter. — ^The  air-gap  diameter  depends  upon  the  B.H.P. 
and  the  speed  in  the  same  manner  as  the  output  coefficient.     Of 
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Fig.  374.— EffidenclM  of  Folyphaae  Induction  Moton. 
(a)  Up  to  10  B.H.P.       (6)  Up  to  100  B.H.P. 


course,  the  diameter  increases  as  the  B.H.P.  goes  up,  but  since  the 
bulk  of  the  carcase  is  inversely  proportional  to  the  speed,  it  is  also 
necessary  to  increase  the  diameter  for  the  low  sx)ee(l8  in  order  to 
make  room  for  the  larger  number  of  poles.  An  empirical  relation 
connecting  the  product  of  the  diameter  (in  inches)  and  the  speed 
with  the  output  is  shown  in  Fig.  377,  which  represents  average 
practice  for  60-cycle  motors.  The  values  of  diameter  x  speed 
should  be  increased  by  15  to  20  per  cent,  for  25-cycle  motors  and 
equivalent  modifications  made  for  other  frequencies.  The  diameters 
obtained  in  this  way  will  correspond  to  peripheral  speeds  of  from 
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2,500  to  5,000  feet  per  minute.  The  latter  value  represents  the 
maxiTrmm  speed  at  which  the  rotor  should  be  run,  and  the  peripheral 
velocity  for  any  design  should  be  worked  out  to  see  that  this  figure 
is  not  exceeded. 

Core  Length. — ^When  the  air-gap  diameter  has  been  settled  the 
groBs  length  of  the  core  can  be  determined  approximately,  since  the 
value  of  L^L  is  known. 

When  a  complete  line  of  motors  is  to  be  designed,  it  is  the  usual 
practice  to  have  two  or  three  core  lengths  for  each  diameter.  The 
most  economical  designs  are  not  obtained  in  this  w^y,  considering 
each  one  separately  on  its  own  merits,  but  it  leads  to  a  reduction  in 
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Fio.  375.— Power  Factors  of  Poljrpbase  Induction  Motors, 
(a)  Up  to  10  B.H.P.       ib)  Up  to  100  B.B.P. 


the  manufacturing  costs,  since  it  reduces  the  number  of  patterns 
required.  If  three  motors  have  the  same  diameter  and  diffor 
merely  in  the  length  of  their  cores  a  large  number  of  their  parts 
are  similar.  The  middle  machine  is  designed  for  the  particular 
diameter  in  question,  the  short  length  one  having  rather  too  large 
a  diameter  and  the  long  length  one  rather  too  small  a  diameter 
than  would  be  expected  if  they  were  designed  separately. 

Ventilating  Duets. — ^The  usual  practice  with  regard  to  the  number 
and  width  of  the  ventilating  ducts  is  similar  to  that  which  obtains 
in  the  case  of  alternators.  They  are  spaced  usually  about  2\  to 
3  inches  apart  and  vary  from  f  to  |  inch  in  width. 
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Flux  Densities. — Suitable  values  for  the  average  flux  densities 
in  various  parts  of  the  magnetic  circuit  can  be  obtained  from  the 
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FIG.  876.— On^ut  Coeffldento  for  Folyphaie  Induction  Motm. 

following  table.    The  flux  distribution  in  the  air-gap  and  in  the 
teeth  is  not  uniform,  however  (see  p.  389),  and  the  maximum  flux 
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Polypfaase  Indnction  Moton :  /  »  50. 
For/  -  25  Increaee  B  x  B..P JC.  by  16  per  cent.  -  20  per  cent. 

density  is  obtained  by  multiplying  these  average  values  by  1-7  and 
1*94  for  three-  and  two-phase  motors  respectively.    These  constants 
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do  not  affect  the  flux  in  the  iron  at  the  back  of  the  teeth  in  either 
stator  or  rotor,  since  this  is  due  to  the  average  effect  of  all  the 
phases  and  averages  itself  out  over  the  whole  section. 


Paet. 

Ayeraox  Flux  Dxnsitt. 

lines  per  14.  in. 

lines  per  sq.  cm. 

Air-gap         

SUtor  Teeth 

Stator  Iron  behind  Teeth 

Rotor  Teeth            

Rotor  Iron  behind  Teeth 

19500 
52000 
42000 
55000 
65000 

aooo 

8000 

6500 

8500 

10000 

Flux  per  Pole. — The  total  air-gap  flux  per  pole  is  obtained  by 
multiplying  the  density  in  the  air-gap  by  the  area  of  the  air-gap 
per  pole.  Jhe  area  of  the  air-gap  may  be  taken  as  being  the  average 
of  the  areas  of  the  tops  of  the  teeth  per  pole  in  both  stator  and  rotor, 
adding  20  per  cent,  to  allow  for  fringing.  If  semi-closed  slots  are 
employed,  the  iron  top  of  the  tooth  may  be  assumed  to  be  0*8  of 
the  tooth  pitch  as  a  first  approximation,  whilst  0*5  may  be  taken 
for  open  slots. 

Another  method  of  obtaining  a  tentative  value  for  the  flux  per 
pole. is  to  consider  the  teeth.  Assuming  a  slot  width  equal  to  the 
tooth  width,  the  circumferential  length  of  iron  per  pole  is  half  the 
pole  pitch.  The  axial  length  of  iron  is  found  by  subtracting  the 
total  length  of  the  vent  spaces  from  the  gross  length  of  the  core 
and  then. multiplying  by  0*9  to  allow  for  the  laminations.  The 
area  thus  found  is  then  multiplied  by  the  desired  tooth  density  to 
obtain  the  total  flux  per  pole.  A  suitable  value  can  now  be  chosen 
from  a  consideration  of  both  methods. 

Number  of  Stator  Conduetors, — ^The  required  number  of  stator 
conductors  is  obtained  from  the  formulas  given  on  p.  410,  viz., 

N  =  ir^ t;*:  ^^^  three  phase  motors 

21  x/4>  ^ 


and 


.,       ^  X  10«        .         , 

=  "o f^  '^r  two  phase  motors. 


B  is  the  voltage  per  phase  and  is  —j=  times  the  line  voltage  for 

V3 
three  phase  star-connected  motors.    A  further  small  allowance  may 
be  made  if  required  for  the  IR  drop  in  the  winding. 

The  final  number  of  conductors  chosen  must  be  a  multiple  of 
the  number  of  slots. 

Ampero-eonduetors  per  Ineh  Diameter.— The  number  of  ampere- 
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conductors  per  inch  diameter  in  modem  motors  generally  lies 
between  certain  limits  which  are  given  in  the  foUowing  tcthle. 


Air-gap  DUnwter. 


Up  to  12* 

20''-4(r 


Ampere-oonductort 
per  inch  Diameter. 


800—1000 
1000—1600 
1500—1800 


This  value  is  obtained  by  multiplying  the  number  of  stator 
conductors  by  the  full  load  current  which  can  be  calculated  approxi- 
mately and  dividing  by  the  air-gap  diameter. 

This  calculation  serves  as  a  check  on  the  design  as  far  as  it  han 
gone. 

Number  of  Stator  Slots. — ^The  number  of  slots  must  be  a  multiple 
of  the  phases  times  the  poles,  and  it  is  usual  to  allow  3,  4  or  5  slots 
per  pole  per  phase.  The  proper  number  can  generally  be  determined 
by  considering  the  slot  pitch  and  the  number  of  conductors  which 
it  will  be  necessary  to  put  into  each  slot. 

Size  of  Stator  Conducifors. — ^Knowing  the  current,  the  size  of  the 
stator  conductors  can  be  determined  by  allowing  a  current  density 
of  from  1,600  to  2,000  amperes  per  square  inch,  the  higher  figures 
referring  to  the  smaller  sizes  of  conductors.  For  low  currents  wire 
will  be  most  convenient  to  use,  whilst  for  the  higher  currents  former 
wound  coils  of  bar  or  strip  should  be  adopted,  since  anything  above 
about  No.  12  S.W.6.  is  diffictdt  to  wind.  The  use  of  strip  has  an 
advantage,  since  it  brings  about  a  higher  space  factor  in  the  slot. 

A  circular  wire  has  a  cross-sectional  area  of  -il^j  but  it  occupies  a 

space  of  i>*  in  the  slot,  and,  apart  from  any  insulation  at  all,  this 
brings  the  space  factor  down  to  0'78. 

THie  space  factors  ordinarily  employed  will  vary  from  0*26  to 
0-4,  high  voltage  machines  having  the  lower  values  and  bar  windings 
being  superior  to  wire  windings. 

Size  of  Stator  Slots. — When  the  number  of  conductors  per  slot 
has  been  obtained,  an  appro2dmate  area  of  slot  can  be  calculated. 
The  width  of  tooth  and  slot  should  be  made  about  the  same, 
thus  giving  the  depth.  The  conductors  should  now  be  arranged 
in  the  slot,  putting  in  the  necessary  insulation,  and  the  final 
dimensions  of  the  slot  can  be  decided  upon  by  adjusting  it  to  fit 
the  conductors. 

Depth  of  Stator  Iron. — ^The  stator  iron  behind  the  teeth  cairies 
half  the  fiux  per  po}e,  and  by  using  the  flux  density  given  in  the 
table  on  p.  439  the  required  cross  section  of  iron  can  be  obtained. 
When  this  area  is  divided  by  the  net  iron  length  of  the  core,  it  gives 
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the  depth  of  iron  required  behind  the  stator  teeth.  This  enables 
the  outer  diameter  of  the  stator  stampings  to  be  calculated. 

Stator  Copper  Loss. — The  resistance  of  each  winding  can  be  calcu- 
lated by  estimating  the  length  of  wire  and  assuming  a  specific 
resistance  of  0*8  microhm  per  inch  cube  (hot).  Knowing  the  ciurent, 
the  watts  lost  per  phase  and  the  total  for  all  phases  can  now  be 
determined. 

Stator  Iron  Loss. — ^The  combined  hysteresis  and  eddy  current 
loss  may  be  obtained  by  reference  to  Fig.  378,  which  gives  the  core 
loss  in  watts  per  unit  volume  at  unit  frequency.  The  value  thus 
obtained  must  be  multiplied  by  the  frequency  and  the  volume  of 
iron.  For  greater  accuracy  the  iron  loss  in  the  teeth  and  in  the 
iron  at  the  back  of  the  teeth  may  be  obtained  separately. 

Cooling  Surface. — The  cooling  surface  may  be  determined  in  just 
the  same  way  as  was  done  in  the  case  of  alternators.    The  inner 


v\ 

j^  0-0025 

/ 

3 

/ 

T 

^0-0090 
:|  0-0015 
*  0-0010 
&  0*0005 

/ 

fa  *>'03 

/ 

r 

«0*02 

y 

r 

y 

/ 

/ 

^ 

5 

/ 

/ 

§0-01 

/ 

^ 

_J^ 

y 

1    . 

y 

^    0-0 

^ 

^ 

20000  40000  60000  80000  100000 
Lines  per  Sq.  In. 

Fig.  378.— Stator  Core 


4000         8000        12000       16000 
Uses  per  Sq.  Cm. 


and  outer  cylindrical  surfaces  are  taken,  together  with  the  two 
ends  of  the  core  and  one  side  of  each  ventilating  duct. 

Estimated  Temperature  Rise  of  Stator. — ^With  normal  designs  a 
temperature  rise  of  the  stator  of  about  40^  C.  should  be  obtained 
when  the  watts  to  be  dissipated  are  about  one  per  square  inch.  As 
a  first  approximation,  the  temperature  rise  may  be  taken  as  being 
proportional  to  the  watts  dissipated  per  square  inch,  but  this  rule 
is  by  no  means  accurate,  as  the  temperature  rise  in  a  particular 
motor  depends  to  a  very  large  extent  upon  its  mechanical  design. 

Air-gap  Length. — ^Very  small  air-gap  lengths  are  adopted  (see 
p.  432) ;  suitable  values  may  be  obtain^  from  Kapp's  rule,  which  is 

^^plSe' }  =  0«>8  +  0-0025  X  Rotor  diameter  in  inches. 

Number  of  Rotor  Slots. — The  same  number  of  slots  should  not  be 
used  on  both  stator  and  rotor,  since  if  this  is  done  there  are  some 
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positions  of  the  rotor  in  which  the  magnetic  reluctance,  is  very 
much  less  than  it  is  when  the  rotor  is  in  intermediate  positions. 
The  rotor  tends  to  jump  into  these  positions  of  minimum  reluctance 
and  the  motor  does  not  start  up  as  well  as  it  otherwise  would. 

It  is  usual  to  put  more  slots  in  the  rotor  than  in  the  stator, 
the  ratio  being  of  the  order  of  1*26  to  1'6.  The  number  of  rotor 
slots  must  also  be  a  multiple  of  the  poles  x  phases. 

In  the  case  of  squirrel  cage  rotors,  it  is  usual  to  adopt  a  prime 
number  for  the  number  of  rotor  slots. 

Rotor  Winding. — The  actual  number  of  rotor  conductors  does 
not  much  matter.  If  there  is  a  large  nuinber  of  turns  in  series, 
the  open-circuit  voltage  of  the  winding  is  considerable,  whilst  if 
fewer  turns  of  larger  cross  section  are  employed,  the  current  at 
the  slip  rings  becomes  increased.  It  is  therefore  a  simple  matter 
to  arrange  a  suitable  winding. 

Size  of  Rotor  Slots. — The  size  of  the  rotor  slots  can  be  deter- 
mined by  assuming  a  similar  current  density  to  that  in  the  stator 
winding  and  then  finding  the  required  slot  space.  Since  the  induced 
voltage  per  winding  will  probabiy  be  low,  a  fairly  high  space  factor 
shoidd  be  obtained.  The  dimensions  of  the  slot  can  then  be  settled 
to  suit  the  winding. 

Depth  of  Rotor  Iron. — ^The  required  depth  of  rotor  iron  behind  the 
teeth  can  be  determined  in  the  same 
way  as  in  the  case  of  the  stator, 
from  which  the  internal  diameter 
of  the  rotor  stampings  can  be  ob- 
tained. The  question  of  whether  to 
put  in  a  spider  or  to  key  the  stamp- 
ings direct  on  to  the  shaft  will  be 
settled  by  this  internal  diameter  of 
the  stampings.  If  no  spider  is  em- 
ployed, axial  ventilating  ducts  should 
be  provided  to  supply  the  air  inlet 
for  the  radial  ventilating  ducts  frdm 
which  the  air  is  thrown  out  by 
centrifugal  force. 

Squirrel  Gage  Rotors. — ^The  number 
of  rotor  slots  should  preferably  be  chosen  a  prime  number  and  as 
high  as  is  practicable.    The  current  per  bar  is 
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With  a  density  of  3,000  amperes  per  square  inch,  this  settles 
the  area  of  the  rotor  bar  and  consequently  that  of  the  rotor  slot  as 
well.  The  dimensions  of  the  latter  should  be  such  as  to  leave 
/sufficient  tooth  area  to  carry  the  magnetic  flux. 

To  calculate  the  current  in  the  end  ring,  consider  Fig.  379, 
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which  repreeents  a  two  pole  squirrel  cage  winding,  the  two  end  rings 
being  shown  as  two  circles  with  the  bars  joining  them.  The  figures 
against  the  bars  represent  the  currents  in  them  at  a  particular 
instant,  100  amperes  being  taken  as  the  maximum.  The  currents 
in  the  other  bars  decrease  according  to  a  sine  law.  The  current 
in  the  bar  carrying  100  amperes  flows  into  the  end  ring,  50  amperes 
in  each  direction.  A  littlo  further  on  this  50  amperes  is  reinforced 
by  86-6  amperes  from  the  next  bar,  making  136*6  amx)eres  in  the 
next  section.  Tho  next  bar  adds  another  50  amperes,  making  a 
total  of  186*6  amperes,  which  is  the  maximum  current  carried  by 
the  end  ring.  This  maximum  current  is  thus  seen  to  be  the  sum 
of  the  instantaneous  values  of  the  ciurents  in  half  the  bars  -per 
pole.    Assuming  a  perfect  sine  law,  the  average  current  per  bar  is 

——J-  =  0*97,  and  the  maximum  current  in  the  end  ring  becomes 
1-11 

0*9/  X  ~> 
2p 

where  p  is  the  number  of  poles  and  N  the  number  of  bars.  The 
R.M.S.  current  in  the  end  ring  is 

1  N 

4;  X  0*9/  X  '- 

_0'31SIN 
V 
It  is  seen  that  not  only  does  the  current  in  any  one  section  of 
the  end  ring  vary  sinusoidally  with  time,  but  that  there  is  a 
sinusoidal  space  variation  as  well. 

With  a  current  density  of  4,000  amperes  per  square  inch  in  the 
end  ring,  its  section  becomes 

0*318Jiy 
4000jp 

IN 
=  0*00008  —  square  inches. 

Copper  Loss  in  Squirrel  Cage  Botors. — ^If  A  and  L  be  the  cross- 
sectional  area  and  length,  respectively,  in  inch  measure,  the  total 
copper  loss  in  the  bars  is 

With  a  current  density  of  3,000  amperes  per  square  inch,  the 
total  full  load  copper  loss  in  the  bars  becomes 

N  xl  X  3000  X  pL 
==N  xl  X  3000  X  0*8  X  10-«L 
=  0*0024Ar72;. 
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The  fall  load  copper  loss  in  the  two  end  rings  is 

2  X  (^1-?^?  X  0-8  X  10-      ^^ 

^^V    i»    ;><"«x^"    o-oooo8/2\r 

=  0.0064^-^. 

D  being  the  rotor  diameter. 

The  total  full  load  rotor  copper  loss  is  therefore 

00024AV2;  +  00064  '^^ 


=  NI (00024L  +  00064  ^, 


and  this  enables  the  full  load  slip  to  be  determined. 

Copper  Loss  In  Wound  Rotors. — ^In  the  case  of  wound  rotors,  the 
copper  loss  is  obtained  by  estimating  the  resistance  of  each  phase 
from  its  dimensions  and  assuming  that  the  rotor  current 

a^  ^  ^      Stator  conductors 

=  Stator  current  x  ^s-r j — i 

Rotor  conductors 

Estimated  Temperature  Rise  of  Rotor. — ^The  rotor  will  have  to 
dissipate  only  the  PR  loss  in  the  winding,  since  the  iron  loss  is 
negligible  owing  to  the  very  low  frequency,  viz.,  that  of  slip.  The 
frictional  loss  may  be  supposed  to  be  dissipated  in  the  bearings. 

Estimating  the  cooling  surface  in  the  same  way  as  for  the  stator, 
the  temperature  rise  may  be  calculated  by  allowing  20°  C.  rise  for 
every  watt  per  square  inch  of  cooling  suiiace.  It  must  be  under- 
stood that  this  calculation  is  only  very  approximate. 

Frletion  and  .Windage  Loss. — ^This  yhH  vary  from  about  3  per  cent, 
in  a  5  B.H.P.  motor  down  to  about  1  per  cent,  in  a  200  B.H.P. 
motor,  whilst  for  the  largest  sizes  of  all  it  will  drop  to  something  of 
the  order  of  f  per  cent. 

No-load  Current. — ^The  ampere-turns  per  pole  for  the  air-gap 

=  0-313  xl„xB, 

where  Ig  is  the  length  of  the  single  air-gap  and  B  is  the  avwage 
air-gap  density  in  lines  per  sq.  in.  But  the  total  ampere-tums 
per  pole  are  twice  the  ampere-tums  per  pole  per  phase  for  a  three 

phase  motor  (see  p.  390),  and  also  the  ratio j^ = vr-^ 

'^  \       x-  ^    /  average  flux  density 

is  1-7  (not  1-67). 

The  maximum  ampere-tums  per  pole  per  phase  therefore 

=  0-313  xZ,Xfixy> 
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and  the  B.M.S.  ampere-turns  per  pole  per  phase 

=  0'313xi,  XJBX^ 

^0191,  xB. 
The  magnetising  current  per  phase  for  the  air-gap 

^  019  XlgXB 

turns  per  pole  per  phase 

For  a  two  phase  motor  the  constant  becomes  0*3  instead  of  0*19. 
The  magnetising  current  for  the  iron  path  will  be  about  10  to ' 
30  per  cent,  of  the  above,  the  value  depending  largely  upon  the 
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Fig.  880.— Valuea  of  0  in  Hobart's  IbrmnlA. 

width  of  the  slot  openings.    The  wider  the  slot  opening  the  greater 
is  the  density  in  the  teeth  and  the  more  the  magnetising  current. 
The  power  comx>onent  of  the  no-load  current 

_  Power  to  drive  motor  light 

\/3  X  Line  voltage 

The  total  no-load  current 


=  \/(Power  component)*  +  (Magnetising  current)*. 

Estimation  of  o-. — ^The  value  of  a  can  be  estimated  fairly  closely 
by  a  formula  due  to  Hobart,  viz., 

^  _r  V  r'  V  Air-gap  length 
Pole  pitch 

The  values  of  C  and  C"  can  be  read  oflE  the  curves  in  Figs.  380  and 
381.  For  squirrel  cage  motors  a  third  constant,  having  an 
approximate  value  of  0*75,  should  be  introduced. 
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Another   formula  for  the   estimatioa  of  <r  is   dne  to  Behn- 
Eschenburg,  and  is 

N^^XN  X  (p.p.)  ^  {p.p.)' 

where    N  =  average  number  of  slots  per  pole  for  stator  and  rotor,. 

X  =  average  width  of  slot  opening, 

Ig  =  air-gap  length, 
and  {p.p.)  =  pole  pitch.  « 

Dimensions  are  in  cm. 
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Fio.  381.— Values  of  C  in  Hobart's  F6rmula. 

Predetermination  of  Cirele  Diagram. — ^The  necessary  data  for 
predetermining  the  circle  diagram  have  now  been  worked  out. 
Referring  to  Fig.  371,  the  no-load  magnetising  current  enables 

OA 

the  point  A  to  be  determined  and  OB  =  —  .    The  circle  can  thus 

<r 

be  drawn  straight  away.    The  power  component  of  the  no-load 

current  fixes  the  vertical  height  of  the  line  EH,    The  resistances  of 

the  stator  and  rotor  windings  being  known,  the  point  F  can  be 

obtained  by  trial,  so  that  FH  (to  the  same  scale  that  HO  represents 

the  no-load  power  to  drive)  represents  the  total  copper  loss  for  the 

current  OF.    FH  can  now  be  divided  at  Ky  so  that 


FK 
KH 


Rotor  copper  loss 


Stator  copper  loss 

The  torque  line  is  obtained  by  joining  EK. 

Fnn  Load  Current,  Power  Factor  and  Effieieney. — ^These  values  can 
now  be  obtained  from  the  circle  diagram  in  the  usual  way.    The 
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"  apparent  efficiency,"  which  is  the  product  of  the  true  efficiency 
and  the  power  factor,  should  be  calculated  also.  If  desired,  the 
complete  performance  of  the  motor  can  be  worked  out  from  the 
circle  diagram. 

Example  of  Design. — ^As  an  example,  a  design  will  now  be  worked 
out  for  a  10  B.H.P.,  S-phase,  60-cycle,  440- volt  motor  having  a 
synchronous  speed  of  1,000  r.p.m. 

Number  of  poles  =  6. 

An  efficiency  of  0-85  and  a  power  factor  of  0*86  will  be  aimed  at, 
these  figures  representing  average  practice.  This  gives  the  full 
load  current  as 

•  10  X  746 
V3  X  440  X  0-85  X  0-86 
=  13-6  amperes. 

Choosing  an  output  co-efficient  of  11  x  10"*,  we  get 

^^  =  10001^11x10--.  («-?•*»«) 

=  910. 

From  Fig.  377,  D  x  r.p.m.  ==  11000, 

so  that  2)  =  11  in. 

910 
The  core  length      L  =  -yr^  =  7*5  in. 

There  will  be  two  ventilating  ducts,  each  0*376  in.  wide. 

The  flux  per  pole  will  now  be  worked  out.     The  pole  pitch 

TT  X   11 

=  — ^ —  =  5*76    in.    and    the    net    iron    length    of    the    core 

=  (7*6  —  2  X  0-375)  X  0*9  =  6*08  in.  Semi-closed  slots  will  be 
used  in  both  stator  and  rotor,  and  the  iron  length  per  pole  pitch 
=  0*8  X  6*76  =  4*61  in.    The  air-gap  area  per  pole 

=  4-61  X  608  X  1-2  =  33-6  sq.  in. 
Assuming  an  average  flux  density  of  19600  lines  per  sq.  in.,  the 
flux  per  pole  is  19600  X  33*6  =  660000  lines. 

llie  required  number  of  stator  conductors  per  phase 

^  440xl0>  ^3^ 

VS  X  2-1  X  50  X  660000 
Choosing  three  slots  per  pole  per  phase,  this  gives  54  total  slots 
and  18  slots  per  phase.    There  wUl  be,  therefore,  20  conductors  per 
slot,  giving  180  turns  per  phase. 

Thid  ampere  conductors  per  inch  diameter 

^13:6^X_1080^j3^ 
which  is  rather  high. 
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Using  No.  13  S.W.G.  wire  for  the  stator  conductors,  this  gives 

a  current  density  of  /r^r/r^z^  =  2030  amperes  per  sq.  in.     The 

diameter  of  this  wire  =  0-092  in.  bare  and  0*104  in.  with  d.c.c. 
insulation.  With  a  slot  lining  of  40  mils  of  press-spahn  the  20  oon- 
duotors  can  be  arranged  in  ten  layers,  alternate  layers  being 
staggered,  in  a  semi-closed  slot  1'375  in.  x  0'376  in.  with  an  opening 
of  0-126  in. 

The  flux  carried  by  the  stator  iron  behind  the  teeth 

=  ??^  =  330000  lines. 


and  with  a  density  of  42000  lines  per  sq.  in.  the  required  iron 
cross  section 

330000      ^ 
=  1^000=^^- ^^- 
The  net  iron  length 

=  (7-6  -  2  X  0-375)  X  0-9  =  6-08  in. 

Required  depth  of  iron  behind  teeth 

=  48  =  *-^2.8ayl-5in. 

Outer  diameter  of  stator  stampings 

=  11+2  (1-376  +  1-5)  =  16-76  in. 

Length  per  turn  of  winding 

=  2  X  pole  pitch  +  2  (core  length  +  2) 

=  2  X  6-76  4-2x9-6=  30-6  in.  approximately 

Resistance  per  winding  (hot) 

=  ««XlO-X?^^-^|?=0.66ohn». 

Total  stator  copper  loss 

=  3  X  13-62  X  0-B6  =  360  watts. 

To  get  the  stator  iron   loss,  the  volume  of   the   stator  iron  is 
requh-ed.     The  average  tooth  width 

=  '^y^^- 0-376  =  0-345  in. 
64 

Volume  of  stator  teeth 

=  64  X  0-346  X  1-376  x  608  =  166  cu.  in. 
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Volume  of  .iron  behind  teeth 

=  I  (16-76>  -  13-75«)  X  6-08  «  440  cu.  in. 

Density  in  teeth 

^_   660000 

9  X  0-345  X  6-08 

Ck>rre8ponding  watts  per  cu.  in.  per  cycle  per  second 

=  0-008  (see  Fig.  378). 
Watts  lost  in  teeth 

=  0008  X  155  X  50  =  60  watts. 

Density  in  iron  behind  teeth 

-    330000     _ 

15  X  6.08-"^^^- 

Corresponding  watts  per  cu.  in.  per  cycle  per  second 

=  0-009. 
Watts  lost  in  iron  behind  teeth 

=  0009  X  440  X  60  =  200  watts. 
Total  stator  iron  loss  , 

=  60  +  200  =  260  watts. 
Stator  cooling  surface 

=  TT  X  16-75  X  6-75  +  ^  X  11  X  6-75  +  4  X  J  (16-75*  -  11*) 

=  1090  sq.  in. 

Watts  per  sq.  in. 

_360  +  260 
""— 1090— =^^^- 

The  temperature  rise  of  the  stator  will,  therefore,  be  quite 
reasonable. 

A  wound  rotor  will  next  be  designed. 
Air-gap  length 

=  0008  +  00026  X  11,  say  0035  in. 

Choosing  four  slots  per  pole  per  phase,  this  gives  72  slots  in  all. 
A  bar'  winding  will  be  adopted  with  four  conductors  per  slot, 
giving  48  turns  per  phase.     The  rotor  current  is  approximately 

=  13-5  X    . «-  =  50  amperes. 

G  o 
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Choosing  a  strip   with  a  section  0-08  X  0-26  =  0-020  sq.  in.,  a 

50 
current  density  of    ^^^^    =  2600  amperes  per  sq.  in.  is  obtained. 

This  winding  can  be  made  to  fit  in  semi -closed  slots  0-23  in.  x  0-75  in. 
Mdth  a  slot  opening  of  0-10  in. 

As  in  the  stator,  a  depth  of  iron  of  1'76  in.  will  be  allowed 
behind  the  teeth,  making  the  inner  diameter  of  the  rotor  stampings 

11  -  2  (0-75  +  1-75)  =6  in. 

The  length  of  the  mean  turn  of  the  rotor  winding  will  be 
approximately  the  same  as  in  the  stator,  and  the  rotor  resistance 
per  phase  (hot) 

=  0-8  X  10-  X  ^if  ^on^^  =  0-068  ohm. 

Rotor  copper  loss 

=  3  X  60*  X  0-058  =  440  watts. 

Rotor  cooling  surface 

=  7r  X  11  X  7-6  +  TT  X  6  X  7-6  +  4  X  T  X  (ll«-6»)  =670sq.  in. 

Watts  per  sq.  in. 

The  temperature  rise  of  the  rotor  will  also  be  quite  reasonable. 

Taking  the  friction  and  windage  loss  at  about  3  per  cent,  of 
the  output,  this  becomes 

003  X  7460  =  220  watts. 
Total  losses 

=  360  +  260  +  440  +  220  =  1280  watts. 

Magnetising  current  per  phase  for  the  air-gap 

019  X  0-035  X  19600, 
= — (see  p.  446) 

=  4-3  amperes. 

Adding  10  per  cent,  for  the  iron  path,  this  becomes 

1-1x4-3=  4-7  amperes. 

The  power  component  of  the  no-load  current 

260  +  220      ^  ^, 
=       _  =  0,53  ampere. 


a/3x440 
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Actually  this  would  be  rather  larger,  since  the  no-load  copper 
losses  are  neglected,  but  the  difference  is  not  noticeable  in  the 
final  no-load  current. 
Total  no-load  current 

=  \/4-7'  +  0'63*  =4-8  amperes  =  36*6  per  cent,  full  load  current. 

The  estimated  value  of  o-,  obtained  from  Figs.  380  and  381,  is 

cr  =  10  X  1-27  X  5^  =  0077. 

According  to  Behn-Esohenburg'B  formula 

__^, 0035  X  2-54 .  6  X  0-036  X  2-64 

*'  ~  10-6>  "^  01126  X  2-64  X  10-5  x  5-76  X  2-54  "*"     6-76  x  2-64 
=  0-0272  +  0-0020  +  0-0366 
=  0-066. 

A  value  of  0-07  will  be  assumed,  taking  both  methods  into 
consideration.    This  gives  a  maximum  power  factor  of 

^-«-«^=0.87. 


1  +  007 


and  a  full  load  power  factor  of  0*86  is  obtained  from  the  circle 
diagram  of  the  motor,  for  which  the  necessary  data  is  now  avail- 
able. The  circle  diagram  also  gives  the  approximate  short  circuit 
current  as  65  amperes  and  the  maximum  B.H.P.  as  25,  thus 
crediting  the  motor  with  an  overload  capacity  of  150  per  cent. 
The  full  load  efficiency  is 

'"^        =0-866. 


7460  + 1280 
and  the  full  load  apparent  efficiency  is 

0-866  X  0-86  =  0-736. 


Full  load  current 

7460 

V3  X  440  X  0-736 

=  13-3  amperes. 

Full  load  slip 

Rotor  PS  loss 

""    Rotor  input 

440 
7460  +  220  -J-  440 

=  0-054,  say  5-5  per  cent. 

FuU  load  speed 

=  945  r.p.m. 

a  o  2 
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Alternative  Squirrel  Gage  Rotor. — Choosing  43  slots,  a  slot  pitch  of 

IT  X  10*93 

=  0*80  in.  is  obtained.     The  current  per  bar  is 


43 


1080 
13-3  X  -j«-  =  330  amperes. 


Using  bars  with  a  cross  section  of  xV^^-  X  I  ^^j  *  current  density 
of  2800  amperes  per  sq.  in.  is  obtained.  These  bars  will  go  in  slots 
I  in.  X  i  in.    The  maximum  tooth  width  is  0-80  —  0-376  =  0-425  in., 

and  the  minimum  0-80  X  ^^  ^  n^  ^^  -  0375  =  0-362  in. 

The  R.M.S.  current  in  the  end  ring  is 

0-318  X  330  X  43  ,  .  .^, 
g (see.  p.  443) 

=  750  amperes. 

/  The  required  cross  section  of  the  end  ring,  at  4000  amperes  per 
sq.  in., 

An  end  ring  with  a  cross  section  of  f  in.  x  ^  in.  is  suitable, 
since  this  gives  the  desired  cross-sectional  area. 
The  total  full  load  rotor  copper  loss 

=  43  X  330 (00024  x  7-6  +  00064  x  V)  (see  p.  444) 
=  420  watts 

as  compared  with  440  watts  for  the  wound  rotor. 

The  full  load  slip  would  be  about  the  same  in  the  two  cases. 


CHAPTER  XXIX 

MOTOR  CONVERTERS 

General  Arrangement — ^Themotorconverterconsistsofanordinary 
induction  motor  with  a  wound  rotor  and  a  C.C.  generator,  rigidly 
coupled  together  and  arranged  either  with  two  or  three  bearings 
according  to  individual  circumstances.  An  illustration  of  a  1500 
k.W.  three-bearing  motor  converter  is  shown  in  the  frontispiece. 
In  addition  to  the  mechanical  coupling,  the  two  rotating  elements 
are  also  connected  together  electrically,  a  hollow  shaft  being 
employed  for  the  purpose  of  carrying  the  connecting  leads. 

Conneetions. — ^The  diagram  of  connections  for  a  three  phase 
motor  converter  is  shown  in  Fig.  382,  which  represents  a  set  having 
two  poles  on  both  A.C.  and  C.C.  sides.  The  stator  of  the  induction 
motor  is  wound  for  the  same  number  of  phases  as  the  supply,  but 
the  rotor  is  usually  provided  with  a  twelve  phase  winding.  When 
running  normally,  these  twelve  phases  are  connected  in  star,  the 
outer  ends  being  connected  to  twelve  equidistant  points  on  the 
C.C.  armature,  from  the  commutator  of  which  the  main  continuous 
current  is  collected.  This  end  of  the  set  usually  is  provided  with 
interpoles,  and  may  be  either  shunt  or  compound  wound.  When 
starting  up,  only  three,  or  in  the  largest  sizes  six,  phases  of  the 
rotor  of  the  induction  motor  are  used,  these  being  connected  to  slip 
rings  and  thence  to  a  starting  resistance  in  the  usual  manner  with 
induction  motors.  In  addition,  a  short  circuiting  ring  is  mounted 
at  the  end  of  the  slip  rings  for  the  purpose  of  short  circuiting  the 
whole  of  the  inner  ends  of  the  twelve  phases  when  the  normal 
running  conditions  have  been  attained.  A  synchronising  voltmeter, 
which  is  used  during  starting  up,  is  also  connected  across  two  of 
the  slip  rings,  as  shown  in  the  diagram. 

Prineiple  of  Aetlon. — ^Assuming  that  the  combined  set  is  running 
at  some  definite  speed,  the  rotor  of  the  induction  motor  will  have 
E.M.F.'s  induced  in  it  corresponding  in  phase  and  magnitude  to 
its  slip.  These  E.M.F.'s  will  produce  currents  in  the  armature  of 
the  C.C.  generator,  which  will,  in  addition,  have  another  series 
of  E.M.F/s  induced  in  it  on  account  of  its  rotation  in  its  own 
magnetic  field.    The  frequency  of  the  E.M.F.'s  supplied  from  the 
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induction  motor  is  that  of  slip,  whilst  the  frequency  of  the  E.M.F.'s 
due  to  pure  generator  action  is  determined  by  the  speed.  For  these 
two  frequencies  to  be  the  same,  the  induction  motor  must  run  with 


a  slip  of  60  per  cent.,  or,  in  other  words,  the  set  must  run  at  half 
synchronous  speed.  If  the  speed  differs  from  this  value  by  some 
small  amount,  one  of  these  frequencies  goes  up  and  the  other 
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down,  so  that  circulating  currents  will  flow  round  the  two  rotating 
elements,  just  as  in  the  case  of  two  alternators,  and  a  large  syn- 
chronising force  is  produced  tending  to  make  the  two  frequencies 
equal.  The  normal  running  speed  of  the  combination  is  thus  half 
the  speed  of  synchronism,  and  it  behaves  as  a  single  synchronous 
machine. 

As  the  rotor  of  the  induction  motor  is  rotating  with  a  slip  of 
50  per  cent.,  it  follows  that  it  is  running  with  an  efficiency  of  50  per 
cent,  (neglecting  the  stator  losses).  Half  the  power  input  is  trans- 
formed into  mechanical  form  by  the  ordinary  motor  action,  and  the 
remaining  half  is  transmitted  to  the  rotor  by  transformer  action. 
The  mechanical  power  developed  goes  towards  driving  the  C.C. 
generator  through  the  rigid  coupling,  whilst  the  electrical  power 
developed  in  the  rotor  is  supplied  to  the  armature  of  the  C.C. 
generator  and  helps  to  drive  it  by  rotary  converter  action.  The 
power  given  out  at  the  commutator  in  C.C.  form  is  due  to  the  sum 
of  these  two  effects,  one  half  of  it  having  been  converted  by  motor- 
generator  action,  and  the  other  half  by  transformer  and  rotary 
converter  action.  Thus  the  A.C.  end  operates  half  as  an  induction 
motor  and  half  as  a  transformer,  whilst  the  C.C.  end  operates  half 
as  a  generator  and  half  as  a  rotary  converter. 

Constmetlon. — ^The  construction  of  the  two  machines  forming  a 
complete  unit  differs  very  little  from  the  standard  practice  with 
induction  motors  and  C.C.  generators.  In  the  larger  sizes  three 
bearings  are  employed,  whilst  for  the  smaller  sets  only  two  are 
used.  The  induction  motor  is  provided  with  three  or  six  slip 
lings,  for  the  purpose  of  starting,  and  a  short  circuiting  ring  to 
short-circuit  the  twelve  phases  when  the  speed  of  synchronism  is 
attained.  The  air-gap  is  made  much  larger  than  is  customary 
with  induction  motors  of  similar  size.  The  object  of  employing 
the  small  air-gaps  usually  adopted  is  to  keep  the  magnetising 
current  down  as  much  as  possible,  thereby  raising  the  power  factor, 
but  this  does  not  apply  in  the  case  of  a  motor  converter,  since  the 
magnetising  current  is  drawn  from  the  armature  of  the  C.C.  end. 
Larger  clearances  can  therefore  be  used  without  introducing  any 
harmful  effects. 

On  the  C.C.  end  the  currents  are  fed  into  the  rotating  element 
through  the  hollow  shaft  direct  from  the  rotor  of  the  induction 
motor. 

Speed,  Frequency  and  Number  of  Poles. — ^It  has  been  shown  that 
the  speed  of  a  motor  converter  is  half  the  synchronous  speed  of 
the  A.C.  end  when  both  machines  have  only  two  poles  each.  This 
is  also  true  for  multipolar  sets  when  both  machines  have  the  same 
number  of  poles.  The  general  formula  connecting  the  speed  and 
the  numbers  of  poles  is  obtained  by  considering  the  frequency  p{ 
slip  of  the  induction  motor  and  the  frequency  of  generation  of 
the  C.C.  generator  and  equating  them.    If  n  be  the  speed  in 
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r.p.m.,  /  and  /,  the  frequency  of  supply  and  slip  respectively,  and 
Pa  and  p^  the  number  of  poles  on  the  A.C.  and  G.C.  ends  respectively, 
the  spc^  of  the  induction  motor  is  equal  to 

^-^  X  120 
Pa 

and  f=f^^. 

J'     J       120 

The  frequency  of  the  C.C.  generator  is  equal  to 

f    __'^Pc_ 

^'  ~  120 

npa  +  npc  =  120/,  ^ 

and  n  = ^  - 


Pa+Pe 


The  set,  therefore,  runs  at  a  speed  equal  to  the  synchronous  speed 
of  an  induction  motor  having  as  many  poles  as  both  A.C.  and  C.C. 
ends  together.  An  increase  in  the  number  of  poles  at  either  end 
causes  a  reduction  in  speed. 

The  frequency  of  the  currents  in  the  C.C.  generator  is 

_    120/         p^ 


Pa+Pe 


The  C.C.  end  is  thus  always  operating  on  a  frequency  con- 
siderably lower  than  that  of  the  supply,  which  is  advantageous, 
since  the  performance  of  rotary  converters  is  always  better  on  low 
frequencies. 

In  an  ordinary  induction  motor,  the  number  of  rotor  turns  is 
not  rigidly  fixed,  but  in  the  present  case  the  C.C.  generator  must 
be  supplied  with  a  definite  voltage,  depending  upon  the  value  of 
the  C.C.  line  voltage  required  and  the  number  of  phases.  The 
rotor  at  the  A.C.  end  must  therefore  have  the  correct  number  of 
turns  per  phase  to  generate  this  voltage  when  running  with  its 
normal  slip. 

Power  converted  MeehanieaUy  and  Eleetrieally.— Considering  the 
A.C.  end,  the  output  of  the  induction  motor  is  given  by 

Mechanical  rotor  output  Actual  speed 

Electrical  rptor  input         Synchronous  speed 
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whence 

Mechanical  rotor  output  =  Rotor  input  X  c,   Actual  speed 

SjmchronouB  speed 

rr,  J.  t  '       J.           Actual  speed 
=  Total  input  x 


S3mchronous  speed 
neglecting  the  stator  losses. 

But  the  actual  speed  is   n  =  -— ,   and   the  synchronous 

speed  of  the  induction  motor  by  itself  is  — -,     Therefore  the 

Pa 

mechanical  output  of  the  rotor  is 

Total  input  x  -^^  X  -^. 

Pa+Pc        120/ 

=  Total  input  x      ^*     - 


Pa+Pc 

The  power  received  by  the  C.C.  end  in  electrical  form  is  equal 
to  the  power  developed  electrically  in  the  rotor  of  the  induction 
motor,  and  this  is  obtained  from  the  equation 

Electrical  power  developed  in  rotor  ^ 
Rotor  input 

_       Speed  of  slip       __  /^ 
Synchronous  spe^       / 

But  /*  =/  X  — ^^ —  (see  above). 

Pa+Pc 

Therefore  the  electrical  power  developed  in  the  rotor 

/x-5- 

=  Rotor  input  x  —  -^^  ~^' 
=  Total  input  X    -^''—  • 

Pa+Pc 

Thus  — ^^     is  the  fraction  of  the  total  power  converted  by 
Pa+Pc  ^  ^ 

motor-generator  action,  and  — ^ —  is  the  fraction  of  the  total 
^  Pa  +  Pc 

power  converted  by  transformer  and  rotary  converter  action. 

Starting. — ^Motor  converters  can  be  started  up  from  either  the 
C.C.  or  the  A.C.  end. 

In  starting  up  from  the  C.C.  end,  an  ordinary  motor  starter  is 

>  In  an  ordinary  induction  motor  this  is  the  rotor  loss. 
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employed,  the  A.C.  end  being  synchronised  like  an  alternator  when 
the  correct  speed  is  attained. 

Starting  up  from  the  A.C.  end  is  very  simple  in  the  actual  opera- 
tions gone  through.  Three,  or,  in  the  largest  sizes,  six,  of  the  twelve 
rotor  phases  are  brought  out  to  slip  rings,  the  other  ends  of 
these  phases  being  permanently  connected  to  the  C.C.  arma- 
ture. The  slip  rings  are  connected  to  a  rotor  starter  in  the  usual 
manner,  and  a  synchronising  voltmeter,  V  (see  Fig.  382),  is  connected 
across  two  of  the  rotor  slip  rings,  this  comprising  the  whole  of  the 
synchronising  gear.  The  C.C.  end  being  unexcited,  the  rotor 
starting  switch  is  closed,  and  the  set  commences  to  run  up  to  speed 
as  an  induction  motor.  Since  the  synchronous  speed  of  the  motor 
converter  is  only  half  the  synchronous  speed  of  the  induction  motor 
acting  by  itself  (assuming  the  same  number  of  poles  at  both  ends), 
the  rotor  starter  allows  the  set  to  run  up  to  a  higher  speed  than  that 
of  synchronism.  When  a  speed  of  about  10  per  cent,  above  the 
normal  running  speed  is  obtained,  the  shunt  regulator  at  the  C.C. 
end  is  adjusted  until  the  rotary  converter  begins  to  excite  as  a  C.C. 
dynamo.  When  this  occurs,  the  speed  commences  to  fall  and 
approaches  that  of  synchronism.  The  voltmeter,  F,  now  begins 
to  be  affected  by  two  different  voltages  of  slightly  different  frequency, 
viz.,  the  voltage  induced  in  the  induction  motor  rotor  having  a 
frequency  equal  to  that  of  slip,  and  the  voltage  induced  in  the 
rotary  converter  armature  which  is  connected  to  the  voltmeter 
through  the  induction  motor  rotor,  the  frequency  of  this  voltage 
being  determined  by  the  speed.  The  voltmeter  pointer  now 
commences  to  pulsate  after  the  manner  of  the  synchronising  lamps 
in  the  case  of  alternators,  the  pulsations  gradually  becoming  slower 
as  the  synchronous  speed  is  approached.  The  correct  speed  of 
synchronism  is  reached  when  the  pulsations  cease  and  the  volt- 
meter is  at  zero.  The  starter  is  now  short-circuited  and  the 
remaining  rotor  phases  are  all  connected  together  by  the  short- 
circuiting  ring  mounted  near  the  slip  rings.  The  set  is  now  ready 
for  running  on  load. 

The  starting  current  varies  from  one-quarter  to  one-third  of 
the  normal  full  load  cmrent,  and  depends  upon  the  magnetising 
current  of  the  A.C.  end. 

Effloienoy  and  Power  Faotor. — ^The  efficiency  of  a  500  k.W. 
motor  converter  should  vary  from,  say,  85  per  cent,  at  one-quarter 
load  up  to  92  per  cent,  at  full  load,  whilst  the  power  factor  should 
vary  from,  say,  0«96  up  to  unity  from  half  to  full  load,  the  current 
being  sometimes  lagging  and  sometimes  leading. 

Application  to  Sub-station  Work. — ^Motor  converters  now  form 
the  great  rival  to  motor-generators  and  rotary  converters  in  sub- 
station work.  No  external  transformer  need  be  used,  since  the 
stator  of  the  induction  motor  can  be  wound  for  any  voltage,  irre- 
spective of  the  voltages  in  the  rotating  parts,  which  must  be  designed 
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to  snit  the  C.C.  line  pressure.  There  are  therefore  no  H.T.  connec- 
tions in  the  rotating  elements  to  cause  possible  trouble.  Motor 
converters  can  also  be  used  to  supply  a  three  wire  system,  the 
balancers  being  done  away  with,  since  the  set  can  take  care  of  the 
unbalanced  load  by  itself  as  shown  below. 

Motor  Converters  for  Lighting  Load. — ^Motor  converters  intended  to 
supply  a  lighting  load  may  have  the  C.C.  end  either  shunt  or 
compound  wound.  Shunt  machines  can  be  designed  to  work  with 
a  voltage  drop  of  about  6  per  cent,  from  no-load  to  full  load,  whilst 
compound  machines  may  have  either  a  rising  or  a  drooping  charac- 
teristic. A  power  factor  of  unity  may  be  obtained  at  practically 
all  loads  with  a  high  efficiency,  particularly  on  light  loads. 

Three  Wire  Motor  Converters. — ^When  motor  converters  are  used 
to  supply  a  three  wire  system  the  C.C.  outers  are  connected  to  the 
brushes  on  the  commutator  of  the  rotary  converter,  whilst  the 


starter 


Fig.  388.— Motor  Converter  for  Three  Wire  System. 


middle  wire  is  connected  to  the  neutral  point*  of  the  induction 
motor  rotor.  The  potential  of  this  point  is  midway  between  the 
potentials  of  the  outside  ends  of  any  two  diametrically  opposite 
phases,  and  consequently  is  midway  between  the  potentials  at 
opposite  points  on  the  C.C.  armature.  The  potential  of  the 
middle  wire  is  therefore  midway  between  the  potentials  of  the 
brushes  on  the  commutator,  and  any  out-of-balance  current  finds 
its  way  back  to  the  armature  of  the  rotary  converter  by  way 
of  the  neutral  of  the  induction  motor  rotor.  Hie  actual  connection 
is  made  on  the  A.C.  starter,  as  shown  in  Fig.  383,  where  three  leads 
are  brought  out  to  the  starter  through  a  triple  pole  change-over 
switch.  When  starting  up,  the  middle  wire  of  the  three  wire 
system  is  open-circuited,  and  is  only  connected  to  the  motor  con- 
verter when  the  starting  switch  is  thrown  over  to  the  running 
position  after  the  set  has  been  brought  into  synchronism. 

The  out-of-balance  current  is  dealt  with  in  the  same  way  as  in 
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the  case  of  three  wire  rotary  converters,  where  the  middle  wire  is 
connected  to  the  star  point  of  the  transformer  secondary. 

Motor  Converters  for  Traction  Load. — Motor  converters  for  traction 
work  are  compound  wound,  usually  with  a  rising  characteristic. 
The  power  factor  reaches  unity  at  about  three-quarter  full  load, 
the  current  lagging  slightly  for  lower  loads  and  leading  slightly  for 
higher  loads.  Occasionally,  sets  are  installed  to  deal  with  both 
traction  and  lighting  load,  but  this  usually  necessitates  greater 
voltage  regulation  and  leads  to  slightly  increased  dimensions. 

Single  Phase  Motor  Converters. — ^In  the  case  of  a  single  phase 
motor  converter,  the  A.C.  end  must  run  as  a  single  phase  induction 
motor,  and  consequently  must  be  provided  with  an  auxiliary 
winding  on  the  stator  to  produce  the  starting  torque.  The  split 
phase  is  obtained  in  this  instance  by  putting  an  inductance  in 
series  with  the  auxiliary  winding  for  the  purpose  of  getting  the 
required  phase  displacement.  It  is  usual,  also,  to  provide  the  C.C. 
end  with  an  amortisseur  to  damp  the  pulsation  of  the  field  produced 
by  the  rotor  currents. 

Inverted  Motor  Converters. — ^Motor  converters  can  be  used  to 
convert  C.C.  to  A.C-  in  the  same  way  as  rotary  converters,  in  which 
'case  they  are  called  inverted  motor  converters.  They  must  be  syn- 
chronised in  the  same  way  as  alternators,  and  have  similar  voltage 
drops  on  full  load  at  various  power  factors.  A  shunt  regulator  is 
necessary  at  the  C.C.  end  to  maintain  constant  speed  at  all  loads 
for  the  purpose  of  keeping  the  frequency  constant. 

Use  as  a  Power  Factor  Improver. — ^When  a  motor  converter  is 
used  for  this  purpose,  it  is  started  up  and  synchronised  from  the 
A.C.  side,  whilst  the  C.C.  side  is  over-excited  and  left  disconnected 
from  the  bus  bars.  The  over-excitation  necessitates  a  leading 
current  in  the  C.C.  armature,  as  in  the  rotary  converter,  thus 
causing  the  current  to  lead  in  the  induction  motor  rotor.  The 
stator  and  rotor  currents  of  the  induction  motor  are  linked  together 
like  the  primary  and  secondary  of  a  transformer,  and  so  the 
leading  current  in  the  rotor  causes  a  leading  current  to  flow  in  the 
stator,  this  latter  being  drawn  from  the  supply. 

Comparison  with  Motor-generators  and  Rotary  Converters. — Since 
the  size  of  the  induction  motor  depends  upon  the  speed  of  the 
rotating  field  rather  than  on  that  of  the  rotor,  the  A.C.  end  is  some- 
what smaller  than  in  the  case  of  an  induction  motor-generator  of 
the  same  output.  In  comparison  with  a  rotary  converter,  however, 
there  are  two  rotating  machines  against  one  and  a  static  trans- 
former. As  regards  efficiency,  the  motor  converter  is  superior  to 
the  motor-generator  and  is  equal  to  the  rotary  converter  on  full 
load,  but  is  slightly  poorer  on  light  load.  The  power  factor  is 
better  than  that  of  an  induction  motor-generator,  equal  to  that 
of  a  synchronous  motor-generator,  and,  where  variation  in  the 
C.C.  voltage  is  required,  it  is  slightly  better  than  in  a  rotary  con- 
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verier.  The  starting  is  not  quite  so  simple  as  with  an  induction 
motor-generator,  but  is  simpler  than  with  a  rotary  converter  or  a 
synchronous  njiotor-generator  that  has  to  be  synchronised.  Rotary 
converters  operate  better  on  low  frequencies,  and  in  the  motor 
converter  the  frequency  at  the  C.C.  end  is  considerably  lower  than 
that  of  supply,  which  is  advantageous  from  the  point  of  view  of 
commutation.  Motor  converters  also  are  not  liable  to  reversal  of 
polarity,  as  is  the  case  with  rotary  converters. 
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Simple  Series  Motor. — ^The  simple  Biiigle  phase  A.C.  series  motor 
is  very  similar  to  the  C.C.  series  motor  in  its  general  construction  and 
arrangement,  and  consists  of  a  rotating  armature  with  a  commutator 
and  a  stationary  field  S3n9tem,  these  two  elements  being  connected  in 
series  with  one  another  and  fed  from  the  line  voltage.  The  diagram- 
matic arrangement  of  the  circuit  is  shown  in  Fig.  384,  where  A  repre- 
sents the  armature  and  brushes  and  F  the  field  winding.  As  in  C.C. 
series  motors,  the  brushes  are  placed  on  the  commutator  so  as  to 
make  connection  with  conductors  in  the  neutral  zone.  Since  these 
motors  are  largely  used  for  traction  work  where 
reversible  rotation  is  required,  the  brushes  are 
not  given  any  lead,  but  are  set  in  the  no-load 
neutral  position.  One  of  the  main  points  of 
difference  between  the  A.G.  and  C.C.  series 
motor  lies  in  the  field  system.  Since  the  current 
is  alternating  in  the  A.G.  case,  the  magnetic  field 
set  up  is  also  alternating,  and  with  the  ordinary 
solid  magnet  system  this  would  lead  to  prohibitive 
iron  losses,  and  so  the  whole  of  the  magnetic 
field  system  is  laminated  throughout.  aLo,  it 
is  not  necessary  to  employ  salient  pole  pieces  as 
in  the  C.C.  motor,  since  the  poles  may  be  pro- 
duced by  a  stator  similar  to  that  employed  in 
the  case  of  induction  motors,  where  the  position 
of  the  poles  is  decided  by  the  windings.  In  this 
way,  a  uniform  air-gap  is  obtained  all  the  way 
This  method  of  construction  is  very  similar, 
theoretically,  to  that  adopted  in  the  case  of  turbo-alternators 
with  a  cylindrical  rotor,  except  that  the  field  system  is  the 
internal  element  in  the  turbo-alternator  and  the  external  element  in 
the  series  motor.  ^ 

B.M.F/8  indneed  in  the  Armature. — ^In  addition  to  the  £.M.F.'8 
induced  in  the  armature  due  to  rotation  in  the  magnetic  field,  there 
are  also  E.M.F.'s  induced  by  transformer  action,  the  field  winding 
acting  as  the  primary  and  the  armature  winding  as  the  secondary. 
These  E.M.F.'s  will  now  be  considered  in  detail. 
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The  resultant  magnetic  field  is  due  to  the  combination  of  the 
fluxes  set  up  by  the  main  field  and  the  armature  winding  respec- 
tively. Actually  these  fluxes  do  not  exist  separately,  but  it  is 
convenient  to  consider  them  as  two  distinct  fluxes  superposed  on 
one  another  for  the  purpose  of  investigating  their  effects. 

First,  consider  the  effect  of  rotation  in  the  main  field.  All  the 
conductors  from  A  to  A'  down  the  left-hand  side  of  the  armature 
(Fig.  385)  will  have  E.M.P.'s  induced  in 
the  same  direction,  and  all  the  conductors 
from  ^  to  ^'  down  the  right-hand  side  of 
the  armature  will  have  .E.M.P.*s  induced 
in  the  opposite  direction.  The  E.M.F.  per 
conductor  will  be  a  manmum  at  B  and    ^  ^ _^^  „,^^  ^^,^ 

B    and  zero  at  A  and  Ay  but  it  is  across  Induoed  in  Armature. 

these  latter  two  points  that  the  maximum 

p.d.  is  set  up  in  the  armature  due  to  this  cause,  and  it  is  at  these 
two  points  that  the  brushes  are  situated.  When  the  current 
reverses  the  magnetic  field  reverses,  and  thus  the  back  E.M.F. 
between  the  brushes  is  reversed,  since  the  rotation  is  unchanged. 
This  E.M.F.  is  therefore  permanently  opposed  to  the  applied  E.M.F., 
no  matter  what  value  the  speed  may  have.  The  frequency  of  this 
back  E.M.F.  is  equal  to  that  of  the  field  and  therefore  to  that  of 
the  supply,  and  is  independent  of  the  speed  of  rotation.  Its  magni- 
tude, however,  depends  upon  the  strength  of  the  field  and  the  rate 
of  cutting  lines  of  force.  With  an  ordmary  drum  wound  armature 
the  magnitude  of  this  E.M.F.  is  given  by  the  same  formula  as  used 
for  C.C.  machines,  viz., 

^*'  "  60xlO«  ^  f 
where  Eav  is  the  average  value  of  the  E.M  F.,  n  is  the  speed  in 
r.p.m.,  N  is  the  number  of  conductors,  ^av  is  the  average  value  of 
the  flux  per  pole,  p  is  the  number  of  poles,  and  g  is  the  number  of 
parallel  circuits  on  the  armature.     With  sinusoidal  distribution 

2 
the  average  value  of  the  flux  per  pole,  <Pavf  is  equal  to  -  times  the 

TT 

maximum  value  of  the  flux  per  pole,  ^,  and  if  ^  be  the  number 
of  turns  in  series,  then 

T  =  ^ 
2g 
2 
n  X  -*  X  2qT  Xp 

^^^  ^^'^       60xlO«xg 

4 

-  X  n<PTp 

^   IT 

"~~60xT0« 
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The  R.M.S.  value  of  the  voltage  is  given  by 
^  =  ^^a.(8eep.  12), 

and  henoe  ^  =  -^!1-  X  ^  X  -''^'^? ^ 

2V2      ^      60  X  10* 

=  V^*^1>  volts. 
60  X  108 

This  E.M.F.  is  in  phase  with  the  flux  which  produces  it.  As 
will  be  shown  later,  the  power  factor  of  the  motor  is  less  than  unity, 
and  consequently  the  back  E.M.F.,  which  is  in  phase  with  the  flux, 
and,  approximately,  the  cmrent,  is  not  in  phase  with  the  applied 
terminal  voltage. 

The  second  E.M.F.  induced  in  the  armature  is  due  to  rotation 
in  the  armature  reaction  field,  and  the  axis  of  this  flux  is  a  line 
joining  the  brushes.  This  flux  is  geometrically  at  right  angles  to 
the  main  field  in  a  bipolar  motor,  and  consequently  the  maximum 
p.d.  occurs  between  the  points  B  and  B\  Ar  far  as  this  E.M.F.  is 
concerned,  the  points  A  and  A'  are  equipotential,  and  therefore 
this  E.M.F.  has  no  effect  upon  the  total  back  E.M.F.  induced. 
Unfortunately,  however,  the  conductors  at  A  and  A'  are  situated 
so  as  to  have  the  maximum  voltage  induced  in  them,  and  since 
the  turns  in  this  region  are  short-circuited  by  the  action  of  the 
brushes  on  the  commutator,  this  results  in  a  tendency  to  spark. 

Hiere  are  next  the  E.M.F.'s  set  up  by  transformer  action. 
Considering  the  armatinre  as  stationary  for  the  time  being,  the 
maximum  E.M.F.  is  induced  in  those  turns  which  embrace  the 
greatest  area  in  a  plane  at  right  angles  to  the  flux.    These  turns 
are  situated  at  AA\  and  consequently  this  effect  will  also  tend  to 
produce  sparking  at  the  brushes.    The  conductors  between  which 
the  maximum  p.d.  exists  are  situated  at  BE'  (at  right  angles  to 
AA'),  and  consequently  the  cumulative  effect  of  the  whole  winding 
is  neutralised  at  the  brushes,  since  the  E.M.F.  induced  in  the  con- 
ductors between  B  and  A  is  balanced  by  the  E.M.P.  induced  in 
the  conductors  between  B  and  A' ;   similarly  on  the  other  side  of 
the  armature.    The  phase  of  this  induced  voltage  is  90**  behind 
the  flux,  since  it  is  proportional  to  minus  the  rate  of  change  of  flux, 
and  its  frequency  is  the  same  as  that  of  the  flux,  which  is  the 
frequency  of  supply.    Since  the  magnitude  of  this  voltage  is  only 
dependent  upon  the  rate  of  change  of  the  flux  and  the  number  of 
turns,  it  follows  that  it  is  independent  of  the  speed  of  rotation,  and 
consequently  the  same  E.M.F.  is  induced  due  to  this  cause,  whether 
the  armature  is  rotating  or  not.    The  ordinary  formula  for  the 
induced  E.M.F.  in  a  transformer  is 

E  =  V^irf^T  X  10-8  volts  (see  p.  172), 
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2 

but  in  this  case  a  factor  -  must  be  introduged  to  account  for  the 

IT 

fact  that  all  the  turns  do  not  link  with  all  the  flux.     Therefore 
E=-x  \/27r/*r  X  10-8 

TT 

=  2V2/^T  X  10-8  volt«. 

If  the  field  is  not  uniform,  or  if  the  armature  winding  is  differently 

2 
arranged,  the  value  of  the  constant  -  is  affected  somewhat.    In  ' 

TT 

the  case  of  a  multipolar  wave  wound  armature,  T  will  be  the 
number  of  turns  in  series  between  the  brushes. 

The  ratio  of  this  transformer  E.M.F.  to  the  rotation  E.M.F.  is 

Transformer  E.M.F.  ^  2\/2/4>r  x  10- »  ^  120/ 
Rotation  E.M.F.  V2n^Tp  '^P 

60  X  10« 
But  the  synchronous  speed  is 

120/ 

P 
Therefore 

Transformer  E.M.F.  __  n,  _  Synchronous  speed 
Rptation  E  M.F.  n  Actual  speed 

The  fourth  E.M.F.  induced  in  the  armature  is  one  due  to  trans- 
former action  set  up  by  the  armature  reaction  cross  flux.  This  is 
produced  in  the  same  way  as  the  transformer  E.M.F.  due  to  the 
main  field,  except  that  it  acts  along  an  axis  AA'  instead  of  BB\ 
since  the  armature  reaction  cross  flux  is  at  right  angles  to  the  main 
field.  The  phase  of  this  induced  E.M.F.  is  again  90**  behind  the 
flux,  and  will  require  the  application  of  an  E.M.F.  at  the  brushes 
90®  ahead  of  the  flux  to  overcome  it.  This  is  only  another  way  of 
saying  that  the  armature  possesses  reactance,  since  the  E.M.F. 
induced  is  an  E.M.F.  of  self-induction,  and  the  voltage  required 
to  overcome  it,  together  with  the  E.M.F.  required  to  overcome 
the  resistance  of  the  armature  and  brushes,  forms  the  impedance 
voltage  of  the  armature. 

Torque. — ^The  torque  developed  depends  upon  the  instantaneouB 
product  of  the  armature  current  and  the  field.  The  field  is  pro- 
portional to  the  current,  neglecting  the  effect  of  change  of  perme- 
ability, so  that  the  torque  is  nearly  proportional  to  the  square  of 
the  current.  When  the  current  reverses  in  direction  the  field  does 
so  at  the  same  instant,  since  they  are  practically  in  phase  with 
each  other,  and  so  the  torque  is  always  developed  in  the  same 
direction.     Owing  to  the  variation  in  the  strength  of  the  current, 
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the  value  of  the  torque  is  constantly  varying  between  zero  and 
a  maximum  value  at  a  frequency  equal  to  double  that  of  the  current, 
so  that  although  the  torque  is  unidirectional  in  character  it  is 
pulsating  in  magnitude. 

Speed. — ^Assuming  for  the  moment  that  the  power  factor  and 
efl&ciency  remain  constant  for  all  loads,  then  the  output  is  propor- 
tional to  the  current  for  a  constant  applied  voltage.  But  since 
the  torque  is  proportional  to  the  square  of  the  current,  the  speed, 

which  is  proportional  to  - — - — ,  is  inversely  proportional  to  the 

current  and  to  the  output.  Actually  this  proportionality  does 
not  hold  good  exactly,  but  it  is  sufficient  to  show  that  the  speed 
decreases  considerably  with  increase  of  load  and  that  the  speed-load 
characteristic  is  of  the  same  general  shape  as  in  the  case  of  the 
C.C.  series  motor. 

Veetor  Diagram. — ^In  drawing  the  vector  diagram  of  the  series 


Fig.  386.— Vector  DlAgram  of  Series  Motor. 


motor,  it  is  convenient  to  start  with  the  flux  vector.  In  Rg.  386, 
^  represents  the  magnetic  flux  entering  the  armature  and  linking 
with  the  winding.  The  magnetising  current  necessary  to  produce 
this  flux  is  represented  by  /^  in  phase  with  the  flux.  TSie  iron 
losses  necessitate  a  further  small  current,  /»,  in  phase  with  the 
terminal  voltage,  the  phase  of  which  is  not  yet  known.  As  a  first 
approximation,  this  current  may  be  drawn  at  right  angles  to  the 
magnetising  current,  which  will  not  make  any  appreciable  error, 
since  it  is  relatively  small.  A  third  component  of  the  current  is 
introduced  on  account  of  the  current  flowing  round  the  turns  short 
circuited  by  the  brushes  on  the  commutator.  These  turns  have 
an  E.M.F.  induced  in  them  by  the  transformer  action  of  the  main 
field.  This  E.M.F.  lags  behind  the  flux  by  90**,  and  since  these  turns 
possess  both  resistance  and  reactance,  the  short  circuit  current  will 
lag  behind  the  E.M.F.  by  some  angle  0.  The  phase  of  this  current 
is  therefore  W  +  d  behind  the  flux  ^  and  is  represented  in  the 
vector  diagram  by  1^^    To  balance  the  ampere-turns  set  up  in  this 


SERIES  MOTORS  467 

-way  an  equivalent  number  must  be  supplied  by  the  main  current 
exactly  opposite  in  phase,  and  this  results  in  a  third  component 
of  the  current,  7'^-  On  adding  these  three  components  together, 
vectorially,  the  resultant  current,  7,  is  obtained. 

The  terminal  voltage  will  consist  of  components  representing 
the  armature  transformer  E.M.F.  and  armature  resistance  drop, 
the  voltage  drop  due  to  the  resistance  and  reactance  of  the  field 
Tirinding,  and  the  rotation  E.M.F.  The  armature  transformer 
E.M.F.,  which  brings  about  the  armature  reactance,  lags  behind 
the  armature  flux  by  90^  and  requires  the  application  of  a  counter  . 
E.M.F.  leading  the  flux  by  OO"" ;  this  is  represented  by  Et.  There 
is  next  the  voltage  drop  due  to  the  armature  resistance  in  phase 
with  the  total  current,  7,  represented  by  Era-  In  the  case  of  a 
simple  impedance  the  resistance  and  reactance  components  of  the 
voltage  difler  by  90^  in  phase,  but  in  the  present  instance  this  is 
not  so,  since  the  induced  back  E.M.F.  is  in  quadrature  with  the 
flux  cutting  the  armature,  and  this  is  not  in  phase  with  the  armature 
current.  This  alters  the  phase  relationship  somewhat.  The  voltage 
drop  due  to  the  resistance  of  the  field  winding  is  again  in  phase  with 
the  current  and  is  represented  by  Erf,  The  field  winding  also 
sets  up  a  certain  leakage  field,  which  appears  as  a  reactance  and 
necessitates  a  voltage,  E^,  leading  the  current  by  W.  Lastly, 
there  is  the  rotation  volt€tge,  e,  in  phase  with  the  main  flux  and 
having  a  magnitude  proportional  to  the  speed.  Adding  all  these 
components  together,  the  resultant  terminal  voltage,  E,  is  obtained. 
The  angle  of  phase  difference,  ^,  between  the  terminal  voltage, 
Ey  and  the  current,  7,  gives  the  angle  of  lag  in  the  whole  circuit,  and 
cos  ^  is  the  power  factor  of  the  motor. 

It  is  thus  seen  that  for  a  high  power  factor,  the  reactcuices  should 
be  small  and  the  rotation  E.M.F.  large.  The  latter  is  obtained  by 
running  the  motor  at  a  high  speed,  above  that  of  synchronism. 
The  motors  previously  dealt  with  have  not  been  able  to  run  at 
hypersynchronous  speeds,  but  there  is  no  fundamental  reason  why 
this  should  be  impossible  in  the  present  case. 

At  the  moment  of  starting  the  rotation  E.M.F.  is  zero,  and  this 
advances  the  phase  of  the  terminal  volts  with  respect  to  the  ciurent, 
thus  making  the  power  factor  worse.  The  power  factor  gradually 
improves  as  the  speed  increases.  For  heavy  loads,  the  power 
factor  comes  down  again,  since  the  speed  falls  as  the  load  goes  up. 

Cirele  Diagram. — Considering  the  motor  to  have  a  constant  voltage 
applied  to  its  terminals,  this  voltage  can  be  split  up  approximately 
into  two  main  components  90°  out  of  phase  with  each  other.  The 
component  in  phase  with  the  current  consists  of  the  resistance  drops 
in  the  armature  and  fleld  windings  and  the  rotation  voltage.  The 
latter  is  not  strictly  in  phase  with  the  current,  as  shown  in  the 
vector  diagram,  but  will  be  assumed  so  for  the  purposes  of  the 
simple  circle  diagram.    The  voltage  in  quadrature  with  the  current 
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consists  of  the  reactance  drops  in  the  armature  and  field  windings. 
This  again  is  only  an  approximation,  since  the  vector  diagram 
showed  the  voltage  overcoming  the  leakage  reactance  of  the  armature 
90^  out  of  phase  with  the  flux  instead  of  the  current.  These  assump- 
tions are  made,  however,  in  order  to  split  up  the  constant  applied 
voltage  into  two  components  at  right  angles  to  each  other.  In 
Fig.  387,  if  OB  represents  the  constant  applied  voltage,  OC  represents 
the  voltage  overcoming  the  total  reactance  of  the  motor  and  CB 
represents  the  total  voltage  in  phase  with  the  current,  and  since 
OB  is  constant  and  the  angle  OCB  is  a  right  angle,  it  follows  that 
the  point  C  will  move  in  a  semicircle  erected  on  OB  as  a  diameter 


0  N  A  P       B 

Fig.  387.~CircIe  Diagram  of  Series  Motor. 

(see  Fig.  48).  Since  the  reactance  of  the  motor  may  be  assumed 
constant,  the  current  is  proportional  to  the  voltage  across  the 
reactance  of  the  motor,  and  is  represented  to  scale  by  OC.  The 
phase  of  the  current,  however,  is  represented  by  CB  and  the  angle 
of  lag  is  given  by  the  angle  CBO,  which  is  equal  to  the  angle  EOC, 

CB 

The  power  factor,  therefore,  is  given  by  -^  or  cos  EOC.    OB  is 

now  divided  at  ^,  so  that 

OA  __      reactance  of  field      __  E^  „.     ^^ 
AB      reactance  of  armature  ^  W]^    ^'        '* 
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and  another  semicircle  is  erected  on  OA  as  a  diameter.  Now 
wherever  the  point  C  may  be,  OC  is  divided  by  this  second  semi- 
circle at  D  in  the  same  ratio  as  OB  is  divided  at  A,  since  the  triangles 
OBC  and  OAD  are  similar.  (The  line  AD  is  omitted  in  the  diagram 
for  the  sake  of  clearness.)  OD  therefore  represents  the  voltage 
drop  in  the  reactance  of  the  field  and  DC  the  voltage  drop  in  the 
reactance  of  the  armature.  As  in  Fig.  53  (which  see),  a  vertical 
line  is  erected  at  B  and  a  length  BF  is  measured  off  along  it  such 
that 

BF  _  Total  resistance  _  Erf  +  Era 
OB  ~~  Total  reactance       Eg  +  E~^  ' 

Another  semicircle  is  now  erected  on  BF  as  a  diameter  and  this  is 
cut  by  the  line  CB  at  H.  Now  the  angle  HBF  equals  the  angle 
COB,  and  therefore 

BB[_qC 
BF      OB 

and    BH^OCx^ 

m  J.  1         i.  IX        J  Total  resistance 

=  Total  reactance  voltage  drop  x  Hr-r-t : 

Total  reactance 

^  .   ,  .  ^  .       Total  resistance 

=  Total  reactance  X  Current  x  ,^^-r-i ,- 

Total  reactance 

=  Current  x  Total  resistance 
=  Total  resistance  voltage  drop. 

The  line  BF  is   now  divided   at   G,  and  another  semicircle 
erected    on   BO   as   a    diameter,    in    the    same    way    that    OB 

BO 

was  divided  e^j  A,     In  the  present  instance  j^  is  made  equal  to 

ResiBtanoe  of  field  ,   .,      ,.       ^^  •  im.  i.   rx 

= — T-r -i T — ,  and  the  line  CB  is  now  spht  up  at  H 

Resistance  of  armature  ^         ^ 

and  K,   so  that  BK  represents  the   voltage  drop   due  to  the 

resistance  of  the  field,  Erfy  and  KH  represents  the  voltage  drop 

due  to  the  resistance  of  the  armature.  Era-     The  remaining  part 

of  the  voltage  in  phase  with  the   current,  HC,  must  therefore 

represent  the  voltage,  e,  induced  in  the  armature  due  to  its  rotation 

in  the  magnetic  field.     The  voltage  drop  across  the  brushes  on  the 

armature  is  given  by  the  vector  sum  of   e.  Era,  and  £|,  and  is 

represented  by  DK  in  the  circle  diagram.     Since  e  is  proportional 

to  the  flux  X  speed,  the  speed  is  proportional  to  ^ —  or  v , 

assuming  the  flux  to  be  proportional  to  the  current.     In  the  circle 
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diagram,  therefore,  the  speed  is  represented  by  j^rz^ .    Let  OC  and 

BF  be  produced  until  they  meet  at  L,    Now  OC  = 
OB  cos  COB  =  OB  cos  CBL 

Therefore  the  speed  is  proportional  to 

CH  ^       CH       ^  FL 
OC      ^„      CH     OB' 

and  since  OB  is  constant,  the  speed  is  represented  to  scale  by  FL. 
Ab  in  the  case  of  the  induction  motor,  the  input  is  measured 
by  CN  to  a  scale  of  watts.  The  copper  losses  can  be  obtained 
by  drawing  vertical  lines  from  the  points  H  and  K,  the  vertical 
height  of  H  representing  the  total  copper  loss  and  the  vertical 
height  of  K  the  copper  loss  in  the  field  only.  The  output 
(neglecting  iron  and  friction  loss)  is  thus  obtained  by  subtracting 
the  vertical  height  of  H  above  the  base  line  from  the  input 
CN,  from  which  the  electrical  efficiency  can  be  obtained.  The  torque 
is  proportional  to  the  instantaneous  product  of  current  and  flux, 
and,  neglecting  the  phase  difference  between  these  two  quantities 
and  also  the  effect  of  magnetic  saturation,  the  torque  may  be  taken 
as  being  approximately  proportional  to  the  ^current)*.  Now  in  the 
circle  diagram 

„„      OC      ON 

and  therefore  OC^  =  0N  X  OB. 

The  torque  being  proportional  to  0(7*  and  OB  being  constant,  it 
follows  that  the  torque  is  represented  to  scale  by  ON. 

At  the  moment  of  starting  e  is  zero,  and  if  the  full  voltage  be 
applied  the  starting  current  will  be  represented  by  OM  and  the 
starting  torque  by  OP, 

Power  Faetor. — ^From  the  circle  diagram  in  Fig.  387  it  is  seen  that 
the  power  factor  is  better  on  light  loads  than  on  heavy  loads,  since 
the  vector  OC  is  swung  round  to  the  right  as  the  current  increases, 
thus  increasing  the  angle  of  lag.  When  the  point  C  reaches  the 
top  of  the  semicircle,  the  power  input  has  reached  a  maximum 

and  the  power  factor  has  dropped  to  --^  =  0'707.    Further  increase 

of  load  reduces  the  power  factor  still  more,  so  that  when  M  is 
reached  the  power  factor  is  at  its  worst.  This,  however,  is  the 
condition  at  starting  when  the  back  induced  voltage,  c,  is  zero,  so 
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that  when  the  motor  is  first  switched  into  circuit  the  power  ieuotov 
is  very  poor,  but  it  gradually  improves  as  the  motor  gains  speed. 
Also,  the  higher  the  speed  the  greater  does  e  become,  thus  improving 
the  power  factor.  If  reference  be  made  to  the  vector  diagram  in 
Fig.  386,  which  is  rather  more  accurate  than  the  circle  diagram, 
it  will  be  seen  that  if  e  be  made  sufficiently  large  it  is  possible  for 
the  motor  to  draw  a  leading  current  from  the  supply.  This  is 
due  to  the  action  of  the  short  circuited  coils  under  the  brushes, 
which  set  up  a  number  of  ampere-turns  and  cause  a  phase  displace- 
ment between  the  flux  and  the  main  armature  current.  It  is  not 
desirable  to  magnify  this  effect  deliberately,  however,  although  it 
would  improve  the  power  factor,  since  it  would  do  it  at  the  expense 
of  the  commutation  and  the  efficiency. 
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The  best  way  of  obtaining  a  high  power  factor  is  to  neutralise 
the  armature  reactance  (which  will  be  dealt  with  in  the  cafie  of  the 
compensated  series  motor)  or  to  reduce  the  working  field  strength. 
This  reduces  the  recictance  of  the  field  winding  and  brings  ahmt 
the  high  speeds  which  are  desirable. 

It  is  also  seen  that  a  low  frequency  is  advantageous,  since  this 
results  in  relatively  low  reactances  and  high  {)Ower  factors. 

Pull  load  power  factors  of  0*8  to  0-95  are  met  with  in  practice. 

Effleieney. — ^The  efficiency  of  a  single  phase  series  motor  generally 
is  lower  than  that  of  the  corresponding  C.C.  motor.  For  medium 
sized  motors  it  reaches  a  value  of  about  0*8,  whilst  for  large  sizes 
it  may  rise  as  high  as  0*86.    Fig.  388  shows  the  approximate  values 
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of  the  full  load  efficiencies  which  may  be  expected  in  modem  motors 
of  this  type. 

Pert ormanee. — ^The  approximate  performance  of  a  series  motor 
can  be  derived  from  the  circle  diagram  shown  in  Fig.  387.  It  is 
usual  to  plot  the  various  quantities  as  a  function  of  the  B.H.P., 
although  in  some  ca«es  the  torque  is  chosen  instead.  Fig.  389 
represents  the  performance  of  a  25  B.H.P.  motor  obtained  in  this 
manner. 

Starting. — ^The  usual  'starting  device  for  a  single  phase  series 
motor  consists  of  an  auto-transformer  with  a  number  of  tappings 
on  the  winding,  so  as  to  enable  the  voltage  across  the  motor  terminals 
to  be  gradually  raised.  This  arrangement  allows  a  reduced  voltage 
to  be  applied  to  the  motor  and  also  relieves  the  line  to  a  large  extent 
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Fig.  889.— Performanoe  Curves  of  25  B.H.P.  600  Volt  Series  Motor. 


of  the  excessive  current  which  the  motor  is  allowed  to  take  at  the 
moment  of  switching  on.  The  connections  are  shown  in  Fig.  390, 
where  M  represents  the  motor,  A  the  auto-transformer,  and  C  a 
choking  coil  known  as  a  preventive  coil.  One  terminal  of  the  motor 
is  connected  to  one  end  of  the  auto-transformer  and  the  other 
to  the  middle  point  of  the  choking  coil.  The  two  ends  of 
the  choking  coil  are  connected  to  two  moving  fingers  which  in 
some  positions  lie  on  the  same  contact  and  in  others  bridge 
over  two  contacts.  When  both  fingers  are  on  the  same  contact, 
the  currents  flow  in  opposite  directions  in  the  two  halves  of  the 
choking  coil,  thus  rendering  it  practically  non-inductive,  so  that ' 
the  drop  in  volts  is  inappreciable.    When  bridging  two  contacts, 
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the  impedance  of  the  choking  coil  is  sufScient  to  prevent  the  short 
circuiting  of  the  particular  section  of  the  auto-transformer  concerned. 
The  choking  coil  thus  appears  non-inductive  to  the  motor  circuit 


Fio.  390.— Auto-Xruuformer  for  starting  Series  Motor. 

and  yet  acts  like  a  highly  inductive  resistance  to  the  local  circuit 
across  the  contacts. 

Compensated  Series  Motor. — One  of  the  methods  of  improving  the 
power  factor  of  the  series  motor  consists  in  counteracting  the  leakage 
reactance  of  the  armature.  The  latter  tends  to  set  up  a  distorting 
field,  the  axis  of  which  is  a  line  drawn  through  the  brushes  in  a 
bipolar  case.  These  cross  ampere-turns  can  be  neutralised  by  means 
of  an  auxiliary  field  winding  placed  midway  between  the  main 
field  windings  in  much  the  same  way  that  interpoles  neutralise  the 
cross  ampere-turns  of  the  armature  in  a  G.C.  motor.  The  general 
arrangement  is  shown  in  Fig.  391,  where  A  represents  the  armature, 
F  the  main  field  winding,  and  C  the  compensating  winding.    This 


Fio.  391. — Compensated  Series 
Motor. 


FiQ.  392.— Compensated  Series  Motor 
with  Damping  Coil. 


compensating  winding  is  arranged  to  set  up  as  many  ampere-turns 
as  the  armature,  and  since  it  acts  in  direct  opposition  it  practically 
eliminates  the  leakage  cross  flux  and  renders  the  armature  non- 
inductive.  The  addition  of  the  compensating  winding  also  sup- 
presses to  a  large  extent  the  rotation  E.M.F.  which  is  induced  by 
the  armature  cross  flux  in  the  short  circuited  coils  under  the  brushes. 
The  compensating  winding,  therefore,  has  a  beneficial  effect  on 
the  commutation  as  well  as  effecting  an  improvement  in  the  power 
factor. 

An  alternative  arrangement  to  that  shown  in  Fig.  391  consists 
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in  short  circuiting  the  compensating  winding  on  itself  and  dis- 
connecting it  from  the  main  circuit  altogether.  The  auxiliary 
winding  is  now  often  called  a  damping  coil,  and  the  connections  of 
this  type  of  motor  are  shown  in  Fig.  392,  where  D  represents  the 
damping  coil  and  A  and  F  have  the  same  significance  as  before. 
This  produces  the  same  result  as  the  former  method  of  connection, 
although  the  action  is  somewhat  different.  The  damping  coil 
acts  like  the  short  circuited  secondary  of  a  transformer  the  primary 
of  which  is  formed  by  the  armature  winding,  whilst  the  flux  linking 
the  two  consists  of  the  armature  cross  leakage  flux.  The  E.M.F. 
induced  in  the  short  circuited  damping  coil  causes  a  current  to  flow 
which  sets  up  ampere-turns  sufScient  to  neutralise  the  ampere-tums 
of  the  armature,  thus  suppressing  the  cross  flux  and  rendering  the 
armature  tolerably  non-inductive. 

The  difference  between  the  two  methods  of  compensation  lies 

in  the  fact  that  in  one  case  the  neutralising  ampere-tums  are  obtained 

directly  from  the  main  circuit,  whilst  in  the  other 

they  are  obtained  by  transformer  action  from  the 

armature. 

Series  Motor  with  Transformer. — ^As  series  motors 
are  usually  limited  by  their  design  to  line  pressures 
of  about  300  volts,  it  is  necessary  to  supply  a 
transformer  when  higher  voltages  are  dealt  with. 
There  is,  however,  no  objection  to  the  field  winding 
being  connected  to  the  H.T.  supply,  and  so  only  the 
^Motor'"l5S"  armature  is  supplied  from  the  L.T.  side  of  the  trans- 
TraMformer.  former,  wluch  is  connected  in  series  with  the  field 
winding  as  shown  in  Fig.  393,  in  which  T  represents 
the  transformer.  This  transformer  can  also  be  used  for  starting 
purposes  by  providing  the  secondary  with  a  number  of  tappings, 
so  that  the  increase  in  the  apparatus  is  not  as  much  as  would  appear 
at  first  sight. 

Commatation.^In  addition  to  the  usual  process  of  reversing  the 
current  which  takes  place  in  C.C.  motors,  there  are  the  extra  E.M.F.'s 
induced  in  the  short  circuited  coils  to  be  dealt  with.  This  adds 
to  the  difficulty  of  commutation  and  leads  to  special  features  in 
the  design  of  the  commutator.  This  is  made  of  larger  diameter 
than  in  the  corresponding  C.C.  motor,  so  that  it  more  nearly  ap- 
proaches the  diameter  of  the  armature.  A  large  number  of  com- 
mutator bars  is  also  essential,  the  maximum  number  possible  for 
the  particular  armature  winding  being  put  in.  Narrow  brushes 
are  also  employed,  so  as  to  avoid  short  circuiting  more  turns  than 
absolutely  necessary  at  a  given  instant.  Since  the  cinrent  is  large 
at  starting,  commutation  will  be  more  difficult  at  this  time  and 
sparking  may  be  anticipated,  but  as  the  motor  gains  speed  the  current 
decreases  and  the  commutation  improves.  As  tolerably  good 
commutation  can  be  obtained  over  a  wide  range  of  speeds,  it  follows 
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that  the  series  motor  is  suitable  for  variable  speed  work.  The 
addition  of  interpoles  also  exerts  a  very  great  effect  on  the  commuta- 
tion as  in  C.C.  motors,  and  they  are  now  very  largely  employed. 

Interpoles. — ^In  C.C.  motors  interpoles  fulfil  a  double  purpose. 
They  act  as  a  compensating  winding  for  the  purpose  of  neutralising 
the  armature  cross  flux,  and  they  also  aid  commutation  by  intro- 
ducing a  reverse  flux  into  the  armature  so  as  to  cut  the  conductors 
coming  under  the  brushes.  In  A.C.  motors  these  two  functions 
are  separated.  The  action  of  the  compensating  winding  has  already 
been  discussed,  but  it  must  be  remembered  that  this  winding  must 
embrace  a  complete  pole  pitch,  smce  the  M.M.F.  set  up  by  the 
armature  acts  over  the  whole  of  this  region.  The  commutating 
winding,  on  the  other  hand,  is  only  required  to  produce  a  local 
effect  on  those  conductors  undergoing  commutation.  For  this 
reason,  the  interpole  (or  commutating  pole)  winding  is  concentrated 
over  a  narrow  area,  and  one  large  tooth  is  provided  on  the  stator 
core  to  receive  this  winding.  The  main  field  winding  and  the 
compensating  winding  are  woimd  in  the  same  sized  slots,  displaced 
half  a  pole  pitch  with  respect  to  each  other,  whilst  the  interpole 
winding  is  situated  on  the  centre  line  of  the  compensating  winding 
and  is  wound  on  a  single  tooth  of  larger  dimensions  than  its  fellows. 

Sphere  of  Applieatlon. — Owing  to  its  variable  speed  properties, 
the  series  motor,  in  common  with  the  other  types  of  single  phase 
commutator  motors,  is  particularly  adapted  to  traction  work. 
For  this  class  of  work  a  single  phase  S3mtem  hsus  obvious  advantages 
over  a  x>olypha8e  S3rstem  in  the  transmission  and  collection  of  the 
current,  since  an  earthed  return  can  be  adopted  and  only  one  live 
wire  need  be  used.  Apart  from  this  consideration,  the  polyphase 
induction  motor  is  unsuitable  for  variable  speed  work  and  the 
synchronous  motor  is  obviously  out  of  the  question.  The  various 
types  of  single  phase  commutator  motors  have  to  compete,  there- 
fore, with  the  single  phase  induction  motor  and  have  now  practi- 
cally displaced  the  latter  from  the  market  in  this  class  of  work. 
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Simple  Repubion  Motor. — ^The  simple  repulsion  motor  consists 
of  a  field  system  and  an  armature  with  a  commutator  just  like  a 
series  motor.  The  difference  between  the 
two  motors  lies  in  their  connections  and 
action.  The  field  system  or  stator  does  not 
possess  salient  poles,  but  is  built  up  of 
toothed  laminations  as  in  the  series  motor, 
thus  producing  a  uniform  air-gap.  The  field 
^vindhlg  is  wound  in  the  stator  slots,  the 
position  of  the  poles  being  determined  by  the 
winding.  The  armature  possesses  an  ordin- 
ary distributed  winding  connected  to  the 
commutator  in  the  usual  way,  but  the 
brushes  are  set  at  an  angle  of  about  70**  from 
the  position  of  maximum  p.d.  on  the  arma- 
ture. These  brushes  are  short  circuited  and 
are  not  connected  electrically  to  the  main 
The  stator  winding  producing  the  main  field  is 
across    the    supply.      "fiie    connections    of    a    simple 


Fio.  304.— Connectloiis  of 
Simple  Repulsion  Motor. 


circuit  at  all. 

connected 

repulsion  motor  are  represented  diagrammatically  in  Fig.  394. 

Theory  of  Operation. — Considering  the  motor  as  a  transformer  in 
which  the  stator  winding  forms  the  primary  and  the  rotor  winding 
the  secondary,  the  maximum  p.d.  is  set  up  between  the  points 
AA\  If  the  brushes  be  placed  on  this  line  the  maximum  current 
will  flow  in  the  armature,  but  no  torque  will  be  produced,  since  the 
axis  of  the  main  field  coincides  with  the  axis  of  the  flux  set  up  by 
the  armature.  To  obtain  the  maximum  torque  these  two  fluxes 
should  be  at  right  angles  to  each  other  in  a  bipolar  case.  The  position 
corresponding  to  this  is  along  the  line  BB\  but  if  the  brushes  be 
placed  in  this  position  they  short  circuit  two  equipotential  points 
on  the  armature,  and  thus  no  armature  current  is  produced.  As  it 
is  essential  that  both  an  armature  current  should  flow  and  a  phase 
displacement  should  exist  between  the  axes  of  the  two  fluxes,  an 
intermediate  position  between  A  A'  and  BB'  is  chosen  for  the 
brushes.    In   these    circumstances,    neither   the   armature   short 
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circuit  current  nor  the  phase  displacement  is  a  maximum,  but 
their  instantaneous  product  has  a  definite  value,  whilst  in  the  two 
extreme  positions  it  is  zero. 

In  the  series  motor,  the  rotation  is  set  up  by  the  armature  current) 
producing  poles  along  the  axis  of  the  brushes,  these  poles  being 
attracted  to  those  of  the  main  field  of  opposite  sign.  In  the  present 
instance,  however,  the  armature  tends  to  set  itself  in  such  a  position 
that  it  expends  the  minimum  amount  of  electrical  energy,  just  as 
a  sheet  of  copper  suspended  in  the  field  of  an  alternating  electro- 
magnet will  endeavour  to  set  itself  so  as  to  produce  the  minimum 
eddy  currents.  This  means  that  the  armature  shown  in  Fig.  394 
will  tend  to  rotate  in  a  counter-clockwise  direction.  Owing  to  the 
apparent  repelling  action  instead  of  the  usual  attracting  action,  the 
motor  is  called  a  repulsion  motor.  This  action  does  not  take  place 
in  the  series  motor,  although  the  transformer  E.M.F.  is  present, 
since  the  brushes  are  set  in  the  neutral  position. 

If  the  brushes  had  happened  to  lie  on  the  other  side  of  the 
vertical  line  AA\  the  induced  rotation  would  have  been  in  the 
opposite  direction,  so  that  in  order  to  reverse  the  direction  of 
rotation  all  that  is  necessary  is  to  move  the  brush  rocker  backwards 
through  40°  against  the  original  direction  of  rotation. 

Owing  to  the  fact  that  the  armature  is  not  connected  to  the 
main  circuit,  it  is  possible  to  design  these  motors  to  work  directly 
on  H.T.  systems  without  the  help  of  a  transformer,  since  only  the 
stationary  stator  winding  is  connected  to  the  line.  In  this  respect 
the  simple  repulsion  motor  has  the  advantage  over  the  series  motor, 
but  this  advantage  is  lost  when  the  repulsion  motor  becomes  compen- 
sated, as  will  be  seen  when  the  connections 
are  studied  (see  Fig.  398). 

E.M.F.'8  induced  In  the  Armature. — ^The  flux 
set  up  by  the  stator  winding  cuts  the  arma- 
ture in  a  vertical  direction  in  Fig.  395.  The 
resulting  short  circuit  current  of  the  armature 
sets  up  a  field  of  its  own,  the  axis  of  which 
is  the  axis  of  the  brushes.  This  latter  field 
can  be  resolved  into  two  components  at  right 
angles  to  each  other.  One  of  these  compon- 
ents may  be  considered  as  acting  in  a  vertical 
direction  along  the  line  A  A'  so  as  to  oppose 
the  main  stator  flux,  whilst  the  other  com- 
ponent produces  a  horizontal  flux  aloni;  the     fig.  395.— To  uiiwtrate 

f:  r%nf         mi-'       I-      •         X    1  ^         *         E.M.F.*s  induced  In 

Ime    BB .      This    horizontal    component    of  Armature. 

the  armature   flux    can  be  regarded,  there- 
fore, as  a  cross  flux  in  quadrature  with  the  now  reduced   main 
flux.     The  armature  ampere-turns  can  also  be  split  up  into  the 
two  components  which  produce  the  back   and   the   cross    flux. 
The  ampere-tums  producing  the  back  flux  are  obtained   from 
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the  conductors  lying  between  G  and  D'  and  between  D  and  C, 
whilst  the  ampere-turns  producing  the  cross  flux  are  obtained  from 
the  conductors  lying  between  C  and  D  and  between  D'  and  C. 
Imagining  the  armatmre  winding  to  be  divided  in  this  manner,  each 
portion  has  two  voltages  induced  in  it.  The  back  turns  CD'  and 
DC*  have,  one  E.M.F.  induced  in  them  by  the  transformer  action 
of  the  main  field  and  another  E.M.F.  due  to  rotation  in  the  cross 
field.  The  transformer  action  of  the  cross  field  and  the  rotation 
in  the  main  field  produce  no  resultant  E.M.F.  in  these  turns.  The 
cross  turns  CD  and  D'C  have  a  transformer  E.M.F.  induced  in 
them  by  the  cross  field  and  a  rotation  E.M.F.  due  to  the  main 
field.  In  these  turns  the  transformer  E.M.F.  of  the  main  field  and 
the  rotation  E.M.F.  due  to  the  cross  field  have  no  resultant  value. 
The  transformer  E.M.F.'s  lag  behind  their  respective  fluxes  by  90° 
whilst  the  rotation  E.M.F.'s  are  in  phase  with  them. 

In  addition  to  these  E.M.F.'s  in  the  armature,  there  is  also  the 
back  E.M.F.  induced  ii\  the  stator  winding,  due  to  the  transformer 
effect  of  the  original  stator  flux. 

Torque. — ^The  torque  developed  by  the  armature  conductors  is 
due  to  the  fact  that  the  armature  tends  to  set  itself  in  such  a  position 
that  the  currents  flowing  through  it  are  reduced  to  a  minimum,  since 
in  this  way  it  reduces  its  losses  to  a  minimum.  In  the  motor  shown 
in  Fig.  394  this  torque  is  acting  in  a  counter-clockwise  direction. 
But  the  brushes  on  the  commutator  short  circuit  a  number  of  turns 
independently  of  the  main  short  circuiting  lead,  and  these  turns 
will  tend  to  set  up  a  flux  of  their  own  at  right  angles  to  the  plane  of 
their  coils,  i.e,  at  right  angles  to  the  brush  axis.  This  flux  will 
interact  with  the  main  stator  flux  and  will  tend  to  produce  rotation 
in  a  clockwise  direction.  This  torque  therefore  opposes  the  main 
driving  torque,  which  is  weakened  by  this  differential  effect. 

Atkinson  Repulsion  Motor. — ^The  stator  field  can  be  imagined  to  be 
split  up  into  two  components  at  right  angles  to  each  other,  one  of 
these  acting  along  the  axis  of  the  brushes 
and  the  other  in  quadrature  with  it.  The 
former  component  is  the  one  producing 
the  armature  current  by  transformer  effect, 
whilst  the  latter  produces  that  component 
of  the  field  which  may  be  said  to  develop 
the  torque.  The  actual  stator  winding  can 
thus  be  replaced  by  two  windings  at  right 
angles  to   each  other    and    connected  in 

i^.  «K,.-Atldn«,n"Eep«l.lon     ««"««'  ^,  «1^?^  ^^  ^«:  ^^'/  ^<^^ 
Motor.  the  field  wmding  and  T  the  transformer 

winding.     This  modification  of  the  simple 

repulsion  motor  is  known  as  the  Atkinson  repulsion  motor.     In 

reality,  of  course,  the  two  stator  windings  do  not  produce  separate 

fluxes,  but  only  one  resultant,  so  that  there  is  no  theoretical 
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difference  between  the  simple  repulsion  motor  and  the  Atkinson 
motor.  One  advantage  possessed  by  the  latter,  however,  lies  in 
the  fact  that  the  direction  of  rotation  can  be  reversed  by  reversing 
one  of  the  stator  windings  without  touching  the  brush  rocker. 

Vector  Diagram. — ^The  approximate  vector  diagram  can  be  most 
easily  studied  by  referring  to  the  Atkinson  modification  on  account 
of  the  splitting  up  of  the  stator  flux,  but  it  also  applies  to  the  simple 
repulsion  motor,  since  there  is  no  theoretical  difference  between 
the  two.  The  transformer  winding,  T,  in  Fig.  396  will  produce  a 
flux  parallel  to  the  brush  axis,  which  is  represented  by  ^t  ^  the 
vector  diagram  in  Fig.  397.  This  induces  a  voltage,  Et ,  in  the 
armature  by  transformer  action,  this  voltage  lagging  behind  4>(  by 
90**.  The  stator  winding,  T,  acting  as  the  primary  of  the  transformer 
has  a  corresponding  voltage,  Ety  induced  in  it,  this  voltage  leading 


Fio.  8»7.— Vector  Diagram  of  Bepuliian  Motor. 

the  flux  by  90°.  Now  the  stator  current  will  lag  behind  this  E.M.F. 
by  a  small  angle,  and  this  stator  current  has  to  produce  the  flux 
<!>/  when  flowing  through  the  field  winding,  J^.  Owing  to  the 
hysteresis  and  eddy  current  loss,  however,  the  stator  current  leads 
this  flux  by  a  further  small  angle,  since  it  includes  a  small  power 
component,  with  the  result  that  the  flux  4>/  is  not  in  quadrature 
with  the  flux  4>t,  but  leads  it  by  rather  less  than  90°.  The  armature 
now  has  a  second  E.M.F.  induced  in  it,  due  to  its  rotation  in  the 
flux  4>/.  This  E.M.F.  is  in  phase  with  the  flux  4>/,  and  is  repre- 
sented by  E/,  The  resultant  armature  E.M.F.  acting  along  the 
line  of  the  brushes  is  the  vector  sum  of  Et  and  E/,  and  is  repre- 
sented by  Er.  The  secondary  or  armature  current,  /«,  will  lag 
behind  this  resultant  voltage,  Ery  by  a  definite  angle,  a,  which  will 
depend  upon  the  relative  magnitudes  of  the  armature  resistance  and 
leakage  reactance.  The  primary  or  stator  current,  /,,  will  consist 
of  two  components.  The  first  is  the  magnetising  current  necessary 
to  produce  the  fiux  4>^  In  an  ideal  case  this  would  lag  behind  the 
voltage,  Et ,  by  90°  and  would  be  in  phase  with  *<,  but  owing  to 
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the  presence  of  hysteresis  and  eddy  current  losses  this  current  i-nrill 
lead  the  flux  by  a  small  angle  and  is  represented  by  7^.    The  second 
component  of  the  stator  current  is  that  required  to  balance  the 
ampere-turns  of  the  secondary  or  armature  circuit  and  will    be 
exactly  opposite  in  phase  to  7^.     This  component  is  represented 
by  I'a-     li©  resultant  stator  current,  7„  is  obtained  by  adding 
vectorially  the  two  components  7„  and  7'^.    At  first  sight  it  may 
appear  as  if  another  magnetising  component  of  the  stator  current 
is  required  for  the  field  winding,  F^  but  this  is  not  so,  since  the  phase 
of  the  current  is  settled  by  the  above  two  components  and  the 
field  winding,  F,  has  to  take  whatever  current  the  transformer 
winding  permits.     It  is  seen  from  the  vector  diagram  that   the 
flux  4>/  lags  behind  the  current,  7,,  by  a  small  angle,  this  t»eing  due 
to  the  iron  losses  caused  by  this  flux.     Although  the  fleld  winding, 
Ff  does  not  introduce  any  additional  magnetising  current,  yet  it 
will  bring  about  a  certain  voltage  drop  in  the  stator,  and  this  will 
be  dealt  with  next.     The  resistance  of  the  complete  stator  circuit 
will  bring  about  a  voltage  drop,  Ejt,  in  phase  with  the  purrent,  7„ 
and  the  reactance  of  the  field  winding,  F,  will  bring  about  another 
voltage  drop,  Ex,  leading  the  stator  current,  7„  by  90°.     The 
voltage  associated  with  the  flux  4>i  in  the  transformer  winding,  T, 
has  already  been  dealt  with  and  is  represented  by  £^ .     Combining 
E^  and  Ex,  the  impedance  voltage,  E^,  is  obtained,  and  combining 
this  with  Et  the  total  applied  stator  voltage.  Eg,  is  obtained.    The 
power  factor  of  the  motor  is  given  by  cos  <f>,  where  <f>  is  the  angle  of 
phase  difference  between  the  applied  stator  voltage,  Eg,  and  the 
stator  current,  7,. 

Starting. — Repulsion  motors  can  be  started  up  by  means  of  a 
starter  like  that  used  for  a  C.C.  series  motor,  or  it  may  be  started 
up  by  means  of  an  auto-transformer.  The  latter  method  is  superior, 
inasmuch  as  it  relieves  the  line  to  a  certain  extent  of  the  excess 
current  which  flows  during  the  starting  period. 

When  the  motor  is  first  switched  into  circuit  the  rotation  E.M.F., 
Ef  (Fig.  397),  is  zero.  The  resultant  E.M.F.,  Er,  acting  in  the  rotor 
circuit  is  now  coincident  with  Et .  This  has  the  effect  of  retarding 
the  rotor  current  in  phase  considerably^  which  in  its  turn  causes 
the  stator  current  to  lag  behind  the  stator  voltage  by  a  larger  angle, 
thus  reducing  the  power  factor.  As  the  rotor  gains  speed  the 
rotation  E.M.F.  is  gradually  increased  and  the  rotor  current  is 
gradually  advanced  in  phase.  This  reacts  on  the  stator  circuit  so 
that  the  power  factor  improves  as  the  speed  increases. 

Owing  to  the  very  large  current  tj^aken  at  starting,  the  starting 
torque  is  high,  notwithstanding  the  poor  power  factor.  This  can 
be  seen  from  Fig.  397,  for  the  torque  is  proportional  to  the  instan- 
taneous product  of  the  rotor  current  and  the  resultant  flux.  The 
phase  of  the  resultant  flux  lies  in  between  that  of  <I>|  and  4>/,  and  at 
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the  moment  of  starting  the  rotor  current  is  very  nearly  in  phase 
opposition.  As  the  rotor  current  is  also  large  at  starting,  the 
resulting  torque  is  very  great.  As  the  motor  gains  speed  the  rotor 
current  swings  round  in  phase  to  the  position  shown  in  the  vector 
diagram,  and  this  produces  a  drop  in  the  torque,  apart  from  the 
reduction  in  the  actual  magnitude  of  the  current. 

Commutation. — ^The  commutator  of  a  repulsion  motor  is  charac- 
terised by  its  relatively  large  diameter  and  high  number  of  bars, 
just  as  is  the  series  motor.  The  brushes  also  are  made  very  narrow. 
In  the  short  circuited  coils  there  are  two  distinct  E.M.F.'s  induced 
in  addition  to  the  usual  reactance  voltage  due  to  the  reversal  of 
the  current.  The  two  E.M.F.'s  are  due  to  the  transformer  action 
of  the  field  winding,  F  (Fig.  396),  and  the  generator  action  of  the 
transformer  winding,  T.  ^e  transformer  E.M.F.  lags  behind  the 
flux  due  to  F  by  90**,  whilst  the  rotation  voltage  is  180°  out  of 
phase  with  the  flux  due  to  T.  Since  the  two  fluxes  are  very  nearly 
in  quadrature,  it  follows  that  the  two  E.M.F.'s  are  very  nearly  in 
phase  opposition  and  tend  to  neutralise  each  other.  This  neutralisa- 
tion is  most  complete  at  the  synchronous  speed,  so  that  the  commu- 
tation is  best  at  speeds  in  this  neighbourhood. 

Compensated  Repulsion  Motor. — In  the  Atkinson  repulsion  motor, 
the  stator  winding  was  split  up  into  two  components,  one  acting 
along  the  line  of  the  brushes  and  the  other  at 
right  angles  to  it.  The  flux  due  to  the  latter 
component  can  be  produced  directly  from  the 
armature,  by  transformer  action,  without  the  aid 
of  this  sidcond  winding,  which  can  be  done  away 
with  altogether.  The  flux  due  to  the  winding, 
F,  in  Fig.  396  is  proportional  to  the  stator 
current.  If  this  stator  current  were  passed 
through  the  armature  by  means  of  two  additional 
sets  of  brushes  on  the  commutator  arranged  *^ted^E«Mii5^" 
along  the  axis  of  the  winding  F,  the  resulting  ^  Motor, 
armature  ampere-turns  set  up  along  this  axis 
would  act  in  the  same  direction  as  the  ampere-turns  of  the  stator 
winding  F,  The  diagram  of  connections  of  this  new  variation, 
which  is  called  the  compensated  repulsion  motor,  is  shown  in 
Fig.  398.  An  important  point  to  notice  is  that  there  are  four 
brush  spindles,  although  it  is  only  a  two  pole  machine.  One  pair 
of  brushes,  AA',  is  set  along  the  axis  of  the  single  stator 
winding.  These  brushes  are  short  circuited  and  carry  what  is 
called  the  armature  or  the  short  circuit  current.  The  other  pair 
of  brushes,  BB\  is  set  along  a  line  at  right  angles  to  the  flrst  pair 
and  is  connected  in  series  with  the  stator  winding.  The  current 
passed  through  these  brushes  is  the  stator,  or  exciting  current  as 
it  is  termed.  This  current,  by  passing  through  the  armature,  sets 
up  a  number  of  ampere-turns  which  produce  a  flux  in  the  direction 
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caa. 


BB\  This  flux  combines  with  the  flux  set  up  by  the  stator  winding 
directly,  producing  a  resultant  flux  which  acts  along  an  axis  in 
between  A  A'  and  BB'.  If  the  motor  be  regarded  in  this  manner, 
it  is  seen  to  be  the  equivalent  in  principle  of  the  simple  repulsion 
motor. 

One  result  of  this  modiflcation  is  that  the  second  stator  winding 
of  the  Atkinson  repulsion  motor  is  done  away  with,  and  as  this 
winding  produced  the  main  field  flux,  its  removal  leads  to  the  elimina- 
tion of  the  reactance  associated  with  it.  In  the  simple  repulsion 
motor,  the  one  stator  winding  fulfilled  the  same  functions  as  both 
the  stator  windings  of  thp  Atkinson  repulsion  motor,  so  that  the 
stator  reactance  of  this  motor  is  reduced  as  well.  The  effect  on 
thp  behaviour  of  the  motor  can  be  studied  by  means  of  the  vector 
diagram  in  Fig.  397.  The  voltage  drop  due  to  the  reactance  of 
the  field  winding,  jP,  is  there  represented  by  Ex,  and  if  this  com- 
ponent be  eliminated  the  stator  voltage.  Eg,  is  brought  more  nearly 
into  phase  with  the  stator  current,  /«.  It  is  thus  seen  that  the 
compensation  of  the  motor  leads  to  an  improvement  in  the  power 
factor  which  is  maintained  at  a  high  value  over  a  wide  range  of 
hypersynchronous  speeds. 

If  the  brushes  A  A '  be  removed,  it  is  seen  that  the  motor  changes 
into  a  simple  series  motor,  but  this  alteration  causes  a  profound 
change  in  its  working,  since  the  two  motors  are  quite  difierent  in 
their  action. 

Winter-Eichberg  Motor.' — One  of  the  advantages  possessed  by 
the  simple  repulsion  motor  over  the  series  motor  lay  in  the  fact 

that  the  armature  was  not  con- 
nected to  the  stator  winding, 
which  could  therefore  be  wound 
for  high  voltages.  This  advan- 
T^J>v  1    ^    s         tag®  is  lost  in  the  compensated 

.,jC     JW_J""tZ<    W         repulsion  motor,  since  the  arma- 
>s^  >^  * — ^    S         ture  is  connected  in  series  with 

1__3f  i— i^    ^        the  stator  across  the  brushes  BB\ 

The  improvement  in  the  power 
factor  is  thus  obtained  at  the 
expense  of  limiting  the  voltage 
on  which  the  motor  may  be  used.  If  the  armature  brushes,  BB'y 
are  fed  from  the  secondary  of  a  transformer,  however,  this 
advantage  may  be  regained,  and  this  is  the  arrangement  adopted 
in  the  Winter-Eichberg  motor  which  is  illustrated  diagrammatically 
in  Fig.  399.  By  providing  the  transformer  with  a  number  of 
tappings  it  may  be  used  for  starting  the  motor  in  addition  to  its 
normal  use,  the  stator  being  switched  straight  on  to  the  supply. 

*•  This  motor  is  sometimes  termed  the  Latour- Winter-Eichberg  motor,  since  it 
was  invented  by  Latour,  working  independently  of  Winter  and  Eichberg,  about 
the  same  time. 


FiQ.  399.~Winter-£lchberg  Motor. 
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Both  the  stator  winding  and  the  transformer  supplying  the 
armature  have  good  power  factors,  since  they  act  like  loaded  trans- 
formers, so  that  the  resulting  power  factor  of  the  motor  is  very  good. 
In  common  with  the  simple  repulsion  motor,  its  power  factor  is 
poor  at  the  moment  of  starting,  but  this  improves  rapidly  as  the 
motor  gains  speed. 

Other  Commutator  Motors* — ^There  are  a  number  of  other  commu- 
tator motors  on  the  market  at  the  present  day,  these  being  mostly 
combinations  of  those  already  described  and  induction  motors. 
The  two  main  parent  groups  are,  however,  the  series  motor  and 
the  repulsion  motor  groups. 

Special  forms  of  three  phase  commutator  motors  are  also  manu- 
factured, but  their  description  lies  outside  the  scope  of  this  bopk, 
and  for  information  regarding  these  special  machines  reference 
should  be  made  to  more  advanced  text-books. 
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The  following  list  of  rules  and  symbols  is  in  accordance  with  the 
recommendations  issued  by  the  International  Electrotechnical  Ooiumission, 
and  is  adhered  to  in  the  present  book. 

Rules  for  Quantities.    ' 

(</)  Instantaneous  values  of  electrical  quantities  which  vary  with  time  are 
represented  by  small  letters. 

(6)  R.M.S.  values  of  electrical  quantities  are  represented  by  capital 
letters. 

(c)  Maximum  values  of  periodic  electrical  and  magnetic  quantities  are 
represented  by  capitfvl  letters  followed  by  the  subscript  *'  m." 

{d)  Angles  and  ratios  are  represented  by  small  Greek  letters. 

Table  of  Symbols. 


Name  of  Quantity. 

1.  Length 

2.  Mass         

Symbol. 
I 
m 

3.  Time        ...         

t 

4.  Angles      

5.  Acceleration  of  Gravity 

6.  Work        

«,  ft  y 

9 
A 

7.  Energy 

8.  Power       

w 
p 

9.  Efficiency 

10.  Number  of  Turns  in  Unit  of  Time     . 

Tl 

n 

11.  Temperature  Oentigrad 

12.  Temperature  Absolute 

13.  Period      ...      ,  ... 

B 

t 

T 

T 

14.  2jr/T         

15.  Frequency 

16.  Phase  Displacement 

17.  Electromotive  Force 

f 

E 

18.  Current 

I 

19.  Resistance 

R 

20.  Resistivity 

21.  Conductance 

p 
G 

22.  Quantity  of  Electricity 

.. 

Q 

4S5 
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Name  of  Qoanttty. 

SymboL 

23.  Flux  Density,  ElectrosUtic     ... 

D 

24.  Capacity 

0 

26.  Dieleotric  ConstaDt        

e 

26.  Self -Inductance 

L 

27.  Mutual  InducUnce        

M 

28.  Reactance           

X 

29.  Impedance          

Z 

30.  Reluctance          

s 

31.  Magnetic  Flux 

* 

32.  Flux  Density,  Magnetic 

. .-.             •••             x> 

33.  Magnetic  Field 

H 

34.  Intensity  of  Magnetisation 

J 

35.  Permeability       

f* 

36.  Susceptibility     

K 
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B 

WIRE  TABLES 

Ohm 
per  yard. 

§6 

Diameter 
Bare. 

DUmeter     1 
D.  C.  C. 

Cross  Section. 

Ohms 
per  Idle 
metre. 

mm. 

in. 

1   mm. 
5-15 

In. 

8q.  cm. 

Sq.in. 

6 

4-90 

0-192 

0-204 

0-187 

0*0290 

0-0008307 

0-9085 

7 

4-47 

0176 

4-75 

0-188 

0-157 

0*0243 

0-0009881 

1-081 

8 

4-07 

0-160 

4-35 

0172 

0130 

0*0201 

0-U01195 

1-307 

9 

3-65 

0-144 

3-95 

0-156 

0-105 

0-0163 

0001476 

1-614 

10 

3^ 

0-128 

3-53 

0-140 

0-0830 

00129 

0-001868 

2-043 

11 

2-95 

0-116 

3-23 

0-128 

00682 

00106 

0-002275 

2-488 

12 

2-65 

0104 

2-90 

0-114 

0*0548 

000849 

0-002831 

3096 

13 

2-34 

0-092 

.2*60 

0-102 

0-04-29 

000665 

0003617 

3-956 

14 

2-03 

0-080 

2-30 

0091 

0a3-34 

0-00503 

0-004784 

5*232 

15 

1-83 

0-072 

2-10 

0*082 

0-0264 

000407 

0-005904 

6-466 

16 

1-63 

0-0641 

1-90 

0-076 

0-0208 

0-00322 

0-007478 

8-178 

17 

1-42 

0  0560 

,  1-65 

0-066 

0-0159 

0-00246 

0-009762 

10*68 

18 

1-22 

00480 

1-42 

0*056 

0-0117 

0-00181 

0-013-28 

14-53 

19 

1-017 

0-0400 

1-220 

0O48 

0-00811 

0-00126 

0-01913 

20-92 

20 

0-915 

0-a360 

:  1118 

0-044 

0-00657 

0-00102 

0-02362 

25-83 

21 

0-8125 

0*0320 

1-015 

0-040 

0-00519 

0-000604 

0*02990 

32-70 

22 

0-7110 

0-0280 

'  0-915 

0-036 

0-00397 

0-000616 

0-a'!905 

42-70 

23 

0-6100 

00240 

'  0-812 

0-032 

0*00292 

0*000462 

0*05316 

68-13 

24 

0-5690 

0-0220 

0-762 

0-030 

0*00246 

0-000380 

0-06324 

69-16 

26 

0-5080 

0-0200 

0-710 

0-028 

0*00203 

0-000314 

0*07654 

83-70 

26 

0-4570 

0*0180 

0-660 

0-026 

0-00164 

0000255 

0-09449 

103-3 

27 

0-4160 

00164 

0-610 

0*024 

0-00136 

0-000211 

01139 

124-6 

28 

0-3760 

0-0148 

0*585 

0-023 

0-00111 

0-000172 

0-1398 

162-9 

29 

0-3460 

0-0136 

0-559 

0-022 

0-000937 

0-000146 

0-1656 

181-0 

30 

0*3150 

0-0124 

0-633 

0*0-21 

0-000780 

0*000121 

01990 

217-7 

31 

0-2950 

0-0116 

0*508 

0-020 

0-000682 

0-000106 
0-0000916 

0-2276 

248-8 

32 

0-2740 

0-0109 

0-482 

0-019 

0*000591 

0-2626 

287-1 

33 

0-2640 

0-0100 

0-457 

0-018 

0000507 

0'0000785 

0-3061 

334-8 

34 

0-2340 

0-00920 

— 

— 

0000429 

0-0000665 

0-3617 

395-6 

35 

0-2138 

0-00840 

1 

— 

0-000357 

0-0000564 

0-4339 

474-5 

36 

01930 

0-00760 

1     ^ 

•^ 

0-000292 

0*0000464 

0-5301 

579  8 
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Angle. 

Cosine. 

Tangent. 
0 

Angle. 

Bine. 

Coflne. 

Tangent. 

1^ 
Deg.  Radians. 

Sine. 
0 

Deg. 

Radians. 

1 
0    0 

1 

46 

0-8029 

0-7193 

0-6947 

10356 

1 

00175 

0-0175 

0-9998 

0-0175 

47 

0-8203 

0-7314 

0-6820 

1-0734 

2 

00349 

0-0349 

0-9994 

00349 

i  48 

0-8378  ^ 

0-7431 

0-6691 

1-1106 

3 

00524 

0-0523 

09986 

0  0524 

49 

0-8562 

0-7647 

06661 

11604 

4 

00698 

0-0698 

0  9976 

00699 

!  60 

0-8727 

0-7660 

0-6428 

1-1918 

5 

0-0873 

0  0872 

0-9962 

0-0875 

61 

0-8901 

0-7771 

0-6293 

1-2349 

6 

01047 

0-)045 

09945 

01061 

52 

0-9076 

0-7S80 

0-6157 

1-2799 

7 

01222 

01219 

0-9925 

01228 

1  63 
'  54 

0-9250 

0  7986 

0-6018 

1-3270 

8 

0-1396 

01392 

0-9903 

0-1405 

0-9426 

0-8090 

0-6878 

1-3764 

9 

01571 

0-1564 

0  9877 

0-1684 

55 

0-9599 

0  8192 

0-5736 

1-4281 

10 

01745 

0-1736 

0-9848 

0-1763 

56 

0-9774 

0-8290 

0-5692 

1-4826 

11 

01920 

01908 

0-9816 

0-1944 

67 

0-9948 

0-8387 

0-5446 

1-6399 

12 

0-2094 

0-2079 

0-9781 

0-2126 

58 

1-0123 

0-8480 

0-6299 

1-6003 

13 

0-2269 

0-2250 

0-9744 

0-2309 

'  59 

1-0297 

0-8672  1  0-5160 

1*6643 

14 

0-2443 

0-2419 

0  9703 

0-2493 

,60 

1-0472 

0-8660 

0-5000 

1-7321 

15 

0-2618 

0-2588 

0-9659 

0-2679 

61 

1-0647 

0-8746 

0-4848 

1-8040 

16 

0-2793 

0-2756 

0-9613 

0-2867 

62 

1-0821 

0-8829 

0  4695 

1-8807 

17 

0-2967 

0-2924 

0-9563 

0-3057 

63 

1-0996 

0*8910 

0-4640 

1-9626 

18 

0-3142 

0-3090 

0  9511 

0-3249 

1  64 

1-1170 

0-8988 

0-4384 

20503 

19 

0-3316 

0-3256 

0  9455 

0-3443 

'  65 

11345 

0-9063 

0-4226 

2-1445 

20 

0-3491 

0-3420 

0-9397 

0-3640 

,  66 

1-1519 

0  9136 

0-4067 

2-2460 

21 

0-3665 

0-3584 

0-9336 

0-3839 

'  67 

1-1694 

0-9205 

0-3907 

2-3669 

22 

0-3840 

0-3746 

0-9-272 

0-4040 

1  68 

1-1868 

0-9272 

0-3746 

2-4761 

23 

0-4014 

0-3907 

0-9205 

0-4245 

69 

1-2043 

0-9336 

0-3684 

2-6051 

24 

0-4189 

0-4067 

0-9135 

0-4462 

1  70 

1-2217 

0-9397 

0-3420 

2-7475 

25 

0-4363 

0-4226 

0-9063 

0-4663 

71 

1-2392 

0-9456 

0-3256 

2-9042 

26 

0-4638 
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Admittance,  35 

Ageing,  82 

Air  gSLp,  eJtemator,  282 

induction  motor,  432,  441 
All-day  efficiency  of  transf  onner,  204 
Alternating  magnetic  field,  3 
Alternators — 

Air  gap,  282 

Ampere-turn  diagrams,  259 

Armature  reaction,  254 

Armature  windings,  239,  279 

Behn-Eschenburg^s  method  of  pre- 
determining regulation,  258 

Breadth  factor,  244 
'  Ck>mpounded,  249 

Cyclical  variation,  263 

Cyclical  variation  in  exciting  current, 
261 

Cylindrical  type  rotor  238 

Dampinff  grids,  248 

Desiffn,  273,  284 

Earthing,  269 

Efficiencies,  273 

Efficiency  test,  269 

End  connections,  clamps  for,  247 

Exciters,  249 

Field  winding,  283 

Hopkinson  test,  270 

Load  characteristic,  251 

Magnetisation  curve,  251,  284 

Optimistic  method  of  predetermining 
regulation,  259 

Output  coefficients,  274 

Parallel  running,  262 

Pessimistic  method  of  predetermin- 
ing regulation,  258 

Pole  shoe,  shape  of,  235 

Reaction,  armature,  254 

Regulation,  252,  258,  259 

Retardation  test,  270 

Reversed  poles  test,  272 

Rotating  field  and  rotating  armature, 
226 

Rothert's  method,  of  predetermining 
regulation,  259 

Rotors,  233,  237 

Salient  pole  type  rotors,  237 

Short  circuit  characteristic,  253,  284 


Alternators  (coniinucd) — 
Slip  rings,  237 
Slots,  232,  278,  279 
Speed,  225,  273 
Stator  construction,  228 
Synchronising,  263 
Synchronous  Impedance,  257 
Temperature  rise,  281 
Turbo-,  227,  237 
Ventilating  ducts,  278 
Windings,  armatiue,  239,  279 

Aluminium  conductors,  312 

Amimeters,  132 

Ampere-turn  diagrams,  alternator,  250 
Synchronous  motor,  326 

Apparent  efficiency,  419 

Arc,  current  and  P.  D.  waves,  106 

Annature — 

Current  in  rotary  converter,  364 
E.M.F.'s  in  repidsion  motor,  477 
E.M.F.'s  in  series  motor,  462 
Recuition,  eJtemator,  254 
Reaction,  rotary  converter,  371 
Reaction,  synchronous  motor,  328 
Windings,  alternator,  239,  279 
Windings,  rotary  converter,  355 

Atkinson  repulsion  motor,  478 

Author's  method  of  harmonic  analysis, 
112 

Auto-transformer,  190 

Starter  for  induction  motor,  404 

Average  value,  7,  1 1 

Back  to  back  reg^ation  test  of  a 
transformer,  198 

Behn-Eschenburg*s  method  of  pre- 
determining regulation,  258 

Blondel  moving  iron  oscillograph,  161 

Booster  regulation  of  rotary  converter, 
873 

Boosting  transformer,  193 

Breadth  factor,  244,  410 

Cables,  301 

Voltage  rise  due  to  switching  in,  315 
Capacity^  50,  314 

of  cables,  68 

reactance,  58 

reactance,  effect  of  harmonies  on,  101 
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Cascade    arrangement    of     induction 

motors,  412 
Choking  coil,  16,  297 
Circle  cUagram,  70 

for  induction  motor,  422,  430,  446 
for  series  motor,  467 
for  transmission  line,  315 
Clock  diagram,  31 
Commutation  of  repulsion  motor,  481 

of  series  motor,  474 
Commutator  motors,  462,  476,  483 
Compensated  repulsion  motor,  481 

Series  motor,  473 
Complex  wave,  R.M.S.  value  of,  95 
Compound  wound  rotary  converters, 

371 
Compounded  alternators,  249 
Condenser,  50,  335 

Cooling,  artificial,  of  transformers,  188 
Copper  losses  of  transformer,  200 

Space  factor  in  transformers,  214 
Core  losses  of  transformer,  213 

T^^pe  transformer,  182 
Corona,  304 
Crest  factor,  13 

Current  (iensities  in  transformers,  217 
Rushes   when   switching    in   trans- 
former, 196 
Transformers,  192 
Wave  form,  effect  of  hysteresis  on, 

97 
Wave    form,    effect    of    magnetic 
saturation  on,  96 
Cycle,  4 
Cyclical  variation  in  alternators,  363 

in  exciting  current  in  alternators,  26 1 
CylindriceJ  type  rotor,  238 

Damping  coil  in  series  motor,  474 
Damping  grids,  248 
Delta  {A)  connection,  121 

of  traiisformer,  188 
Desi^  of  alternator,  273,  284 

of  mduction  motor,  435,  447 

of  transformer,  210,  221 
Diametral   connections   of   six   phase 

rotary  converter,  359 
Dielectric  constant,  50 

Strenjgth,  293 
Dispersion   coefficient,   424,  432,  433, 

445 
Distributed  capacity,  67 
Double  mesh  connections  of  six  phase 
rotary  converter,  357 

Star  connections  of  six  phase  rotary 
converter,  358 
Dnrsdale  vibration  gaJvaaometer,  157 

Wattmeter,  146,  204 
Duddell  moving  coil  oscillograph,  160 

Thermo-galvanometer,  156 
Dynamometer    ammeters    and    volt- 
meters, 134 

Wattmeters,  143 


Earthed  shield,  180 
Earthing  of  alternators,  269,  298 
Eddy  currents,  82,  86 
Efficiencies  of  eJtemators,  273 

of  induction  motors,  419,  435,  446 

of  motor  converters,  458 

of  series  motors,  471 

of  transformers,  212 
Efficiency  test  of  alternator,  269 

of  transformer,  202 
Electrolytic  rectifiers,  379 
Electrostatic  voltmeters,  138 

Wattmeters,  145 
End   connections,   alternator,   clamps 

for,  247 
End  turns,  electrical  stresses  on,  in 

transformers,  187 
Enei]gy  stored  in  chai]^ed  condenser,  56 

in  mi^gnetic  medium,  47 
Epstein's  iron  testing  apparatus,  85 
Equivalent  sine  wave,  108 
Equivalent  transformer  circuits,  175 
Exciters  for  alternators,  249 

Leblanc's,  346 
Exciting  current  of  repulsion  motor, 
481 

Field  winding  in  eJtemators,  283 

Figure  of  loss,  85 

Flux  densities  in  alternators,  278 

in  induction  motors,  438 

in  transformers,  213 
Flux    distribution    with    three   phase 
winding,  389 

with  two  phase  winding,  387 
Flux  wave  with  concentrated  winding, 
386 

with  distributed  winding,  386 
Form  factor,  12 
Fouoault  currents,  82 
Frequency,  4,  225,  292,  416,  455 

Meters,  167 
Fundamental,  91 

Galvanometers,  154 
Graded  insulation,  303 
Gravity  control,  133 

Harmonic  analysifi,  108 
Harmonics,  91 

Even,  92 

Odd,  93 
Heat  run  of  induction  motor,  419 
Heat  test  of  transformer,  206 
Henry,  17 

Hopkinaon  test  on  alternators,  270 
Hot  wire  ammeters  and  voltmeters,  136 
Hunting  of  rotcuy  converters,  370 

of  synchronous  motors,  321,  329 
Hysteresis,  78,  86 
Hysteretic  constant,  80 

Idle  current  ammeters  and  wattmeters, 
166 
Generator,  338 
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Iinpedance,  22,  68 

Diagram,  34 
Inductance,  16,  313 
Induction  ammeters  and  voltmeters, 
135 

(Generator,  413     * 

Motor  meters,  140 
Induction  motors — 

Air  gap,  432,  441 

Cascaae  arrangement,  412 

Circle  diagram,  422,  430,  446 

Design,  436,  447 

Dispersion  coefficient.  424,  432,  433» 
445 

Efficiencies,  419,  436,  446 

Flux  densities,  438 

Heat  run,  410 

Leakage  factor,  426 

Load  test,  417 

Magnetic  leakage,  409 

No-load  current,  444 

Output  coefficient,  435 

Overload  capacity,  427 

Power  factor,  419,  426,  435,  446 

Rotors,  396 

Single  phase,  411 

Slip,  393,  399,  420,  430 

Speed  regulation,  402 

Squirrel  cage  rotors,  398,  442,  452 

Starting  resistance,  403 

Starting  torque,  402 

Stator  construction,  394 

Stator  winding,  396 

Torque,  398,  429 

Vector  diagram,  423 

Ventilating  ducts,  437 

Wound  rotors,  396,  442 
Induction  regulator  control  of  rotary 
converters,  373 

Wattmeters,  143 
Insulation  resistemce,  293 
Insulators,  300 
Integrating  wattmeters,  149 
Inteqpolee  for  series  motors,  475 
Inverted  motor  converters,  460 
Inverted  rotary  converters  361 
Iron  cored  ammeters  and  voltmeters, 
136 

Loss,  measurement  of,  84 

Loss  of  transformer,  effect  of  wave 
form,  196 

Space  factors  in  transformers,  214 
Irwm  astatic  dynamometer,  164 

Hot  wire  oscillograph,  162 

Joubert*8  contact,  114 

Kapp  vibrator,  344 
Kapp's  regulation  diagram  of  trans- 
former, 201 
Transformer  relations,  211 
Kathode-ray  oscillograph,  164 
Kelvin  volt  balance,  139 


Lag,  19 

Latour-Winter-Eiehberg  motor,  482 

Lead,  19 

Leakage  factor,  426 

Indicators,  169 
Leblanc*s  exciters,  346 
Lighting  load,  motor  converter  for,  469 
Linkages,  1 
Load  characteristic  of  alternator,  261 

Test  of  induction  motor,  417 
Lohys,  87 

Magnetic  induction,  77 

!^akage  in  induction  motors,  409 

Leakage  in  transformers,  174 
Magnetisation  curve  of  alternator,  261, 

284 
Mansbridge  condenser,  61 
Maximum  value,  6,  11 
Mechanical    stresses    on    transformer 

windings,  187 
Mercury  vapour  converter,  376 
Merz-Price  gear,  296 
Mesh  connection,  121 

of  transformer,  188 
Moscicki  condenser,  51 
Motor  converters — 

Comparison   with   motor-generators 
and  rotary  converters,  460 

Efficiencies,  468 

Inverted,  460 

Lighting  load,  for,  459 

Power  converted  mechanically  and 
electrically,  466 

Power  factor,  458 

Power  factor  improvement  by,  460 

Single  phase,  460 

Starting,  467 

Sub-station  work,  application  to,  458 

Three  wire,  469 

Traction  load,  for,  460 
Motor  meters,  149 
Moving  iron  ammeters  and  voltmeters, 

132 
Mutual  inductance,  24 

Nodon  valve,  379 

No-load  current  of  induction  motor,  444 

of  transformer,  194,  218 
Non-sinusoidal  wave  form,  6,  91 

Optimistic  method  of  predetermining 

regulation,  269 
Oscillographs,  169 
Output  coefficients,  alternator,  274 

Induction  motor,  435 
Overhead  lines,  299 
Overhead  sjrstems,   comparative  effi- 

ciency  of,  304 
Overload  capacity  of  induction  motors, 
427 
of  rotary  converters,  370 
of  synchronous  motors,  328 
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Parallel  ruxmizig  of  alternators,  262 

of  rotary  converters,  370 
Performance  curves  of  induction  motor, 
418 
of  series  motor,  472 
Periodic  time,  4 
Periodicity,  4 
Permeabibty,  77 
Perry's  method  of  harmonic  analysis, 

108 
Pessimistic  method  of  predetermining 

regulation,  268 
Phase  advancers,  336,  338,  343 
Phase-swinging,  321 
Pin  type  insulators,  300 
Polar  curve,  13 

Pole  shoe,  shape  of,  alternator,  235 
Polyphase  supply  meters,  163 

Transformers,  181 
Potential  transformers,  192 
Power    converted    mechanically    and 
electrically,    in    motor    con- 
verter, 456 
Power  curves,  39 
Power  factor,  39,  316,  333 
Improvement,  333 
Improvement  by  motor  converter, 

460 
Improvement    by    synchronous 

motor,  336 
Indicators,  166 
Induction  motors,  419,  426,  435, 

446 
Measurement  of,  from  wattmeter 

readings,  127,  416 
Motor  converters,  468 
Rotary  converters,  370 
Series  motors,  470 
Synchronous  motors,  325 
Transformers,  220 
Power  in  reactive  circuit,  38 
in  three  phase  system,  122 
Power  resulting  from  complex  wave, 

105 
Preventive  coil,  472 

Quadrature  transformer,  192 
Quarter  phase  system,  117 

Ratio  of  transformation  in  rotary  con- 
verters, 361 
Reactance,  18 

Capacity,  68 

E£tect  of  harmonics  on,  99,  101 

Reg|ulation  of  rotary  converters,  371 
Reaction,  armature,  of  alternators,  264 
R^ulation,  alternators,  262,  258,  269 

Rotary  converters,  371 

Transformers,  197,  216,  219 
Relays,  296 
Repulsion  motors — 

Armature  E.M.F.'s,  477 

Atkinson,  478 


Rcrpulsion  motors  (continued) 

Commutation,  481 

Compensated,  481 

Exciting  current,  481 

Short  circuit  current,  481 

Starting,  480 

Torque,  478 
/  Vector  diagram,  479  -^ 
/Resonance,  61  ^ 

I     in  line,  315 
V   with  harmonics,  102 
Ketardation  test  of  eJtemator,  270 
Reversed  poles  test  of  alternator,  272 
R.M.S.  value,  8 

of  complex  wave,  96 
Rotary  condenser,  336 
Rotary  converters — 

Armature  current,  364 

Armature  reetction,  371 

Armature  winding,  355 

Booster  regulation,  373 

Comparison  with  motor-generators, 
374 

Compound  wound,  371 

Diametral      connections      for      six 
phase,  369 

Double   mee^   connections   for   six 
phase,  367 

Double    star    connections    for    six 
phase,  358 

Hunting,  370 

Induction  regulator  control,  373 

Overload  ci^acity,  370 

Parallel  running,  370 

Power  factor,  370 

Reactance  regulation,  371 

Six  phase,  356 

Speed,  366 

Split  pole  regulation,  374 

Starting,  368 

Three  wire,  361 

Twelve  phase,  359 
Rotating  field,  381 

and  rotating  armature  alternators, 
226 
Rotating  hysteresis,  81 
Rothert^3  method   of   predetermining 

regulation,  259 
Rotors,  alternator,  233,  237 

Induction  motor,  396 

Squirrel  cage,  398,  442,  452 

Salient  pole  type  rotor,  237 

Scalar  cuagram,  34 

Scherbius  phase  advancer,  348 

Scott  system  of  transformation,  189 

Self  inductance,  24 

Self  induction,  coefficient  of,  16 

Series  motors — 

Armature  E.M.F.'s,  462 

Circle  diagram,  467 

Conmiutation,  474 

Compensated,  473 
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Series  motors  {continued) — 
Damping  coil,  474 
Efficiencies,  471 
Interpoles,  476 
Performance  curves,  472 
Power  factor,  470 
Speed,  466 
Starting,  472 
Torque,  466 
Transformer  for,  474 
Vector  diagram,  466 
Shane's  regulation  test  of  transformer, 

199 
Shell  tyipe  transformer,  184 
Short  circuit  characteristic   of  alter- 
nator, 263,  284 
Current  of  repulsion  motor,  481 
Sudden,  of  alternator,  261 
Test  of  transformer,  199 
Single  phase  induction  motor,  411 

Motor  converter,  460 
Six  ^ase  currents,  131 

jElotcuy  converter,  366 
Skin  effect,  24 

Slip  in  induction  motors,  393,  399,  430 
Measurement  of,  420 
Rings,  eJtemator,  237 
Slots,  232,  278,  279,  440,  441 
Specific  inductive  capacity,  60 
Speed  of  alternators,  226,  273 
of  rotary  converter,  366 
of  series  motor,  466 
of  synchronous  motor,  318 
Speed  regulation  of  induction  motor, 

402 
Split  phase,  412 

Split  pole  regulation  of  rotary  con- 
verters, 374 
Squirrel  cage  rotors,  398,  442,  462 
StaUoy,  82,  87 
Star  connection,  120 

of  transformers,  188 
Star-delta  controller,  407 
Star  point,  120 

Starting  of  motor  converter,  467 
of  repulsion  motors,  480 
of  rotary  converters,  368 
of  series  motors,  472 
of  synchronous  motors,  330 
Starting  resistance  for  induction  motor, 

403 
Starting  torque  of   induction   motor, 

402 
Static  balancers,  362 
Stator  construction,  alternators,  228 

induction  motors,  394 
Stator  winding,  induction  motors,  395 
Steinmets's  law,  80 
Stresses  on  transformer  windings,  187 
Stroboscope,  422 

Sub-station  work,  application  of  motor 
converter  to,  468 
of  synchronous  motor  to,  332 


Sumpner  iron  cored  dynamometer,  155 

Test  on  transformer,  202 

Wattmeter,  144 
Supply  meters,  149 
Surges,  316 

Suspension  tyx>e  insulators,  300 
Switchboards,  H.  T.,  294 
Synchronising  alternators,  263 
Synchronous  impedance  of  alternator, 

267 
Synchronous  motors — 

Ampere-turn  diagrams,  326 

Armature  reaction,  328 

Hunting,  321,  329 

Overload  capacity,  328 

Power  factor,  326 

Rota^  condenser,  as,  330 

Speed,  318 

Starting,  330 

Torque,  320 

V-curves,  324 

Vector  diagram,  321 
Synchroscopes,  266 

€,  426,  432,  445 

T-connection  of  transformers,  188 
Temperature  rise  of  alternators,  281 
of  induction  motors,  441,  444 
of  transformers,  218 
Thermal  converters,  138 
Thermo-f^alvanometer,  Duddell,  166 
Thermo-junction  ammeters  and  volt- 
meters, 138 
Third  harmonic  in  three  phase  system, 

130 
Thomson  motor  meter,  161 
Three    ammeter    method    of    power 

measurement,  45 
Three  phase  rotating  field,  383 
System,  118 
Wattmeters,  146 
Three    voltmeter    method    of    power 

measurement,  43 
Three  wire  motor  converters,  469 

Rotary  converters,  361 
Time  constant,  27 

Torque  of  induction  motor,  398,  429 
of  repulsion  motor,  478 
of  series  motor,  466 
of  s^chronous  motor,  320 
Traction  load,  motor  converter  for,  460 
Transformers — 

All-day  efficiency,  204 

Auto-transformers,  190 

Back  to  back  regulation  test,  198 

Boosting,  193 

Connections  for   six   phase   rotary 

converter,  366 
Connections  for  twelve  phase  rotary 

converter,  369,  360 
Cooling,  artificial,  188 
Copper  losses,  200 
Copper  space  factors,  214 
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Transformers  {continued) 
Core  losses,  213 
Core  type,  182 
Current,  192 
Current  densities,  217 
Current  rusheip  when  switching  on, 

196 
Delta  (A)  connections,  188 
Desisn,  210,  221 
Eartibed  shield,  180 
Efficiencies,  212 
Efficiency  test,  202 
End  turns,  electrical  stresses  on,  187 
Equivalent  circuits,  175 
Flux  densities,  213 
Heat  tests,  206 
Iron  losses,  effect  of  wave  form  on, 

196 
Iron  space  factors,  214 
Kapp^  reffulation  diagram,  201 
Kapp*s  reuitions,  211 
Magnetic  leakage,  174 
Mechanical  stresses  on  windings,  187 
Mesh  connection,  188 
No-load  current,  194,  218 
Polyphase,  181 
Potential,  192 
Power  factor,  220 
Quadrature,  192 
Regulation  197,201,216,219 
Scott  system  of  transformation,  189 
Series  motor  with,  474 
Shane's  regulation  test,  199 
Shell  type,  184 
Short  circuit  test,  199 
Star  connection,  188 
Stresses  on  windings,  187 
Sumpner's  test,  202 
T-connections,  188 
Temperature  rise,  218 
V -connections,  188 
Vector  diagram,  176 
Windings,  186 
Y -connections,  188 


Travelling  field,  391 

Tuning  fork  for  sUp  measurement,  421 

Turbo-alternators,  227,  237 

Twelve  phase  rotary  converter,  359 

Two  phase  rotating  field,  382 

System,  116 

Wattmeters,  145 
Two    wattmeter    method    of    power 
measurement,  124 

Unbalanced  three  phase  circuit,  129 
Underground  mains,  300 
Underground    systems,     comparative 
efficiencies  of,  309 

V-connection  of  transformers,  188 
V -curves  of  synchronous  motor,  324 
Valves,  electric,  379 
Vector  dia^am,  31 

Induction  motor,  423 

Repulsion  motor,  479 

Series  motor,  466 

Synchronous  motor,  321 

Transformer,  176 
Ventilating  ducts,  alternator,  278 

Induction  motor,  437 
Vibration  galvanometer,  Diysdale,  157 
Volt  balance,  139 
Voltmeters,  132 

Wattmeters,  140 

Windings,  armature,  alternator,   239, 
279 
Armature,  rotary  converter,  366 
Field,  alternator,  237,  283 
Rotor,  induction  motor,  397,  442 
Stator,  induction  motor,  395 
Transformer,  186 

Winter-Eichber^  motor,  482 

Wound  rotors,  mduotion  motor,  396, 
442 

Y -connection  of  transformers,  188 
Y -connections,  120 
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